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Abstract
Let p be an odd prime number aritl,, the cyclotomicZ ,-extension of a Galois
p-extensionK over an imaginary quadratic field. We consider the Galoisugro
X(Ks) of the maximal unramified prg-extension ofK .. In this paper, under cer-

tain assumptions, we give certalf such thatX(K) is abelian. Also, we give an
example such that a special value of the characteristicnpohyal of the lwasawa

module ofK,, determines whetheX(K,.) is abelian or not.

1. Introduction

Let p be an odd prime numbeF a finite extension over the fiel@ of rational
numbers andF,, the cyclotomicZ,-extension ofF. In other words,F,, is defined
by the following. The extension ovef which is obtained by adjoining té& all roots
of unity of p-power order has the unique subfield whose Galois group Bvés iso-
morphic to the additive group of the ring, of p-adic integers. We definé,, by the
subfield. Denote byX(F) (resp. X(F.,)) the Galois group of the maximal unramified
pro-p-extensionL(F) of F (resp.L(Fs) of Fx). The extensiond (F)/F, L(Fu)/Fso
are called thep-class field towers, and their Galois grouf$F), X(F.,) are very in-
teresting objects in number theory. ThouffF) can be infinite, we have quite a few
known criterions for assuring that(F) is finite: in addition, we do not have efficient
methods for describing the structure X{F). However, we mention that Ozaki [17]
recently showed that there exisks such thatX(F) is isomorphic to any giveriinite
p-group.

We apply lwasawa theory to the study pfclass field towers, such as in Mizusawa
[11], [12] and Ozaki [16]. We consider tolassify the finite algebraic number fields
F such that eachX(F.,) is abelian in other words, the maximal unramified ppe-
extension of eaclir,, remains abelian extension. It is equivalent tlgF..) is abelian
and that all sufficiently large subfields iR,,/F have thep-class field towers whose
Galois groups are abelian. Also X(F) is abelian for a finite algebraic number field
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F, then X(F) is finite and isomorphic to the-Sylow subgroup of the ideal class group
of F.

In [14], the author determined the all imaginary quadragtds F such thatX(Fy.)
is abelian for an odd prime numbgy: for p = 2, the same result was shown by
Mizusawa—Ozaki [13]. After [13] and [14], one of further pteims for the above clas-
sifying is to treat the case whefe is an abelian number field. However, this problem
seems very difficult. Since, for instance, there is Greagiberonjecture which says
that the maximal unramified abelian ppeextension off, is finite if F is totally real.

In [15], the author studied necessary conditions X§F.) to be abelian. And also the
case where eack is totally imaginary abeliarp-extensions over imaginary quadratic
fields with certain assumptions is treated. On the other h&hdrifi [18] computed the

structure ofX(Fs) in the case wheré is the cyclotomicp-th extension.

In this paper, we treat totally imaginary abeligrextensions over imaginary quad-
ratic fields with certain assumptions which are differeminir[15]. Simultaneously, we
consider the following question.

We note the fact in [13] that, ifp = 2, there is a case where the special value
modulo 2 at —1 of the characteristic polynomial of lwasawa module cdmiiés to
the condition forX(F.) to be abelian. This fact is interesting since the charistter
polynomials of lwasawa modules are connected to phadic L-function by Mazur—
Wiles [10]. So that the next question arises. Is there a amgdase ifp is odd?

We use the notatiorA(F) for the p-Sylow subgroup of the ideal class group of
F. Then we obtain followings:

Theorem 1.1. Let p, | be odd prime numbers such that| p— 1, k an imagin-
ary quadratic field with the property that ¥ Q(+/—3) if p = 3, and K+ an abelian
p-extension ofQ with conductor I. Put K:= kK* and let K., be the cyclotomic
Zy-extension of K. Assume that p does not split in K and | doessptit in k.
Then the Galois groupX(K.,) of the maximal unramified pro-p-extension over, K
is abelian if and only if Ak) = 0 moreover we have theK(K.,) = 1.

Theorem 1.2. Let | be an odd prime number such that] | — 1, k an imagin-
ary quadratic field with the property that ¥ Q(+~/—3), and K* the unique abelian
3-extension ofQ with conductor I. Put K= kK™ and let R (T) € Z3[T] be the char-
acteristic polynomial of the lwasawa module of the cyclatos-extension K,/K.
Suppose thaB does not split in K but | splits in k. Moreovesssume that &) = 0
and dimg, A(K)®zF; = 1. ThenX(K.,) is abelian if and only if R(—1) % 1 mod 3.

2. Preliminaries

From now on, for any CM-fieldF, we use the notatiofr* and F, for the max-
imal totally real subfield ofF and the unique subfield with degrg® of the cyclo-
tomic Z,-extensionF,, over F, respectively. Denote the maximal unramified abelian
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p-extension ofF by L(F) and its Galois groupX(F)2® by X(F). Similarly, denote
the maximal unramified abelian pm@-extension ofF,, by L(F,) and its Galois group
by X(F.). For any moduleA on which Galf/F™*) acts, putAt := AGaF/F")
A = A/AT.

Fix a topological generatoy of Gal(F.,/F). And we write its restriction
on Galf,/F) as the same notation for eaah > 0. Choose an extensiop €
Gal(L(F)/F) of y. Then GalE,/F) acts onX(F,) as the inner automorphisms de-
fined by x” = yxy~* for any x € X(F,). Note that this action is independent of the
choice of an extensiop and commutes with the Artin maps(F,) >~ A(F,). We iden-
tify X(F,) with A(F,) by these isomorphisms. Sinc€(F.,) >~ I(imX(Fn), the complete
group ring (LmZp[GaI(Fn/F)] acts onX(Fs) continuously, where each inverse limit is
taken over Galois restrictions. Hence the formal poweresering A := Z[[T]] acts
on X(Fy) via the non-canonical isomorphism ~ I(imZp[GaI(Fn/F)] which is ob-
tained by sending + T to the fixed topological generatgr of Gal(F.,/F). Therefore
X(F) is a A-module, so that we write the action @f additionally; x¥ = (1 + T)x.

The moduleA is a noetherian local ring with the maximal idead, (T). We de-
fine a distinguished polynomid(T) € Z,[T] by monic polynomial such thalP(T) =
T9e9P(M) mod p. Then, by thep-adic WeierstraR preparation theorem [19, Theorem 7.3],
any non-zero element(T) € A can be uniquely written

f(T) = p"P(MU(T)

with an integerw > 0, a distinguished polynomid?(T) andU(T) € A*. Then ded(T)

is called the residue degree df(T). Also, there is a division theorem [19, Propos-
ition 7.2] for distinguished polynomials: if (T) € A is non-zero andP(T) is distin-
guished, then there uniquely exig(T) € A andr(T) € Zp[T] such that

f(T)=q(T)P(T) +r(T), degr(T) < degP(T).

ThereforeA is a UFD, whose irreducible elements gueand irreducible distinguished
polynomials.

