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Abstract
We treat Kollár’s injectivity theorem from the analytic (ordifferential geomet-

ric) viewpoint. More precisely, we give a curvature condition which implies Kollár
type cohomology injectivity theorems. Our main theorem is formulated for a com-
pact Kähler manifold, but the proof uses the space of harmonic forms on a Zariski
open set with a suitable complete Kähler metric. We need neither covering tricks,
desingularizations, nor Leray’s spectral sequence.
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1. Introduction

In [28], János Kollár proved the following theorem. We call it Kollár’s original
injectivity theoremin this paper.

Theorem 1.1 (cf. [28, Theorem 2.2]). Let X be a smooth projective variety de-
fined over an algebraically closed field of characteristic zero and let L be a semi-ample
line bundle on X. Let s be a nonzero holomorphic section of L
k for some k> 0. Then

� sW Hq(X, KX 
 L
m)! Hq(X, KX 
 L
mCk)

is injective for every q� 0 and every m� 1, where KX is the canonical line bundle
of X. Note that� s is the homomorphism induced by the tensor product with s.

The following theorem is the main result of this paper. It is an analytic formulation
of Kollár type cohomology injectivity theorem.

Theorem 1.2 (Main theorem). Let X be an n-dimensional compact Kähler mani-
fold. Let (E, hE) (resp. (L , hL )) be a holomorphic vector(resp. line) bundle on X with
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a smooth hermitian metric hE (resp. hL ). Let F be a holomorphic line bundle on X
with a singular hermitian metric hF . Assume the following conditions.
(i) There exists a subvariety Z of X such that hF is smooth on Xn Z.
(ii)
p

�12(F) � �
 in the sense of currents, where
 is a smooth(1, 1)-form on X.
(iii)
p

�1(2(E)C IdE 
2(F)) �Nak 0 on X n Z.
(iv)
p

�1(2(E) C IdE 
 2(F) � " IdE 
 2(L)) �Nak 0 on X n Z for some positive
constant".
Here, �Nak 0 means the Nakano semi-positivity. Let s be a nonzero holomorphic section
of L. Then the multiplication homomorphism

� sW Hq(X, KX 
 E 
 F 
 J (hF ))! Hq(X, KX 
 E 
 F 
 J (hF )
 L)

is injective for every q� 0, whereJ (hF ) is the multiplier ideal sheaf associated to
the singular hermitian metric hF of F.

The formulation of Theorem 1.2 was inspired by Ohsawa’s injectivity theorem (see
[35]). Although the assumptions in Theorem 1.2 may look artificial for algebraic geom-
eters, our main theorem is useful and have potentiality for various generalizations. As
a direct consequence of Theorem 1.2, we have the following corollary.

Corollary 1.3. Let X be an n-dimensional compact Kähler manifold. Let(E,hE)
(resp. (L ,hL )) be a holomorphic vector(resp. line) bundle on X with a smooth hermit-
ian metric hE (resp. hL ). Let F be a holomorphic line bundle on X. Assume the
following conditions.
(a) There exists an effective Cartier divisor D on X such thatOX(D)' F
k for some
positive integer k.
(b)
p

�12(E) �Nak 0.
(c)
p

�1(2(E) � " IdE 
2(L)) �Nak 0 for some positive constant".
Let s be a nonzero holomorphic section of L. Then the multiplication homomorphism

� sW Hq(X, KX 
 E 
 F 
 J )! Hq(X, KX 
 E 
 F 
 J 
 L)

is injective for every q� 0, whereJ D J ((1=k)D) is the multiplier ideal sheaf asso-
ciated to (1=k)D (cf. Definition 2.8).

One of the advantages of our formulation is that we are released from sophisti-
cated algebraic geometric methods such as desingularizations, covering tricks, Leray’s
spectral sequence, and so on both in the proof and in various applications (see, for ex-
ample, the proof of Proposition 4.1). The main ingredient ofour proof of Theorem 1.2
is Nakano’s identity (see Proposition 2.16).

We note that there are many contributors (Kollár, Esnault–Viehweg, Kawamata,
Ambro, . . . ) to this kind of cohomology injectivity theorem.We just mention that the
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first result was obtained by Tankeev [38, Proposition 1]. It inspired Kollár to obtain his
famous injectivity theorem (see [28] or Theorem 1.1). After[28], many generalizations
of Theorem 1.1 were obtained (see the books [7] and [29]). Kollár did not refer to [6]
in [29]. However, we think that [6] is the first paper where Kollár’s injectivity theorem
is proved (and generalized) by differential geometric arguments.

Let us recall Enoki’s theorem [6, Theorem 0.2], which is a very special case of
Theorem 1.2, for the reader’s convenience. To recover Corollary 1.4 from Theorem 1.2,
it is sufficient to putE DOX , F D L
m, and L D L
k. The reader who reads Japanese
can find [9] useful. It is a survey on Enoki’s injectivity theorem.

Corollary 1.4 (Enoki). Let X be an n-dimensional compact Kähler manifold and
let L be a semi-positive holomorphic line bundle on X. Suppose L
k, k > 0, admits a
nonzero global holomorphic section s. Then

� sW Hq(X, KX 
 L
m)! Hq(X, KX 
 L
mCk)

is injective for every m> 0 and every q� 0.

We recall Enoki’s idea of the proof in [6] because we will use the same idea to
prove Theorem 1.2.

1.5. Enoki’s proof. From now on, we assume thatkDmD 1 for simplicity. It is
well known that the cohomology groupHq(X, KX
 L
l ) is represented by the space of
harmonic formsHn,q(L
l ) D {u W smoothL
l -valued (n, q)-form on X such thatN�u D
0, D00�

L
l u D 0}, where D00�

L
l is the formal adjoint ofN�. We takeu 2 Hn,q(L). Then,
N

�(su)D 0 becauses is holomorphic. We can check thatD00�

L
2(su)D 0 by using Nakano’s

identity and the semi-positivity ofL. Thus,s induces�sW Hn,q(L)!Hn,q(L
2). There-
fore, the required injectivity is obvious.