It turns out thatX(F.,) is a finitely generated torsion module ovar Therefore
we can define the lwasawainvariantir of F,,/F by the dimension oX(F.)®z,Qp
over the p-adic field Qp. There is aA-homomorphism

X(Feo)™ = @ A/(R)™
i=1

such that its kernel and cokernel are finite, where the praicideals @) in A are
prime ideals of height 1, the ideal® ) and the integersn;, s are uniquely determined

by X(Fs)™ ([19, Theorem 13.12]). In fact, the map is injective sin&€F..)~ has

no non-trivial finite A-submodules by [19, Theorem 13.28]. We say that the Iwasawa
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w-invariant ur of Fo/F is zero if X(F) is also finitely generated oveZ,: For ex-
ample, if F/Q is an abelian extension, theng = 0 by Ferrero—Washington [2]. In
particular, if ug = 0, thenX(F)~ is a freeZ-module, and so that we may take each
P, as an irreducible distinguished polynomial. Then the potgial Pe(T) := [[7_, P™

is called the characteristic polynomial of(F.)~ and we haverf := Ag — Ag+ =
degPg(T). It turns out that, if the extensioR./F is totally ramified at all primes
lying above p, then there is an isomorphism

on(T)
T

1) X(Fa) ~ X(Fu0) / Y

for any n > 0, whereY := Gal(L(Fx)/L(F)Fs), @n(T) := (T +1)*" — 1.

Now, letk be a CM-field such thak is a finite extension ove® with u, = 0 and
K* a cyclic extension ok™ with degreep such thatkf N K+ = k*. PutK := kK*
and A := Gal(K /k). First of all, we compardP« (T) with P«(T) (Proposition 2.1). We
identify " := Gal(k./K) with Gal(K,/K) and A with Gal(K.,/ks) by the canonical
isomorphisms. Note thah acts onX(K,) and X(K,)~ as the inner automorphisms
similar to the action ofl". The actions ofl" and A are commutative sincX(K,,),
X(Ks)™ and GalK../k) are abelian. Therefor&X(Ky), X(K)~ are A[A]-modules.
By lwasawa [7] and Kida's formula [8]ux = 0 and

) Ak = Ph +(P=1)(—v),
wheres is the number of primes ik}, not lying abovep which split in K.,/K*t and

ramify in KX /k&, andv = 1 or 0 according as a primitive-th root of unity is ink
or not. In addition, suppose that(K,,)~ is cyclic over A. Then we have a surjection

A/(P(T)) = X(Keo)™,

since X(K,)~ has no non-trivial finiteA-submodules and is annihilated W (T).
Comparing theZ p-ranks, we haveX(K)™ =~ A/(Pk(T)). Fix a generatoe € X(K)~
over A and a generato$ € A. We described the action of as x?. Then we have

" = (Q(T) + 1)e

for someQ(T) € A. Then polynomialQ(T) € A is uniquely defined up to the modulus
P« (T) and independent of the choice of We may assume tha®(T) is a polynomial
by the division theorem. Put

o - p - Py _ (M +1)P-1
@ Nm= (P Jamp e (§) = QO

where (E) is a binomial coefficient. Then we have the following propiosi:
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Proposition 2.1. Let K/k and A be as above. Assume that(K)~ is non-
trivial and cyclic overA. Then the followings hold
(i) fA =1s=0andv =1, where s andv are defined abovehen XK. )~ ~ Z,
as Zp[A]-modules and R(T) = P(T). And then Q(T) = 0.
(i) If A, #Llors#0orv#1,then s—u >0,

Pe(T) = (A-Unit)P(T)N(T) i.e, P(T)N(T)/Pc(T) € A%,
X(Ko)™ ~ Zo[A]®H @ 1P as z [ A]-modules

and the residue degree of (Q) is A, + s— v, where |, is the augmentation ideal
in Zy[A].

Proof. We treatX(K.,)  as the inverse limit of ideal class groups via the iden-
tification X(Ky)™ = I(@ A(Kn)~. We consider the norm maplk_ s : X(Ks)™ —
X(Kks)™ which is induced by the norm maps, ,: X(Ks)™ — X(kn)~ and the norm
operatorNy : X(Keo)™ = X(Koo)™ (Na(X) := X + X3 4 -+« + x5 ). If Koo/Ks iS NOL
unramified, in other wordsiK,, N L(Kx) = ks, then Nk_ ., is surjective by the class
field theory. Similarly,Nk_ s is surjective ifK,/ks is unramified. Indeed, by taking
the minus-part of the exact sequence of Galois groups

1 — GallL(Kso)/Koo) = X(Kso) > A — 1,

we haveX(K,)~ = Gal(L(ky)/Ks) ™. The right hand side is isomorphic to the image
of X(Ks)™ by Nk_/,., and so thatNk_ . is surjective. HenceX(ky)™ is a cyclic
A-module generated biNk_ . e and is isomorphic taA/(Pi(T)).

The norm operatoN coincides with the endomorphism by multiplicatiNgT) since

Na(X) = X + X 4 -+ + x5
= N(T)x.

Therefore we have the following commutative diagram:

AJ(Pe(T)) = X(Kao)™ —25 X(Kao)™ ~ A/(P(T))

id.J{ NKm/kml Tliﬁ. TN(T)

A/(P(T)) = X(ks) X(kso)™ = A/(P(T)).

Here the each map id. and lift. is the map induced by the idemtap A — A and
the lifting maps on the ideal class groups A(kn)~ — A(K,)~, respectively, and the
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commutativity of the center square follows frofy = ¢y o Nk, . It follows from
this that

(4) P(T) | Pe(T) | PTIN(T),

where we use the notatioh(T) | g(T) if f(T), g(T) € A satisfyg(T)/f(T) € A (recall
that A is a UFD). Now, we see tha(T)N(T) belongs to the idealRk (T)) of A since
e = &°°, so that there is som&(T) € A such thatQ(T)N(T) = Px(T)F(T). This
equation and (3) followQ(0) € pZ, since Pk (0) ¢ Zj by the assumptioiX(Ke)™ # 0.
Moreover, we see thap | N(0) by (3) (note thatp > 3). Therefore, by thep-adic
Weierstrald preparation theorem,

N(T) = pU(T) or N(T)= N(T)U(T)

with someU(T) € A* and some irreducible distinguished polynom(T) e Zp[T].
Combining (4) withp 4 P« (T), we have

Pc(T) = P(T) or Px(T) = R(T)N(T).
First, we suppos&x (T) = P«(T). Then 1< A, =1y =v—s by (2) and we have
P(T)=P(T) < A =1,5s=0,v=1.

Then we may assume that d@fT) < degPx(T) = 1 by the division theorem. If
Q(T) # 0, thenQ(T) is a constant, and so B (T)F(T) = Q(T)N(T), which is a
contradiction. Therefor&(T) = 0, which implies that§ acts onX(K,,)~ trivially.

Next, we suppose thay (T) = P«(T)N(T) to show the rest of (ii). Then, note that
Q(T),N(T) ¢ pA sincePx(T) ¢ pA. Let Q(T) € Z,[T] be a distinguished polynomial
such thatQ(T)/Q(T) € A*; Q(T) depends on the choice @(T). Then we know

(5) degN(T) = (p—1) degQ(T) = (P~ 1)(y +5—)

by N(T) = T(P-DdeQM(Q(T)/Q(T))* mod p and (2). Hence de@(T) = %, +
s —v. In particular, degQ(T) does not depend on the choice @(T). Note that
P«(T) | Q(T) by Q(T)N(T) = Px(T)F(T) and P«(T) = P«(T)N(T). This implies
thats — v = degQ(T) — degP(T) > 0 and also thatP(T) and N(T) are relatively
prime by (3). Finally, sinceA is a cyclic group with ordemp and X(K.)~ is a free
Zy-module, we have a representation

X(Koo)™ = Zp[A]DH @ 1267

as Zp[ A]l-modules by Gold—Madan [5]. This completes the proof. ]
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Corollary 2.2. Let K/k and A be as above. Suppose that only one prime gf K
lies above p and that this prime is totally ramified in KK. Assume that &)~ is
non-trivial and cycli¢ then

HA(K)™ = #AK)~ (if the assumption ofProposition 2.1 (i)holds,
| p-#AK)~ (if the assumption oProposition 2.1 (i)holds,

where we denote the order of a set M #1.
Proof. By the assumption and [19, Theorem 13.22], we obtain
A(K) >~ X(Kso)/T X(Koo)-

By Nakayama's lemmaX(K,)~ is non-trivial and cyclic overA since A(K)~ is
non-trivial and cyclic. Therefore, the claim follows frolA(K)~™ ~ A/(P«(T), T) =~
Zy/Px(0)Zp. ]

To prove the main theorems, we use the cenpralass field theory as follows. For
the centralp-class field theory, see [3] and also [14, §2]. Letbe a finite abelian
p-extension of an imaginary quadratic fiekd For a primeq in k which is ramified
in F/k, we fix a prime lying abovey in L(F) and denote its decomposition group in
Gal(L(F)/k) by Z4. Then we have the following proposition by the centpatlass field
theory and the judgment wheth&(F) = L(F) or not is reduced to the computation of
the map®:

Proposition 2.3. With the notation aboyeassume that k£ Q(+~/—3) if p = 3.
Consider the map

®: [ Ha(Zg, Zp) ®z, Fp > Ha(Gal(L(F)/K), Zy) ®z,
q

which is induced by the canonical mag, Z> Gal(L(F)/k), where the product is taken
over all primes in k which are ramified in fk. ThenL(F) = L(F) if and only if ®
is surjective.

3. Proof of Theorem 1.1

3.1. Arithmetic part. Let p, | be odd prime numbers such thpt| | — 1. We
define an integee by p®*! || 1 —1. Letk be an imaginary quadratic field with the con-
dition thatk # Q(+/=3) if p =3, andK* an abelianp-extension ofQ with conductor
[. PutK := kK™*. We identify I := Gal(k,,/k) with Gal(K,./K) and A := Gal(K /k)
with Gal(K, /Ky ). Assume that neithep nor| splits in K. Note thatX(Q,) =0 and
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X(K%) = 0 by Iwasawa [6]. IfA(k) = O, then X(Ko) = 1 again by [6]. Therefore
we have only to show thalt (K) # L(K.) under the assumption that

AK #0 and K":Q]=p

for proving Theorem 1.1. Moreover, i, > 2, then X(ky) is not abelian by [14], and
neither X(K) is. Therefore we may assume that

=i =1 and ik =Xig = p.

Sinceiy = 1, we know X(ky) >~ Z,. Moreover, since the only one prime ki, lying
above p is totally ramified ink.,/k, A(K) is a non-trivial cyclic group. Now, we apply
Proposition 2.3 to the extensidn(K)/k:

Lemma 3.1. With the notation abovel (K) = L(K) if and only if dimg, A(K)®z
Fp, <1

Proof. Sincel does not split inK /K™, the only one prime lying abovein K
splits completely inL(K)/K by the class field theory. Hence the decomposition group
in Gal(L(K)/k) of a prime lying abové in L(K) is cyclic, and so that its Schur multi-
plier is trivial. Therefore,L (K) = L(K) holds if and only if Hy(Gal(L(K)/K),Zp) =0
by Proposition 2.3. By Evens [1], we have

Ha(Gal(L(K)/K), Zp) ~ Ha(A, Zp) & Hi(A, X(K)) & Hz(X(K), Zp)a,

since GalL(K)/k) = X(K) x A. If dimg, A(K) ®z Fp > 2, then Hy(X(K), Zp)a =
(A(K) Az, A(K))a # 0. This implies thatl (K) # L(K). On the other hand, the suf-
ficiency of the assertion is clear. O

By Lemma 3.1 and the above argument, for proving Theoremifli§, sufficient
to show the following proposition:

Proposition 3.2. Suppose that the following conditions hold
(i) Neither p nor | splits in KQ,
(i) Ax =1 (hence AKk) # 0 and Ax = p),
(iii) dimp, A(K) ®z Fp = 1.
ThenL(K,) # L(K,) for any n> 1.

In the rest of this section, for a fixed non-negative integemwe show Propos-
ition 3.2. Suppose thap, I, k and K satisfy the condition of Proposition 3.2. Our
first aim is to describeG, := Gal(L(K,)/k) and some decomposition subgroups. Put
Iy, :=I'/T?" for simplicity. Let 7 a fixed generator of". Identify A = Zp[[T]] with



THE COMMUTATIVITY OF THE GALOIS GROUPSII 279

I(imZp[Fn] by sending 1+ T to y. Since the only one prime lying above in K is
totally ramified inK,,/K and A(K) is a non-trivial cyclic groupX(K,) is cyclic over
A. Let ¢ be a fixed generator 0X(K.,) over A and$ a fixed generator ofA. Then,
since X(K1) = 0, we can apply Proposition 2.1 (ii) to obtain

X(Ks) = Ae >~ A/(Pk(T)) as A-modules,

X(Ks) = Zp[A] as Zp[A]l-modules,

Q(T)/P(T) e A* (since the residue degree Qf(T) is Ax and P(T) | Q(T)),
P(TIN(T)/P«(T) € A™.

Here Q(T) is defined bysg = (Q(T) + 1)e and N(T) is defined as in (3). LeM,

be the maximal abelian subextensionlifK,)/k. We denote bye,, &, the projection
of ¢ € X(Ky) to G, G:,b := Gal(M,/k), respectively. Lef, (resp.l,) be a prime in
L(K,) lying above p (resp.l), andy, € G, (resp.d,) a generator of the inertia group
I, ~ T of pn (resp. the inertia group; ~ A of I,). Put 7, := y, mod [Gn, Gpl,

8n 1= 8, mod [Gy,, G,]. Here [G, G] stands for the topological commutator subgroup
of a topological groupG, which is generated byg| h] := ghgth=! for all g, h € G.
We may assume that, (resp.s,) is an extension off mod I'™" (resp.5 € A). Then
Gal(K,/k) acts onX(Kp) = Aen >~ A/(Px(T), wn(T)) by

8?; = J/né‘n)/n_l = (1+ T)en, 82 = 5n8n5;1 = (1+ Q(T))en.
Lemma 3.3. As A-modules [Gy,, Gn] =~ (T, p™)/(Px(T), wn(T)). Also we have
G2 = (7n) ® (5n) @ (én) ~ Z/p"Z S Z/PL & Z/p"Z,
where m is defined b{A(k) = p™.