Enoki’s theorem contains Kollár’s original injectivity theorem (cf. Theorem 1.1) by
the following well-known lemma.

Lemma 1.6. Let L be a semi-ample line bundle on a smooth projective manifold
X. Then L is semi-positive.

Proof. There exists a morphismf D 8

jL
m
j

W X ! P

N induced by the complete
linear systemjL
m

j for some m > 0 becauseL is semi-ample. Leth be a smooth
hermitian metric onO

P

N (1) with positive definite curvature. Then (f �h)1=m is a smooth
hermitian metric onL whose curvature is semi-positive.

REMARK 1.7. Let X be a complex analytic space and letE be a coherent sheaf
on X. In order to proveH p(X, E) D 0, it is sufficient to construct a homomorphism
'W E ! F of coherent sheaves onX such that the induced mapH p(X,E)! H p(X,F )
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is injectiveand thatH p(X,F )D 0. This simple observation plays crucial roles for vari-
ous vanishing theorems on toric varieties (see, for example, [10] and [11]). Anyway,
injectivity theorems sometimes are very useful in proving various vanishing theorems.
See the proof of Corollary 4.7 below.

We quickly review Kollár’s proof of his injectivity theoremin [29], which is much
simpler than Kollár’s original proof in [28], for the reader’s convenience.

1.8. Kollár’s proof. Let X be a smooth projectiven-fold and let L be a (not
necessarily semi-ample) line bundle onX. Let s be a non-zero holomorphic section of
L
2. Assume thatD D (sD 0) is a smoothdivisor on X for simplicity. We can take a
double cover� W Z ! X ramifying along D. By the Hodge decomposition, we obtain
a surjectionHq(Z,CZ)! Hq(X, OZ) for every q. By taking the anti-invariant part of
the covering involution, we obtain thatHq(X, G)! Hq(X, L�1) is surjective for every
q, where�

�

CZ D CX � G is the eigen-sheaf decomposition. It is not difficult to see
that there exists a factorizationHq(X, G) ! Hq(X, L�1


 OX(�D)) ! Hq(X, L�1)
for every q. Therefore,� sW Hq(X, KX 
 L)! Hq(X, KX 
 L 
OX(D)) is injective
by the Serre duality. In general,D is not necessarilysmooth. So, we have to use
sophisticated algebraic geometric methods such as desingularizations, relative vanishing
theorems, Leray’s spectral sequences, and so on, even whenX is smooth andL is free.

REMARK 1.9. As we saw in Subsection 1.8, thanks to the Serre duality,the in-
jectivity of Hq(X, KX
 L)! Hq(X, KX
 L
OX(D)) is equivalent to the surjectivity
of Hn�q(X, L�1


OX(�D))! Hn�q(X, L�1). However, injectivity seems to be much
better and more natural for some applications and generalizations. See Section 4.

Roughly speaking, Kollár’s geometric proof in [29] (and Esnault–Viehweg’s proof
in [7]) depends on the Hodge decomposition, or the degeneration of the Hodge to
de Rham type spectral sequence. So, it works only whenE is a unitary flat vector
bundle (see [29, 9.17 Remark]). On the other hand, our analytic proof (and the proofs
in [6], [35], and [37]) relies on the harmonic representation of the cohomology groups.
We do not know the true relationship between the geometric proof and the analytic one.

1.10. More advanced topics. In [8], we prove a relative version of Theorem 1.2.
In that case,X is not necessarily compact. WhenX is not compact, alocally square
integrable differential formu on X is not necessarilyglobally square integrable. So, we
use the Ohsawa–Takegoshi twisted version of Nakano’s identity to control the asymptotic
behavior of theL2-norm of u around the boundary ofX. Thus, we need much more
analytic methods for the relative setting.

In [19, Chapter 2], [12], and [18, Sections 5 and 6], we develop the geometric
approach (see Subsection 1.8) to obtain a very important generalization of Kollár’s in-
jectivity theorem. In those papers, we consider mixed Hodgestructures on compact
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support cohomology groups. Roughly speaking, the decomposition

Hn
c (X n6, C) '

M

pCqDn

Hq(X, �p
X(log6)
OX(�6))

where X is a smooth projective variety and6 is a simple normal crossing divisor on
X produces a generalization of Kollár type cohomology injectivity theorem. The reader
can find a thorough treatment of our geometric approach in [19, Chapter 2]. We have
already obtained many applications for the log minimal model program in [17], [19],
[13], [14], [15], [22], [16], [18], and [20].

By our experience, we know that Kollár type injectivity theorems play crucial roles
for the study of base point free theorems and the abundance conjecture for log canon-
ical pairs (cf. [23], [21], and so on).

We summarize the contents of this paper. In Section 2, we fix notation and collect
basic results. Section 3 is the proof of the main theorem: Theorem 1.2. We will rep-
resent the cohomology groups by the spaces of harmonic formson a Zariski open set
with a suitable complete Kähler metric. We will useL2-estimates forN�-equations on
complete Kähler manifolds (see Lemma 3.2). It is a key point of our proof. In Sec-
tion 4, we treat Kollár type injectivity theorem, Esnault–Viehweg type injectivity the-
orem, and Kawamata–Viehweg–Nadel type vanishing theorem as applications of The-
orem 1.2. We recommend the reader to compare them with usual algebraic geometric
ones. We note that we discuss them in a more general relative setting in [8].

2. Preliminaries

In this section, we collect basic definitions and results in algebraic and analytic
geometries. For details, see, for example, [4].