Proof. Note that the maximal abelian subextensior (K,)/K is the fixed field
by the Galois subgroup corresponding to

(T, Pe(T))/(P(T), @n(T)) = (T, Pc(0))/(Px(T), wn(T)).

Clearly, M, is contained in the field and also contaikg. Hence there is somg! <

Pk (0) such that G, Gn] =~ (T, pY)/(P«(T), wn(T)). We show thatt = m, in other
words, GalM,/Ky) >~ Z/p™Z for anyn > 0. If n =0, thenMg has degrego™ over K

by the genus formula [9, Chapter 13 Lemma 4.1]. DenoteVijythe maximal abelian
subextension irM,/k which is unramified outsidé. Clearly My C M/,. Moreover, we
have M; = Mg since M} /K is unramified and abelian. Sindd), is the fixed field in
My by the inertia group of a prime lying above, Mn/M; K, is totally ramified at
the prime. On the other hand, sind& N K, = K, My/M/K, is unramified at every
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prime. ThereforeMoK, = M/K, = My, and (&,) = GalM,/K,) ~ Z/p™Z. Hence
we find

[Gn, Gnl = (T, P™)/(Px(T), n(T)).

Also, by the definitions ofyn, &, &, we obtain(y,) ® (5n) ® (é,) C G2°. Comparing
each order, we obtain the assertion. O

In fact, y, and §, are commutative and hend®, ~ X(K;) x (I’ x A). This
fact follows from the next lemma. Recall thg®™!| | — 1. From now on through-
out this section, we regar(K,) as a subset oG, and write the operator oK(Kj)
multiplicatively.

Lemma 3.4. Let the subgroups 4 Z; of G, be the decomposition groups of
Pn, In, respectively. Thenchangingl, if necessarythere is some [T) € A defined
uniquely up to the modulusgiT) such that

Zp = (yn) ® (on),

7 — (3n (if n<e),
T e PONDY @ (5, (if n > €.

Proof. The image o, in G2 is generated by, and Sn. Therefore,Z, is gen-
erated by the generatos, of |, and a pre-image, of a generator oZ/1,. Moreover,
every prime lying abovep splits completely inL(K,)/Kn. HenceZ, N [Gy, Gp] = 1.
This implies that §,, én] = 1, and so thatZ, is abelian. Comparing the orders, we
see that the natural surjectidy, = (yn) ® (on) —> (¥n) ® (5n) is isomorphic. We can
take pn which satisfiesp, = 8, mod [G,,, Gy]. It follows from this that there is some
B(T) € (T, p™) defined up to the moduluBk (T) such thatp, = 8,627, Since

1= pP = ¢NMEM),
we obtain Px(T) | N(T)B(T). Hence Q(T) | B(T). On the other hand, lex :=
£y ATRMBM/QAM (note that 14 Q(T) € A* sincesltQM = gh), then

X8nX L = 808, Ix8x L = $xHRMTL — 5 (BT —

Henced, and p, are conjugate each other ,, so that we may assume th&t= pn,
changingl, if necessary. This implies th&(T) = 0 and alsoy, ands, are commutative.
On the other hand, we deal with. Suppose thah < e. Then every prime lying
abovel splits completely inL(K,)/K, so thatZ, = I;. Suppose thaé < n. Then the
image ofZ, in G is generated by? and4,. In the same way as in the above, we
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see that there is som@(T) € (T, p™) defined up to the moduluBy (T) such that
Zi =y en™) @ (5n)

Since

1= y P eCM s e-CMy —P*s-L — o (+DF MM,

we obtain P« (T) | Q(T)C(T) and so that,D(T) := C(T)/N(T) is in A. This com-
pletes the proof. []

Lemma 3.5. For any n> 1, dimg, Hx(Gn,Zp)®z,Fp = 2. If € > 0, then L(Kn) #
L(K) for any n> 1.

Proof. Combining the splitting exact sequence
1> X(Kp)—>G,—=>ThxA—>1
with the result in [1], we obtain
Ha(Gn, Zp) =~ Hao(Tn x A, Z) @ Hi(Tn x A, X(Kn)) @ Ha(X(Kn), Zp)roxa-

We find that Hy(I'y x A, Zp) ~ Z/pZ again by [1]. On the other hand, we know
that Hy (I, X(Kp)) ~ HO(, A(K,)) = 0 which follows from the genus formula [9,
Chapter 13 Lemma 4.1] and the injectidffK) — A(K,) (see [19, Proposition 13.26]).
Also, we get

Hi(A, X(Kn)r,) = H(A, X(Kn)r,) 2= (T, Pc(T))/(T, Pc(T)) = 0
from p™ | Q(0). Therefore the Hochschild—Serre exact sequence
Hi(Tn, X(Kn))a = Hi(Tn X A, X(Ky)) = Hi(A, X(Kp)r,) = 0

yields the resultHi(I'n x A, X(Kpn)) = 0. We haveHx(X(Kn), Zp)r,xa # 0. Indeed,
X(Ky) is not cyclic by Ax = p and Fukuda [4], so thaHx(X(Kn), Z,) # 0 and
Ho(X(Kn), Zp)r,xa # 0. This shows the first claim.

We are in the position of proving the second claim. Assumé¢ ¢ha 0. Take an
integern > 1 such thatn < e. Then, for such am, we haveHx(Z;, Zp) = 0 and
Ho(Zp, Zp) ~ Fp. The combination of Proposition 2.3 and the first claim iraplihat
X(K,) is not abelian and that neither eveX(K.,) is (n > 1). []

3.2. Group theorical part. We deal with the remaining case where= 0. As-
sume thate = 0. Our next aim is to obtain minimal presentations®f, Z,, Z and
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their Schur multipliers by free prp-groups. LetF := (y, §, ¢) be a free prop-group
of rank 3. We define the action of a polynomit{y) = axy*+---+aiy +ao (& € Zp)
on F by the product of inner products such as

xf) . yark | yaryao
Put
R:= (y"", 8P, eP0=D [ 1], [6, el D)2 [e, 7], [e, 7], . . ., [e, &7 1)k,

where (X, y, ... )r stands for the closed normal subgroup generatec,by, ... and
their conjugates. Note that there are equations

[x, yI* = [x%, ¥y°,
[x, y2 = [x, yl[x, 2,
[X, VI = [x, YI[x, y1Y - - [x, y1¥

for any X, y, ze F and any integek > 1. We have the following lemma in the same
way as in the proof of [14, Lemma 5.3]:

Lemma 3.6. For arbitrary z1,z, € Zp, i, j € Z,
0] [szlyi,szﬁj] is congruent with some product ff, 7], ...,[s,sV“’*W] mod [R, F].
In particular, [¢27', e2"'] € R.
(i) [e27', e%2""] = [¢, &”'17%2% mod [R, F](RN[F, F])P.