2.1. Singular hermitian metric. Let L be a holomorphic line bundle on a com-
plex manifold X.

DEFINITION 2.2 (Singular hermitian metric). Asingular hermitian metricon L
is a metric which is given in every trivialization� W Lj

�

' � � C by

k�k D j�(� )je�'(x), x 2 �, � 2 Lx,

where' 2 L1
loc(�) is an arbitrary function, called theweight of the metric with respect

to the trivialization � . Here, L1
loc(�) is the space of the locally integrable functions

on �.

The following singular hermitian metrics play important roles in the study of higher
dimensional algebraic varieties.
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EXAMPLE 2.3. Let D D
P

� j D j be a divisor with coefficients� j 2 N. Then
OX(D) is equipped with a natural singular hermitian metric as follows. Let f be a
local section ofOX(D), viewed as a meromorphic function such that div(f )C D � 0.
We definek f k2 D j f j2 2 [0,1]. If g j is a generator of the ideal ofD j on an open
set� � X, then the weight corresponding to this metric is' D

P

j � j logjg j j. It is
obvious that this metric is a smooth hermitian metric onX n D and its curvature is
zero on X n D. Let L be a holomorphic line bundle onX. Assume thatL
k

' M 

OX(D) for some holomorphic line bundleM and an effective divisorD on X. As
above,OX(D) is equipped with a natural singular hermitian metrichD. Let hM be any

smooth hermitian metric onM. Then L has a singular hermitian metrichL WD h1=k
M h1=k

D .
Note thathL is smooth outsideD and2hL (L) D (1=k)2hM (M) on X n D.

2.4. Multiplier ideal sheaf. The notion of multiplier ideal sheaves introduced by
Nadel [32] is very important in recent developments of complex and algebraic geom-
etries (cf. [31, Part three]).

DEFINITION 2.5 ((Quasi-)plurisubharmonic function and multiplier ideal sheaf).
A function uW �! [�1,1) defined on an open set�� Cn is calledplurisubharmonic
(psh, for short) if
1. u is upper semi-continuous, and
2. for every complex lineL � Cn, uj

�\L is subharmonic on�\ L, that is, for every
a 2 � and � 2 Cn satisfyingj� j < d(a,�c), the functionu satisfies the mean inequality

u(a) �
1

2�

Z 2�

0
u(aC ei �

� ) d� .

Let X be ann-dimensional complex manifold. A function' W X ! [�1,1) is said
to be plurisubharmonic(psh, for short) if there exists an open coverX D

S

i2I Ui

such that'jUi is plurisubharmonic onUi (� Cn) for every i . A smooth strictly pluri-

subharmonic function on X is a smooth function onX such that
p

�1 � N� is a
positive definite smooth (1, 1)-form. Aquasi-plurisubharmonic(quasi-psh, for short)
function is a function' which is locally equal to the sum of a psh function and of a
smooth function. If' is a quasi-psh function on a complex manifoldX, the multiplier
ideal sheafJ (') � OX is defined by

0(U, J (')) D { f 2 OX(U )I j f j2e�2'
2 L1

loc(U )}

for every open setU � X. Then it is known thatJ (') is a coherent ideal sheaf of
OX. See, for example, [4, (5.7) Proposition].

REMARK 2.6. By the assumption (ii) in Theorem 1.2, we may assume thatthe
weight of the singular hermitian metrichF is a quasi-psh function on every trivialization.
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So, we can define multiplier ideal sheaves locally and check that they are independent
of trivializations. Thus, we can define the multiplier idealsheaf globally and denote it
by J (hF ), which is an abuse of notation. It is a coherent ideal sheaf on X.

EXAMPLE 2.7. LetX D {z2 C j jzj < r } for some 0< r < 1 and letL be a trivial
line bundle onX. We consider a singular hermitian metrichL D exp(

p

� logjzj2) of L.

ThenhL is smooth outside the origin 02 X. The weight ofhL is ' D �(1=2)
p

� logjzj2

and' is a psh function onX. The Lelong number of' at 0 is

lim inf
z!0

'(z)

logjzj
D 0.

Thus, we haveJ (hL ) ' OX by Skoda. Note that' is smooth outside 0, which is an
analytic subvariety ofX. However,' does not have analytic singularities around 0.

DEFINITION 2.8. Let X be a complex manifold and letD D
P

� j D j be an ef-
fectiveQ-divisor on X. Let g j be a generator of the ideal ofD j on an open set�� X.
We put J (D) WD J ('), where' D

P

j � j logjg j j. SinceJ (') is independent of the
choice of the generatorsg j ’s, J (D) is a well-defined coherent ideal sheaf onX. We
call J (D) the multiplier ideal sheaf associated to the effectiveQ-divisor D. We say
that the divisorD is integrableat a pointx0 2 X if the function

Q

jg j j
�2� j is integrable

on a neighborhood ofx0, equivalently,J (D)x0 D OX,x0. Let D0 be another effective
Q-divisor on X. Then,J (D) D J (D C "D0) for 0< "� 1, " 2 Q.

REMARK 2.9. In Definition 2.8, D is integrable atx0 if and only if the pair
(X, D) is Kawamata log terminal(klt, for short) in a neighborhood ofx0 (cf. [30, Def-
inition 2.34]).

EXAMPLE 2.10. LethL be the singular hermitian metric defined in Example 2.3.
Then the weight of the singular hermitian metrichL is a quasi-psh function on every
trivialization. Therefore, the multiplier ideal sheafJ (hL ) is well-defined andJ (hL ) D
J ((1=k)D).

2.11. Hermitian and Kähler geometries. We collect the basic notion and re-
sults of hermitian and Kähler geometries (see also [4]).