Proof. (i) First, we prove the case where= z, = 1. We have only to prove the
claim that ™, ¢] is congruent with some product of "], ..., [¢, " ”*] mod [R, F]
for any non-negative integeés. If k =0, +1,..., £(p — 1)/2, this claim is clear. Fix
an integerk > (p—1)/2 and assume that the claim holds for any non-negative infege
such that 0<i < k. If we put Px(y —1) = yP + cp_1y Pt + - - + co, then we have

1= [sy—k+(P*1)' (87PK(V71))71] _ [8y—k+(P—1)' 8C08C”/ . Syp]
R PPy | P P T A
— [Sy—k+(P*1)' S]CO[Sy—kHD—l)’ Scly . EVD]gCo mod [R, F],

since—(p—1)/2 <k—(p—1) < k. Hence f* "™ ¢4 ...¢7"] € R and so that, in
the same way, we obtain

—k+(p-1) —k+(p-1)

1=[e" , €]%[e” L& g

= [V o[ P go L Py
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= [87’“(”71), g]co[gr’k*‘”’z), ] ...[gr’k’ S]C,ﬂyp—l[gyf(m), e

—k+(p-1) —k+(p-2)
1

= [e” , e]%[e” ] [, el [e” 7, ]”" mod [R, FI.

Therefore we obtaingt “” ,¢]”* € R and so that” “™ ¢]7" = [¢7“"" ¢] mod [R,F].
This implies that the claim holds. The general case wherezajzg € Z, follows from
this, since, taking the limit later if necessary, we may assuhat 1< z;, z, € Z.
(i) We have only to prove the case wheze = z, = 1, since the general case
follows from this immediately. For a polynomial
fy—D=ay+ - +ay+a
=b(y -1 +---+ by -1 +by (a,bi €Zp),

we obtain that

J

where we defing!) = 0 if j <i. And, in the same way as in the proof of (i), we
obtain that

[s”i, efr=1] = [s”i, 8akrk+---+a1y+Co]

=[e", "% ... [, e"]2[e", e]* mod [R, F],

since k"', ¢”']1 € R. Now, if f(y —1) = Pc(y — 1), thenb, = 1 andb, 3 = - -
bo = 0 mod p, so that we obtain

—1modp (ifi=0),
a=<:1modp (if i =p),
0 modp  (otherwise).
Therefore we have & [¢7',e™ D] = [¢7',e7"][¢”', ]! mod [R, FI(RN[F,F])P. O

Lemma 3.7. Let x e F. Then for any polynomial {T) € Z,[T] and any non-
negative integer kwe have

[X, (5f(1’*1))5k] =[x, 8f(V*1)(Q(V*1)+1)k] mod [R, F],
where the action of a product of polynomialgy), g(y) is defined as
x 100 =y x@ry® it £ (y)g(y) = ay + -+ ary + 2o

Proof. If k = 0, then the congruence holds. Suppose that the congrueme ho
for somek. Note that, by §, y] € R and Lemma 3.6 (i), the congruences (¢')°] =
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[x, (€%)"'] and [x, e”'e”'] =[x, [¢"', e”']e”"e"'] = [x, &' ¢”'] mod [R, F] hold for ar-
bitrary i, j € Z. Hence we have

[x, (T = [x, (7))
=[x, (€U0 (by [5, (20 D)t € R),
=[x, ("0 DR+

= [x, ¢ """ DU+ mod [R, F] (by the assumption).

Therefore the congruence holds for akyby induction. ]

Lemma 3.8. For n > 1, the sequence of pro-p-grouds— R — F 4 Gh—1
is exact where the mapp: F — G, is given byy — yn, § = 8y, € > &p.

Proof. It is clear thatR C Ker¢ and ¢ is surjective, so that we have the surjec-
tive maps

F/[F, FIR = (F/R® — G, [F, FIR/R=[F/R, F/R] = [Gp, Gy].
We prove that these two maps are isomorphisms. We know Ehdt][is generated by
[8,v], [v.e]l = e’ 1, [8, €] and their conjugates. Hence, usin) §] = ¢°~1 mod R
and Lemma 3.6 (i), we see thaE[F]R/R is generated by’ 1 and¢?© mod R and
their conjugates. But, by the congruences
(81/—1)8 =g’ 1 (8Q(0))8 = (8Q(0))Q(V—1)+1, (81/—1)5 = (81’—1)Q(V—1)+1 mod R
and ¢*~1) = 1 mod R which follows from T | w,(T), we obtain

[F, FIR/R = (7 HF =D (¢P")FO-D | F(T) e A)R/R
= (FUV I F(T) e (T, pPM)R/R.
Then the surjective map
[Gn, Gl = (T, P")/(Px(T), on(T)) = [F, FIR/R
is induced and hence~| FIR/R ~ [G,,, Gy]. Finally F/[F, F]R is generated by the
classes ofy, §, ¢ which are annihilated by", p, p™, respectively. Therefore we have
#(F/[F, F]R) < #G2 and so thatF /[F, F]R ~ G&. O

Lemma 3.9.

R/IR, F1 = (¥™, 8%, [5, 7], [8, el D)2 [e, 671, ..., [e, & “DIR, FI/IR, Fl.
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Proof. Throughout the proof, the notatien is used for a congruence modulo the
right hand side of the above equation. It is sufficient to shbat ¢”<(’~1) = 1. By
Lemmas 3.6 and 3.7, we have

s, 8]8" =[5, 88"] =[5, S(Q(V*]-Hl)k]
= ((,35)(0(1/71)+1)k((,3*1)((?(;f71)+1)k
_ ((QU-DHD)Q -1 (o -1y(Qu-1)+ 1)
_ Q- DQu -1+
Therefore 1= [sP, e] = [§, ]°" " -+ - [6, €]°[8, &] = £QU=INC=D Since Q(T)N(T)

P« (T)F(T) with some polynomial F(T) € A*, we have 1= Px@-DF(r-1)
(ePr=D)FO Hencee™ 1) = 1.

om

Recall thatD(T) € A is defined in Lemma 3.4. The closed subgrops= (y,),
F o= (p(e” D=1 ) of F and their closed normal subgroups

Rp = (Vp”, api [61 J/])Fpa
R = ((p(® POy 5P [5, (2" TP

give minimal presentations & R, - Fy - Z, - 1 of Z, and 1- R - F —
Zy — 1 of Z,. The Hochschild—Serre exact sequence with respect to thenali pres-
entation of G, induces the isomorphisi,(Gn, Z,) >~ RN [F, F]/[R, F]. Therefore
Ha(Gn,Zp) ®z,Fp ~ (RpN[Fp, Fpl) /([Rp, Fpl(Ry N[Fp, Fp]) P). Hence, for completing
the proof of Proposition 3.2, it is sufficient to show the map

. Rp N [Fp, Fp] 5 RN[R,FA] . ___RN[FF]
[Rp, Fol(RoN[Fp, Fpl)P  [R,RI(RN[R,RDP  [RFI(RN[F, F)P

is not surjective by Proposition 2.3.

Lemma 3.10. The followings hold
() RO[F, FI/[R, Fl= (5, 7] [e.e”], ..., [e, e "*])[R, FI/[R, F],
(i) Rp N[Fp, Fpl/[Rp, Fpl = ([8, yDIRp, Fpl/[Rp, Fpl,
@iy R N[RA, RI/IR, Al = (8, y(" ++HP0-INIR, RI/[R, Al.

Proof. We show only (i) because the remainder are shown irsdinee way. For
any x € RN[F, F] C R, there existzy, ..., Z4,(p-1)2 € Z, such that

x = (yP)2EPY2[8, y12((8, el(e V) N2 [e, £7]% - - [e, 7" |22 mod [R, F]

by Lemma 3.9. Hence we obtain=l y P'2§P2¢=Q0% mod [F, F], and so thatz; =
Z, = z4 = 0. This shows (i). O
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We now conclude our proof. Put := ¢°~1 for convenience. By Lemma 3.10,
it is sufficient to show thats] ] and [, (¢2" "+ ++1)P~1] do not generate R N
[F, FD/(R, FI(RN[F, F]P). By induction, we have

e = (5, e]d Y™ e mod [R, F] (k > 1).
Indeed, by the assumption of the induction,

(88"’1)8 = ([5, 8]dfl)kfld8k’1+---+885
= ([5, e]d~ Yk T ([s, e]dY)de
= ([8, e]d"Hykd* "3+ mod [R, F.

Using (8, e]d 1% € R and this congruence, we obtain
[s 88p*1+---+8+1]

=8(% - ee) X (e7le 0™ L e

5P 8Pt

2 _
=& €& "'SBSBXSJ'

8785752 [P 878’)71

= 8(d8p’2+-"+18) L. (d5+18)(d8) x S_I(dE)_l(d5+18)_l . (d8p72+"-+18)—1
— [8, (d8p72+---+18) L. (d8+18)d]

=[e,d" e, 12 [e, 1P 2[e, d]PL mod [R, F],

where the last congruence is obtained fromd®] = [e, (2"~1)"] € R by Lem-
mas 3.6 (i) and 3.7. Moreover, using

p—2

D> (p-1-KQTHQ(T) + 1) = N(T) - p

k=0
and again Lemma 3.7, we have

p-2
[5, £ ot = l_[[& £ QU-DQu~1)+1fp-1-k

k=0
= [g, eV mod [R, F].
Now, dividing N(T) by the distinguished polynomidPx (T), we write

N(y —1)=ap1y" ™+ - +ag+ Pc(y —1)f(y — 1)
=bpa(y —1)P 1+ +bo+ Pc(y —Df(y —1) (&,bi €Zp).
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Thenby = -+ = bp_, = 0 mod p since the residue degree di(T) is p—1 by (5).
Therefore, in the same way as in the proof of Lemma 3.7, we get

[e, eNOD] = [, 67" 121 e, e”]%[e, £]* mod [R, F]

anda = Y75 ()(-1)'bj = (—1) (°;")bp—1 mod p. Finally, for 1<i < (p—1)/2,
[e,e"1% =[¢”", "% =[e,”"'1™® mod [R, F(RN[F, F])P

by Lemma 3.6 (i) anda,_i — & = ()(~1)"*b,_1 = 0 mod p. Therefore we obtain

3 p—]_ g ( p_l)/z - h
[5, 859 +...+8+1] = 1_[[8, SVP ]apfi = l_[ [8, Syp ]apii [81 g’ ]ai
i=1 i=1

=1 mod [R, FJ(RN[F, F])P.

By Lemma 3.5, this implies thatb is not surjective, which completes the proof of
Proposition 3.2.

ExAmMPLE. Let p =3, k= Q(+/—31) andK™ an abelianp-extension ofQ with
conductorl = 43. ThenA(k) ~ Z/3Z, > = 1, A(K) ~ Z/9Z and Ax = 3. They
satisfy the condition of Proposition 3.2. TherefoX¢K ) is not abelian for any > 1.

4. Proof of Theorem 1.2

Since the strategy of the proof of Theorem 1.2 is similar te proof of The-
orem 1.1, we explain briefly. Lep, | be odd prime numbers such that| | — 1
(later, we assume thgt = 3), k an imaginary quadratic field with the property that
k # Q(+/=3) if p=23, andK* the unique abeliarp-extension ofQ with conduc-
tor I. Put K := kK*. Assume thatp does not split inK, but | splits in k and
dimp, A(K) ®z F, = 1. We may assume thag = A, < 1 similarly as in 83 by [14].
Then ik = Ax = pik + p — 1, X(Kw) is cyclic over A and #A(K) = p™?. Here
m is defined by #(k) = p™ by Corollary 2.2. Letp, (resp.l,) be a prime inL(Kp)
lying above p (resp.l). We defined € Gal(L(Kn)/K;7) as an element of order 2 in
the decomposition subgroup ¢f in Gal(L(K,)/K). Then a primef,{ in L(Ky) is a
conjugate off, and the principal ideall} in k splits as () = (I’, wherel:=[,Nk. We
use the notation as in §3; namely,= (7), T'n, A = (8), Gn, ¥n» 7n» S0y Ony €0y &n.

Lemma 4.1. The primesl and [’ do not split in L(K)/K.

Proof. By the genus formula [9, Chapter 13 Lemma 4.1], theimakabelian
subextension inL(K)/k has degreep™*! over K. Therefore it coincides with (K)
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and so thatGy ~ A(K) @ A. Let F be a free prop-group of rank 2 generated by the
symbolss, ¢ and R:= (5",5”"”1, [6,¢])r. ThenGo ~ F/R, and so thatHx(Go, Z) ~
([8,e])[R,F]/[R,F]. On the other hand, the decomposition grouggofresp.13) in Go

iS (80) @ (eg) (resp.(dogg) ® (£g) sincefg is ramified inK /k) for someu,v € Z,. Since
L(K) = L(K) by the cyclicity of A(K), applying Proposition 2.3, we have e Zy,.
This implies that the decomposition groups equal@@ Hencel and [’ do not split
in L(K)/K. Also, note that thep-adic order ofu is equal tom, since the fixed field
of (80, &) is the maximal subextensiob(k) which is unramified ato, [3. O

We use the notatioQ(T), N(T) as in 83. Fixn > 1. Since the next lemma is
shown in the way similar to Lemmas 3.3, we omit the proofs.

Lemma 4.2. As A-modules [G, Gi] ~ (T, p™1)/(Px(T), wn(T)). Moreover
G = (7n) ® (5n) @ (én) ~ Z/p"Z ® Z/PZ & Z/p"'Z.

We define A(T) € A by [8, yn] = ¢™T). Note thatA(T) is defined uniquely up
to the modulusPk (T).

Lemma 4.3. (i) Let the subgroup £ of G, be the decomposition group ¢f,.
Then there is an element(B) € (p™, T) defined uniquely up to the moduluk [)
such that

Zp = (yn) ® (80BM),  Pe(T) | —A(T) + T(1 + Q(T))B(T).