DEFINITION 2.12 (Chern connection and its curvature form). LetX be a com-
plex hermitian manifold and let (E, h) be a holomorphic hermitian vector bundle on
X. Then there exists theChern connection DD D(E,h), which can be split in a unique
way as a sum of a (1, 0) and of a (0, 1)-connection,D D D0

(E,h) C D00

(E,h). By the

definition of the Chern connection,D00

D D00

(E,h) D
N

�. We obtain thecurvature form

2(E) D 2(E,h) D 2h WD D2
(E,h). The subscripts might be suppressed if there is no dan-

ger of confusion.
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Let U be a small open set ofX and let (e
�

) be a local holomorphic frame of
EjU . Then the hermitian metrich is given by the hermitian matrixH D (h

��

), h
��

D

h(e
�

, e
�

), on U . We haveh(u, v) D tuH Nv on U for smooth sectionsu, v of EjU . This
implies thath(u, v) D

P

�,� u
�

h
��

Nv

�

for u D
P

ei ui and v D
P

ej v j . Then we obtain

that
p

�12h(E) D
p

�1 N�(H
�1
�H ) and t (

p

�1 t
2h(E)H ) D

p

�1 t
2h(E)H on U .

DEFINITION 2.13 (Inner product). LetX be ann-dimensional complex manifold
with the hermitian metricg. We denote by! the fundamental formof g. Let (E,h) be
a hermitian vector bundle onX, and u, v are E-valued (p, q)-forms with measurable
coefficients, we set

kuk2 D
Z

X
juj2 dV

!

, hhu, vii D
Z

X
hu, vi dV

!

,

where juj is the pointwise norm induced byg and h on
Vp,q T�

X 
 E, and dV
!

D

(1=n!)!n. More explicitly, hu, vi dV
!

D

tu ^ H � v, where� is the Hodge star oper-
ator relative to! and H is the (local) matrix representation ofh. When we need to
emphasize the metrics, we writejujg,h, and so on.

Let L p,q
(2) (X, E) (D L p.q

(2) (X, (E, h))) be the space of square integrableE-valued
(p,q)-forms on X. The inner product was defined in Definition 2.13. When we empha-
size the metrics, we writeL p,q

(2) (X, E)g,h, whereg (resp.h) is the hermitian metric ofX
(resp. E). As usual one can viewD0 and D00 as closed and densely defined operators
on the Hilbert spaceL p,q

(2) (X, E). The formal adjointsD0

�, D00

� also have closed exten-
sions in the sense of distributions, which do not necessarily coincide with the Hilbert
space adjoints in the sense of Von Neumann, since the latter ones may have strictly
smaller domains. It is well known, however, that the domainscoincide if the hermitian
metric of X is complete. See Lemma 2.17 below.

DEFINITION 2.14 (Nakano positivity and semi-positivity). Let (E, h) be a holo-
morphic vector bundle on a complex manifoldX with a smooth hermitian metrich.
Let 4 be a Hom(E, E)-valued (1,1)-form such thatt (t

4h)D t
4h. Then4 is said to be

Nakano positive(resp.Nakano semi-positive) if the hermitian form onTX 
 E associ-
ated tot

4h is positive definite (resp. semi-definite). We write4 >Nak 0 (resp.�Nak 0).
We note that41 >Nak42 (resp.41 �Nak42) means that41�42 >Nak 0 (resp.�Nak 0).
A holomorphic vector bundle (E, h) is said to beNakano positive(resp.Nakano semi-
positive) if

p

�12(E) >Nak 0 (resp.�Nak 0). We usually omit “Nakano” whenE is a
line bundle.

DEFINITION 2.15 (Graded Lie bracket). LetC1

�

X,
Vp,q T�

X 
 E
�

be the space
of the smoothE-valued (p, q)-forms on X. If A, B are the endomorphisms of pure
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degree of the graded moduleM�

D C1

�

X,
V

�,� T�

X 
 E
�

, their graded Lie bracketis
defined by

[ A, B] D AB� (�1)degA degB B A.

Let us recall Nakano’s identity, which is one of the main ingredients of the proof
of our main theorem: Theorem 1.2.

Proposition 2.16 (Nakano’s identity). We further assume that g is Kähler. Let

1

0

D D0D0�

C D0�D0

and

1

00

D D00D00�

C D00�D00

be the complex Laplace operators acting on E-valued forms. Then

1

00

D 1

0

C [
p

�12(E), 3],

where3 is the adjoint of! ^ � .

The following lemma is now classical. See, for example, [1, Lemme 4.3].

Lemma 2.17 (Density lemma). If g is complete, then Cp,q
0 (X, E) is dense in

Dom D00�

\ Dom N� with respect to the graph norm

u 7! kuk C kN�uk C kD00�uk,

where Cp,q
0 (X, E) is the space of the E-valued smooth(p,q)-forms on X with compact

supports andDom D00� (resp. Dom N�) is the domain of D00� (resp. N�).

Combining Proposition 2.16 with Lemma 2.17, we obtain the following formula.

Proposition 2.18. Let u be a square integrable E-valued(n, q)-form on X with
dim X D n and let g be a complete Kähler metric on X. Let! be the fundamental
form of g. Assume that

p

�12(E) �Nak �c IdE 
 ! for some constant c. Then we
obtain that

kD00�uk2C kN�uk2 D kD0

�uk2C hh
p

�12(E)
3

u, uii

for every u2 Dom D00�

\ Dom N�.

The final remark in this section will play crucial roles in theproof of the main
theorem: Theorem 1.2. The proof is an easy calculation (cf. [1, Lemme 3.3]).
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REMARK 2.19. Let g0 be another hermitian metric onX such thatg0 � g and
!

0 be the fundamental form ofg0. Let u be an E-valued (n, q)-form with measurable
coefficients. Then, we havejuj2g0,h dV

!

0

� juj2g,h dV
!

, where jujg0,h (resp. jujg,h) is the
pointwise norm induced byg0 and h (resp.g and h). If u is an E-valued (n, 0)-form,
then juj2g0,h dV

!

0

D juj2g,h dV
!

. In particular, kuk2 is independent ofg when u is an
(n, 0)-form.

3. Proof of the main theorem

In this section, we prove the main theorem: Theorem 1.2. The idea is very simple.
We represent the cohomology groups by the space of harmonic forms onX n Z (not on
X!). The manifold X n Z is not compact. However, it is a complete Kähler manifold
and all hermitian metrics are smooth onX n Z. So, there are no difficulties onX n Z.
Note that we do not need the difficult regularization technique for quasi-psh functions
on Kähler manifolds (cf. [1, Théorème 9.1]).

Proof of Theorem 1.2. SinceX is compact, there exists a complete Kähler metric
g0 on Y WD X n Z such thatg0 > g on Y. We sketch the construction ofg0 because
we need some special properties ofg0 in the following proof. The next lemma is well
known. See, for example, [2, Lemma 5].

Lemma 3.1. There exists a quasi-psh function on X such that D �1 on Z
with logarithmic poles along Z and is smooth outside Z.

Without loss of generality, we can assume that < �e on X. We put' D 1=log(� ).
Then' is a quasi-psh function onX and' < 1. Thus, we can take a positive constant�

such that
p

�1� N�'C�! > 0 onY. Let g0 be the Kähler metric onY whose fundamental
form is!0 D !C (

p

�1 � N�' C �!). We will show that

!

0

� �(log(log(� ))) ^ N�(log(log(� )))

if we choose� � 0. We have

N

�' D �

�

N

� =(� )

(log(� ))2
,

and

�

N

�' D 2
�� =(� ) ^ �N� =(� )

(log(� ))3
�

�(�N� =(� ))

(log(� ))2

D 2
�� =(� ) ^ �N� =(� )

(log(� ))3
�

��

N

� =(� )

(log(� ))2
C

�� ^ (�N� )=(� )2

(log(� ))2

D 2
�� =(� ) ^ �N� =(� )

(log(� ))3
C

�

N

� =(� )

(log(� ))2
C

�� ^ (�N� )=(� )2

(log(� ))2
.
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On the other hand,

�(log(log(� ))) D
�� =(� )

log(� )
.

Therefore,

�(log(log(� ))) ^ N�(log(log(� ))) D
�� ^ (�N� )=(� )2

(log(� ))2
.

This implies

!

0

� �(log(log(� ))) ^ N�(log(log(� )))

if � � 0. Therefore,g0 is a completeKähler metric onY by Hopf–Rinow because
log(log(� )) tends toC1 on Z. More precisely,

� WD

1
p

2
log(log(� ))

is a smooth exhaustive function onY such thatjd�jg0 � 1. We fix these Kähler metrics
throughout this proof. In general,

Ln,q
(2) (Y, E 
 F) D Ln,q

(2) (Y, E 
 F)g0,hEhF D Im N� �Hn,q(E 
 F)� Im D00�

E
F ,

where

Hn,q(E 
 F) WD
{

u 2 Ln,q
(2) (Y, E 
 F)

�

�

N

�u D D00�

E
Fu D 0
}

is the space of theE
 F-valued harmonic (n,q)-forms. We note thatu 2Hn,q(E
 F)
is smooth by the regularization theorem for the elliptic operator 100

E
F D D00�

E
F
N

� C

N

�D00�

E
F . The claim below is more or less known to experts (cf. [36, Section 2], [37,
Proposition 4.6] and [34, Theorem 4.13]). We write it for thereader’s convenience.

Claim 1. We have the following equalities and an isomorphism of cohomology
groups for every q� 0.

Im N� D Im N�, Im D00�

E
F D Im D00�

E
F ,

and

Hq(X, KX 
 E 
 F 
 J (hF )) '
Ln,q

(2) (Y, E 
 F) \ Ker N�

Im N�
.

If the claim is true, thenHq(X, KX 
 E 
 F 
 J (hF )) ' Hn,q(E 
 F) because
Ln,q

(2) (Y, E 
 F) \ Ker N� D Im N� �Hn,q(E 
 F).
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Proof of Claim 1. First, letX D
S

i2I Ui be a finite Stein cover ofX such that
eachUi is small. We can assume that there is a small Stein open setVi of X such
that Ui b Vi for every i (see the proof of Lemma 3.2). We denote this cover byU D

{Ui }i2I . By Cartan and Leray, we obtain

Hq(X, KX 
 E 
 F 
 J (hF )) ' LHq(U , KX 
 E 
 F 
 J (hF )),

where the right hand side is thěCech cohomology group calculated byU . Let {�i }i2I

be a partition of unity associated toU . We putUi0i1���iq D Ui0 \ � � � \Uiq . ThenUi0i1���iq

is Stein. Letu D {ui0i1���iq } such thatui0i1���iq 2 0(Ui0i1���iq , KX 
 E 
 F 
 J (hF )) and

ÆuD 0, whereÆ is the coboundary operator ofČech complexes. We putu1
D {u1

i0���iq�1
}

with u1
i0���iq�1

D

P

i �i ui i 0���iq�1. Then Æu1
D u and Æ( N�u1) D 0. Thus, we can construct

u2 such thatÆu2
D

N

�u1 as above by using{�i }. By repeating this process, we obtain
N

�uq
2 Ln,q

(2) (Y, E
 F)\Ker N� by Remark 2.19 becauseX is compact. By the standard
diagram chasing, we have a homomorphism

N� W

LHq(U , KX 
 E 
 F 
 J (hF ))!
Ln,q

(2) (Y, E 
 F) \ Ker N�

Im N�
.

On the other hand, we takew 2 Ln,q
(2) (Y, E 
 F) \ Ker N�. We putw0

D {wi0}, where
wi0 D wjUi0nZ . We will use Ci to represent some positive constants independent ofw.