Therefore the exact sequente-> X(K,) - G, — I'n x A — 1 splits.

(i) Let Z, Z] be the decomposition groups fand I, respectively. Therchanging
en, if necessarythere is an element(I) € (p™, T) defined uniquely up to the modulus
Pk (T) such that

Zi = (ren YAy @ (8n),  Pu(T) | AT) — Q(T),
Z) = (1et/ M) @ (80ed M), Pe(T) | —A(T) — Q(T) + T(L+ Q(T))J(T)

for any n>m+1 and J(0) = u mod p™*1. Here u is defined in the proof dfemma 4.1

Proof. The image oZ, in G& is generated by, and§n&? for somew € p"Z,
(In fact, w # 0, w # v mod p™?, since :che imagféSoEg’) under a projection oZ in
ng coincide neither the inertia groups &f nor of rg). Since every primes lying above
p split completely inL(K,)/Kp, in the same way as in the proof of Lemma 3.4, there

is someB(T) € (p™, T) defined up to the modulu®x (T) such thatB(0) = w mod
pm+1 and

Zp = (vn) ® (3nen”) = (V) @ (3n)-
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Hence, we obtairPx (T) | —A(T) 4+ T(1 + Q(T))B(T) since

1= V”SHSE(T)Vr:lS;B(T)S;l — 8;A(T)+T(1+Q(T))B(T)-

(i) Putn>m+ 1. Sincel does not split inK.,/K, [ splits in L(K,)®Cl/K,
completely by Lemmas 4.1 and 4.2. There the imag&ofn G2° is generated by,
and ynép, wherev € Zj is defined in the proof of Lemma 4.1. Hen& is gener-
ated bys, and yne! (M for someC(T) € (p™, T). Moreover, since(s,) < Z; and
[Gn, Gn] N (8n) = 1, we find

Zi = (mep ™M) @ (8n),  Pe(T) | A(T) + Q(T)(L + T)(v + C(T)).

The decomposition group df is given by Z} = (J(1elt¢M)I~1) @ (38,3). We
find JxJ ™1+ x = 0 for any x € X(K,) since A(K;J) = 0. Also we findJy,J™1 = y,
since the natural projection from the decomposition grotipoin Gal(L(K,)/K™) to
the abelian group G&(,/K ™) is an isomorphism. On the other hands,J) is the
inertia group offﬁ, so that we may assume, changingf necessary, that the image
of a projection ofJ8,J in G2 is §,é4. HenceJs,J can be written asnet 1M with
some elemeni(T) € (p™*?, T). Therefore we have

Z? = (1hen D) @ (806)),
Pe(T) | —A(T) + Q(T)(L + T)(v + C(T)) + T(1 + Q(T))I(T),

where J(T) := u+ j(T). Sincev € Z%, changinge,, if necessary, we may assume that
v+ C(T) =-1/(1+ T), which completes the proof. []

By Lemmas 4.3, we may assume thA{T) = Q(T) and J(T) = 2B(T) mod
P (T) sinceT 4 Px(T). Now, we fix Q(T) to simplify the proof. Since the residue
degree ofQ(T) is Ax+1 > degP(T) and P(T) | Q(T), we obtainp™*! | Q(0). There-
fore, changing the representation Q(T) mod Pk (T) for vanishing the constant term
if necessary, we may assume that

T1Q(T), degQ(T) = Ak,

since p™? || P« (0). Also, dividing by the distinguished polynomi& (T), we may
assume that ded(T) = degB(T) < Ax — 1. Note that the differential®’(T), J'(T)
modulo the ideal |, T) of Q(T), J(T) are independent of the choices Q{T) and
J(T). By Lemma 4.3, there is an elemeR{T) € A such that

Q(T)

IMA+ QT — 2 = P(TIF(T).

Put T = 0, and on the other hand, differentiate Tat= 0. Then we have

(6) u=2Q'(0) mod p, J'(0)= —2Q'(0) + Q"(0) mod p.
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In the following, we suppose thgh = 3 and A(k) = O; in other words, suppose
that the assumption in Theorem 1.2 holds. Ther= 0, Ax = 2 andu € Z3.

Lemma 4.4. dimg, Ho(Gp, Z3) ®z, F3 =3 for n > 1.
Proof. SinceG, ~ X(K,) x (I'y x A) by Lemma 4.3, in the same way as in the
proof of Lemma 3.5, we obtain this lemma. Note thit(X(Koo),Z3) > 1A Az, la ~ Z3

since p = 3 and X(Ky) >~ I, by Proposition 2.1. ]

We write
Q(T) = T(T + a1+ o) (01, o € Z3).
Then Q(y — 1) = (y — 1)(@y + do) = Guy? + (Go — th)y — Go. Note thatq + oo € Z3

since the residue degree QiT) is equal to 1. Letr := (y,68,¢) be a free prop-group
of rank 3. Put

R:= (ysnv 831 SPK(V_:L)! [8! V](gQ(y_l))_lv [81 8](8Q(V_1))_11 [81 8V])F

andC :=[8, y](eQU-D)1, D =[5, ](¢2" D)L, Then, sincerx < 3, we obtain the
same result as in [14, Lemma 5.3 (ii)] which is stronger th@mia 3.6:

7) [e%7', 62" = [¢, £7]220-) mod RN [F, F])3[R, F].

In the following, the notation= is used for a congruence modu®&N [F, F])3[R, F].

Lemma 4.5. (i) Forn> 1, the sequence of pro-p-groufgs> R — F LA Gh—1
is exact where the mag: F — G, is given byy + ¥y, § > 8n, € > éq.
(i) RN[F, FI/[R, F] = ([e, ¢”], C, D)R, F]/[R, F].

Proof. Using (7), we findC, D € RN [F, F] since T | Q(T). Then, in the same
way as in the proofs of Lemmas 3.8 and 3.10, we obtain the lemma O

Lemma 4.6. For any polynomial {y — 1) with degreel, put

Wi = QU-DHDI-1) .= g0yt

where the action of a factorized polynomial is defined in thme way ad.emma 3.7
Then

[T ] = (W; E7L)7 1y (e QU D) g, gr]oi+ohdotas,
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Proof. Describef(y —1) as f(y —1) = fiy + fo (f1, fo € Z3). SinceC € R
and [€'7Y)’, C] € [R, F],
[T, 91 = (707D, 0]
= [(eT07V), CeQr—1y
= [(¢'07D, CIC[(e V), £ DyjC
= [(e'07), e Dy = (7)) (e )P, £y
We find
(8fo)8 — (86)f0 — (DeQ(7—1)+1)f0
= D fo(gQ—D+1yfo,
) = (")) " = (5, Y)Y [8, yI "
= (CgQ(V—l)(DsQ(V—1)+1)V(8Q(V—1))—1C—1) f1