By Lemma 3.2 below, we havew1
D {w1

i0
} such thatN�w1

D w on eachUi0 n Z with

kw

1
k

2
WD

X

i

Z

Ui nZ
jw

1
i j

2
g0,hEhF

� C1

Z

XnZ
jwj

2
g0,hEhF

D C1kwk
2.

Since N�(Æw1) D 0, we can obtainw2 such thatN�w2
D Æw

1 on eachUi0i1 n Z with

kw

2
k

2
WD

X

{i , j }�I

Z

Ui j nZ
jw

2
i j j

2
g0,hEhF

� C2kw
1
k

2.

By repeating this procedure, we obtainwq such that N�wq
D Æw

q�1 with kwq
k

2
�

Cqkw
q�1
k

2. In particular,kÆwq
k

2
� C0kwk

2. We put�(w) WD Æw

q
DW {vi0���iq }. Then

N

�vi0���iq D 0 and kvi0���iqk
2
< 1. Thus, vi0���iq 2 0(Ui0���iq , KX 
 E 
 F 
 J (hF )) and

Æ(�(w)) D 0. Note that anE
 F-valued holomorphic (n, 0)-form onU n Z, whereU is
an open subset ofX, with a finite L2 norm can be extended to anE 
 F-valued holo-
morphic (n, 0)-form onU (see also Remark 2.19). Therefore, we have a homomorphism

N

� W

Ln,q
(2) (Y, E 
 F) \ Ker N�

Im N�
!

LHq(U , KX 
 E 
 F 
 J (hF ))

by the standard diagram chasing. It is not difficult to see that N� and N� induce the
desired isomorphism by the above arguments.



KOLLÁR ’ S INJECTIVITY THEOREM 845

Next, we note thatIm N� D Im N� if and only if Im D00�

E
F D Im D00�

E
F (cf. [25, The-

orem 1.1.1]). Thus, it is sufficient to prove thatIm N� D Im N�. Let w 2 Im N�. Then there
exists a sequence{vk} � Im N� such thatkw � N�vkk

2
! 0 if k ! 1. By the above

construction,k�(w � N�vk)k2 ! 0 when k ! 1. This implies that�(w � N�vk) ! 0
uniformly on every compact subset ofX. Therefore, the image ofw in LHq(U , KX 


E
 F 
J (hF )) is zero becauseLHq(U , KX
 E
 F 
J (hF )) is a finite dimensional,
separated, Fréchet space (cf. [24, Chapter VIII, Section A,19. Theorem]). Thus,w 2
Im N� by the above isomorphism. For the details of the topology onF and Hq(X, F ),
whereF is a coherent sheaf on a complex manifoldX, see [26, §55 Coherent Analytic
Sheaves as Fréchet Sheaves].

There are various formulations forL2-estimates forN�-equations, which originated
from Hörmander’s paper [25]. The following one is suitable for our purpose. We used
it in the proof of Claim 1.

Lemma 3.2 (L2-estimates forN�-equations on complete Kähler manifolds).Let
U b V be small Stein open sets of X. If u2 Ln,q

(2) (U n Z, E 
 F)g0,hEhF with N�u D 0,

then there existsv 2 Ln,q�1
(2) (U n Z, E 
 F)g0,hEhF such that N�v D u. Moreover, there

exists a positive constant C independent of u such that

Z

UnZ
jvj

2
g0,hEhF

� C
Z

UnZ
juj2g0,hEhF

.

Proof. We can assume that!0 D
p

�1� N�9 on V becauseV is a small Stein open
set. Then (E 
 F, hEhFe�9) is Nakano positive and

C1hEhF � hEhFe�9 � C2hEhF

for some positive constantsC1 and C2 on U n Z. Note that9 is a bounded function
on X by the construction ofg0. It is obvious that

p

�12(E
F,hEhF e�9 ) �Nak IdE
!
0 on

U n Z by the assumption (iii) in Theorem 1.2. Letw be anE
 F-valued (n, q)-form
on U n Z with measurable coefficients. We write

kwk

2
D

Z

UnZ
jwj

2
g0,hEhF

dV
!

0 and kwk20 D
Z

UnZ
jwj

2
g0,hEhF e�9 dV

!

0 .

Then kwk is finite if and only if kwk0 is finite. By the well-knownL2 estimates for
N

�-equations (cf. [1, Théorème 4.1, Remarque 4.2] or [4, (5.1)Theorem]), we obtain an
E
 F-valued (n, q� 1)-form v on U n Z such thatN�v D u and kvk20 � C0kuk20, where
C0 is a positive constant independent ofu. We note thatg0 is not a complete Kähler
metric on U n Z but U n Z is a complete Kähler manifold (cf. [1, Thèoréme 0.2]).
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Therefore, we obtain

C1kvk
2
� kvk

2
0 � C0kuk

2
0 � C0C2kuk

2.

So, it is sufficient to putC D C0C2=C1.

Therefore, we obtain

Ln,q
(2) (Y, E 
 F) D Im N� �Hn,q(E 
 F)� Im D00�

E
F .

Thus, Hq(X, KX 
 E 
 F 
 J (hF )) ' Hn,q(E 
 F).
Let U b V be small Stein open sets ofX. Then there exists a smooth strictly

psh function8 on V such that (L , hLe�8) is semi-positive onV . In this situation,
C0

1 � e�8 � C0

2 on U for some positive constantsC0

1 and C0

2. By applying the same
argument as in Lemma 3.2 to (E 
 F 
 L , hEhF hLe�9�8), we obtain

Ln,q
(2) (Y, E 
 F 
 L) D Im N� �Hn,q(E 
 F 
 L)� Im D00�

E
F
L

and

Hq(X, KX 
 E 
 F 
 J (hF )
 L) ' Hn,q(E 
 F 
 L)

similarly.

Claim 2. The multiplication homomorphism

� sW Hn,q(E 
 F)! Hn,q(E 
 F 
 L)

is well-defined for every q� 0.

Proof. By Proposition 2.18, we obtain

kD00�

E
Fuk2C kN�uk2 D kD0

�uk2C hh
p

�12(E 
 F)
3

u, uii

for u 2 DomD00�

E
F \Dom N�, where3 is the adjoint of!0^ � . We note that the Kähler

metric g0 on Y is complete. Ifu 2Hn,q(E
F), thenD0�uD 0 andh
p

�1(2(E)CIdE


2(F))
3

u, ui D 0 by the assumption (iii). By (iv), we haveh
p

�1(IdE 


2(L))
3

u,ui � 0. Whenu 2Hn,q(E
F), N�(su)D 0 by the Leibnitz rule andD0�(su)D
sD0�u D 0 becauses is an L-valued holomorphic (0, 0)-form. Sincejsj2hL

is a smooth

function on X, there exists a positive numberC such thatjsj2hL
< C everywhere onX.

Therefore,
Z

Y
jsuj2g0,hL hEhF

dV
!

0

< C
Z

Y
juj2g0,hEhF

dV
!

0

<1.
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So,su is square integrable. We can also see thatsu2 DomD00�

E
F
L by using Lemma 2.17
and Proposition 2.18 sincejsj2hL

< C everywhere onX. Thus, we obtain

kD00�

E
F
L (su)k2 D hh
p

�12(E 
 F 
 L)
3

(su), suii

by Proposition 2.18. We note that

p

�1(2(E)C IdE 
2(F)C IdE 
2(L))

�Nak (1C ") IdE 
2(L)

�Nak �c0 IdE 
 !
0

on Y D X n Z for some constantc0. On the other hand,

h

p

�12(E 
 F 
 L)
3

(su), sui D jsj2h
p

�1(IdE 
2(L))
3

u, ui � 0,

where jsj is the pointwise norm ofs with respect tohL . Therefore,D00�

E
F
L (su) D 0.
This implies thatsu2 Hn,q(E 
 F 
 L). We finish the proof of the claim.

By the above claims, the theorem is obvious because

� sW Hn,q(E 
 F)! Hn,q(E 
 F 
 L)

is injective for everyq.

We close this section with the proof of Corollary 1.3.

Proof of Corollary 1.3. We puthF WD h1=k
D as in Example 2.3, wherehD is the

natural singular hermitian metric onOX(D). ThenhF is smooth onXnD,
p

�12(F) �
0 in the sense of currents, andJ (hF ) D J ((1=k)D). Therefore, we can apply The-
orem 1.2.

4. Applications: injectivity and vanishing theorems

In this section, we treat only a few applications of Theorem 1.2. We recommend
the reader to see the results in [37] and the arguments in [33,Chapter V, §3] for other
formulations and generalizations. See also [8] for variousapplications and generaliza-
tions in a more general relative setting. For applications in the log minimal model pro-
gram, which can not be covered by the results in this paper, see [16], [18], [19], and
so on.

The following formulation is due to Kollár (cf. [29, 10.13 Theorem]). He stated
this result for the case whereE is a trivial line bundle and (X, 1) is klt, that is,
J (1) ' OX .
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Proposition 4.1 (Kollár type injectivity theorem). Let fW X! Y be a proper sur-
jective morphism from a compact Kähler manifold X to a normalprojective variety Y .
Let L be a holomorphic line bundle on X and let D be an effectivedivisor on X such
that f(D) ¤ Y . Assume that L� f �M C 1, where M is a nef and bigQ-divisor on
Y and1 is an effectiveQ-divisor on X. Let(E, hE) be a Nakano semi-positive holo-
morphic vector bundle on X. Then

Hq(X, KX 
 E 
 L 
 J (1))! Hq(X, KX 
 E 
 L 
OX(D)
 J (1))

is injective for every q� 0, whereJ (1) is the multiplier ideal sheaf associated to the
effectiveQ-divisor 1.

Proof. By taking P 2 Pic0(X) suitably, we haveL 
 P �
Q

f �M C 1. We can
assume thatL �

Q

f �M C 1 by replacingL (resp. E) with L 
 P (resp. E 
 P�1).
By Kodaira’s lemma (see [30, Proposition 2.61]), we can further assume thatM is
ample (cf. Definition 2.8). Leth WD 8

jmMj W Y! P

N be the embedding induced by the
complete linear systemjmMj for a large integerm. ThenOY(mM) ' h�O

P

N (1). We
can take an effective divisorA on P N such thatO

P

N (A) ' O
P

N (l ) for some positive
integer l and D0

D f �h�A � D is an effective divisor onX. We add D0 to D and
can assume thatD D f �h�A. Under these extra assumptions, we can easily construct
hermitian metrics satisfying the assumptions in Theorem 1.2 (see Example 2.3). We
finish the proof of the proposition.

REMARK 4.2 (Numerical equivalence). In the above proposition, we note that
L � f �MC1 meansc1(L) D c1( f �MC1) in H2(X,R), wherec1 is the first Chern
class ofQ-divisors or line bundles.

REMARK 4.3. Proposition 4.1 is a generalization of [29, 10.13 Theorem], which
is stated for a compact Kähler manifold. However, the proof of [29, 10.13 Theorem]
given in [29] works only forprojective manifolds. In [29, 10.17.3 Claim], we need an
ample divisor onX to prove local vanishing theorems.

The following proposition is a reformulation of [7, 5.12. Corollary b)] from the
analytic viewpoint. It is essentially the same as Proposition 4.1. In [7], E is trivial
andJ ' OX .

Proposition 4.4 (Esnault–Viehweg type injectivity theorem).Let X be a smooth
projective variety and let D be an effective divisor on X. Let(E, hE) be a Nakano
semi-positive holomorphic vector bundle and let L be a holomorphic line bundle on
X. Assume that L
k(�D) is nef and abundant, that is, �(L
k(�D)) D �(L
k(�D)),
for some positive integer k. Let B be an effective divisor on Xsuch that

H0(X, (L
k(�D))
l

OX(�B)) ¤ 0
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for some l> 0. Then

Hq(X, KX 
 E 
 L 
 J )! Hq(X, KX 
 E 
 L 
 J 
OX(B))

is injective for every q, whereJ WD J ((1=k)D) is the multiplier ideal sheaf associated
to the effectiveQ-divisor (1=k)D.

Proof. Let � W Z ! X be a projective birational morphism from a smooth pro-
jective variety Z with the following properties: (i) There exists a proper surjective
morphism between smooth projective varietiesf W Z ! Y with connected fibers, and
(ii) there is a nef and bigQ-divisor M on Y such that��(L
k(�D)) �

Q

f �M. For the
proof, see [27, Proposition 2.1]. On the other hand,Ri

�

�

(KZ=X 
 J ((1=k)��D)) D 0
for i > 0 and�

�

(KZ
J ((1=k)��D))' KX
J ((1=k)D) by [31, Theorem 9.2.33, and
Example 9.6.4]. We note that (��E, ��hE) is Nakano semi-positive onZ. So, we can
assume thatX D Z without loss of generality. It is not difficult to see thatf (B) ¤ Y
by the assumption thatH0(X, (L
k(�D))
l


OX(�B)) ¤ 0 for somel > 0. Thus, this
proposition follows from Proposition 4.1.

The referee pointed out that Proposition 4.4 is sharper than[5, Theorem 3.1].

REMARK 4.5. In this remark, we use the notation in [5, Theorem 3.1]. Let k be
a positive integer such thatk> �. We take general membersD1,:::,Dk of H0(X, A
a)
and put

D D
�

k
(D1C � � � C Dk).

Then L�D is nef and abundant andL�D��B is Q-effective for some 0< � < 1. By
the construction, we haveJ (D) D J (X, a�) (cf. [31, Proposition 9.2.28]). Therefore,
by Proposition 4.4 forE D OX , we obtain that

H i (X, OX(KX C L)
 J (X, a�))! H i (X, OX(KX C L C B)
 J (X, a�))

is injective for everyi .

REMARK 4.6 (Vanishing theorem and torsion-freeness). Proposition 4.1 gives
some generalizations of Kollár’s vanishing and torsion-free theorems. We do not pur-
sue them here because we discuss them in a more general relative setting in [8]. We
just mention that [29, 10.15 Corollary] holds forKX 
 E 
 J (1), where we use the
same notation as in Proposition 4.1. We note [31, Example 9.5.9] when we restrict
the multiplier ideal sheafJ (1) to a general hypersurface. Related topics are in [7,
6.12 Corollary, and 6.17 Corollary] and [5, Section 3].

By combining Proposition 4.1 with Serre’s vanishing theorem, we obtain the next
corollary. It may be better to be called Nadel type vanishingtheorem.
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Corollary 4.7 (Kawamata–Viehweg type vanishing theorem).Let X be a smooth
projective variety and let L be a holomorphic line bundle on X. Assume that L�
M C 1, where M is a nef and bigQ-divisor on X and1 is an effectiveQ-divisor
on X. Let (E, hE) be a Nakano semi-positive holomorphic vector bundle on X. Then
Hq(X, KX
E
 L
J (1))D 0 for q � 1. Moreover, if 1 is integrable outside finitely
many points, then Hq(X, KX 
 E 
 L) D 0 for q � 1.

Proof. We use Proposition 4.1 under the assumption thatY D X and f D idX. We
take an effective ample divisorD on X and apply Proposition 4.1. Then we obtain that

Hq(X, KX 
 E 
 L 
 J (1))! Hq(X, KX 
 E 
 L 
 J (1)
OX(mD))

is injective for m> 0 andq � 0. By Serre’s vanishing theorem, we haveHq(X, KX 


E 
 L 
 J (1)) D 0 for q � 1. When1 is integrable outside finitely many points,
OX=J (1) is a skyscraper sheaf. Therefore,Hq(X, KX 
 E 
 L 
 OX=J (1)) D 0
for q � 1. By combining it with the above mentioned vanishing result, we obtain the
desired result.

The final result is a slight generalization of Demailly’s formulation of Kawamata–
Viehweg type vanishing theorem.

Corollary 4.8 (cf. [3, Main Theorem]). Let L be a holomorphic line bundle on
an n-dimensional projective manifold X. Assume that some positive power L
k can be
written L
k

' M
OX(D), where M is a nef line bundle and D is an effective divisor
such that(1=k)D is integrable on Xn B. Let � D �(M) be the numerical dimension
of the nef line bundle M. Let(E, hE) be a Nakano semi-positive holomorphic vector
bundle on X. Then Hq(X, KX 
 E
 L) D 0 for q > n�min{max{�, �(L)}, codimB}.

Sketch of the proof. By the standard slicing arguments, we can reduce it to the
case where min{max{�, �(L)}, codimB} D dim X. We note that codimB D 1 if and
only if B D ;. By Kodaira’s lemma (cf. [30, Lemma 2.60, Proposition 2.61]), we can
further reduce it to the case whenM is ample. We note that ifA is a general smooth
very ample Cartier divisor onX then

0! KX 
 E 
 L ! KX 
 E 
 L 
OX(A)! K A
 EjA
 LjA! 0

is exact andJ ((1=k)D)jA D J ((1=k)DjA). In particular, (1=k)DjA is integrable onAn
BjA. For the details of these reduction arguments, see the first and second steps in the
proof of the main theorem in [3]. Therefore, this corollary follows from the previous
corollary: Corollary 4.7.
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