=r(e Q(7—1)+1) fiy

for somer € R by (7). Therefore we obtain
[eT07D y] = [V . (2QU—DHLyfo Q=1
= [r/eQy=H(r+io) Q=11 (for somer’ € R by (7))
= (W, 69Dy ]
= WfEQ(Vfl)Wf*V (e,

On the other handg? ! = ¢ —Y[g, £7]%% py (7). Therefore, again by (7),
£Qr-1) = [E”, Efl]EflE)/[E’ g7 %

= E1E7[e, gr]q12+qlqO+q§.
Combining this with the above, we obtain the lemma. [

Lemma 4.7. (i) [8¢B0~D, y] = Cle, e7]% o+
(i) [8,ye ]=CD™,
(iii) [58‘](1/71), )/8)’71] = CDJe, gV]Qfﬁng*QtQO*J'(O)_

Proof. By Lemma 4.5 (i), the relatio®Pc(T) | —Q(T)/T + (1 + T)B(T) in
Lemma 4.3 implies thaWzE~! € R. Hence, by Lemma 4.6, we get
[8s50 78, y] = [207Y, y1°[8, ¥]
= (W E™1)7 1) )(e QD) 1[, o¥]H et ta5, 4]

= Cle, &”]% 0%+,
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In the same way,

1

8,y T =18, 67y =8, 78, ¥ = &8, el els, ¥1°
=& () ID e 1Ce R e
=CD™
Finally, we compute §e?¢ 1,y = [870 D, ¢][8e77 D, y]*. Note that the relation

P (T) | I(T)(1+ Q(T))—2Q(T)/T implies thatW;E~2? € R. Since J(T) = J'(0O)T +
J(0), it turns out that

[6e707D ¢] = [0 £]°[8, €] = [e, 7] Y QD QD)

(5% Y, 7] = [2 9, 41’15, 7]
= ((W; E~1yr 1L Q-D)1[¢ gr]atattasCo Q-1
= (W E 1) 1y IC[e, o7 ] to%+%

= (e -DYIC[g, 7 ]%HE,
In fact, the last congruence follows from the congruences
(WHE™YY L =[y, WE2E] = EV L = ¢ D[g, g7]%%,
Therefore
[8630 7D, e? '] = [e, 7] T ODe QD . g(eQUD)1C[g, g7 ]U %1

= [¢, 87]—J’(0)D[8, (SQ(V—l))—l]C[g’ 8y]q§+qg

= CDle, Sy]qf+q37q1*QO*J'(O).
This completes the proof. -

We apply Proposition 2.3 to the extensitiK,)/k. By Lemmas 4.3, 4.5 and 4.7,
we obtainL(K,) = L(Ky) if and only if the three element§[e, 7% +®ab+e C D1,
C D%+%-%-%-3'0) generate the groufi, ¢”], C, D)[R, F]/(RN[F, F])3[R, F]. Since
J(0) = —2(01 + qo)> + 291 = 1 — g2 mod 3 by (6), we see that this is equivalent to
(0L +90)2+ a1 +0o+ J'(0) = qo—1 # 0 mod 3. To complete the proof of Theorem 1.2,
we show the following:

Lemma 4.8. Put R(T) =T2+ciT +Co (C1,Co € 3Z3), then @ = 3 mod F and
Qo # 1 mod 3 <= c¢; # 3 mod 3.

ThereforeL (K,) = L(K,) if and only if Rq(—=1)=4—c¢; # 1 mod 3.
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Proof. Dividing by Pk (T) = T?+¢, T +¢o, Q(T) has the formQ(T) = . P« (T)+
rT —CoQ1, Wherer := g1 +0o—C101 € Z3. Then, by Proposition 2.1P« (T) has the form

Pk (T) = (A-unit)(Q(T)? + 3Q(T) + 3)
= (A-unit)(((T — con)? + 3( T — coqs) + 3) mod Py (T).

Hence P (T) | (' T — coq1)? + 3('T — coq1) + 3. Therefore we get

Pk (T) = (A-unit)(( T — codh)” + 3(' T — codlz) + 3)
= T2+ 1 Y43 —2coq)T +r %(ci0? — 3o + 3),
where note that the leading coefficient of the last polynénsial since the character-
istic polynomial Px (T) is distinguished. Therefore we obtaar = 3 — 2co0, Cor 2 =
c2g? — 3coqy + 3. Putc; = 3G (i =1, 0), then
G=1mod 3, & =r"*1+aq)= (o + go)d+aq1) mod 3,

sincer? = 1 mod 3. We can easily check that the lemma follows from thesemw-
ences andj; + go # 0 mod 3. []

Finally, we give some examples:

Proposition 4.9. Px(—1)# 1 mod ¥ if and only if AK,) has no element with
order 32 i.e, A(Ky) ~ (z2/3%Z)%2.

Proof. We know
A(K1) >~ A/(Pg(T), T3+ 3T? +3T)
~ A/(Pc(T), B3—co—3c1 + c)T — (3 — 1))

by (1). Then we can easily check B(3 —co — 3c1 + ¢2)T — co(3 — ¢1), sincecy =
3mod 3. If Pc(=1)# 1 mod % i.e., c; # 3 mod 3, then

A(Kz) > A/(P(T), 3) =~ (2/3°Z)%2.
On the other hand, i€; = 3 mod %, then
A(Ky) =~ A/(Px(T), F(s1T + 3%))

for somes;, sy € Z3. Consider the exact sequence

GO A A

(Pe(T), 2T +3%)  (Pe(T). BT 1 3%) (P, )
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Assume thatA(K1) has no element with orderr3Then % e (P (T), 33(s:T + 3%)),
and so that there exist somgT), g(T) € A such that 3 = P« (T)f(T) + 32(s.T +
350)g(T). This induces 3| f(T). However, then 3= P (0)f(0) = 0 mod 3. This is
a contradiction. Since dim A(K1) ®z F3 = 2, we complete the proof. [l

EXAMPLE. Let k = Q(y/—m) and K™ an abelian 3-extension of conductioe
43. If m = 7, 30, 37, thenA(K,) ~ (Z/3?Z)%2 and so thatl (K,) = L(K,) for any
n > 0. On the other hand, im = 46, then A(K1) ~ Z/3%°Z & Z/3°Z and so that
L(Kn) # L(Kp) for anyn > 1.

REMARKS. If we discard the assumptiop = 3 in Theorem 1.2, the author can-
not compute dirg, H2(Gn, Zp) ®z, Fp as in the same way similar to Lemma 4.4 since
it seems to depend on the form &f(T).

Let p, | be odd prime numbers such thpt| | — 1. Takek, K*, andK as in the
beginning of this section. Assume thptdoes not split inK. If we assume, on the
contrary to the assumption in Theorem 1.1, thaplits in k, we do not succeed in
classifying the fieldK such thatL(K.) = L(K.). Applying [15, Theorem 1.1], we
have the following:

~ @ pll—=1, %=1, diny, A(K) =1 or

L(Ky) = L(Koo) = P

O R R (I ity

Theorem 1.2 is a special case of (b). In the case (a), we cave fdte fact that
dimg, H2(Gn, Zp) ®z, Fp = 3. However, the author cannot find any relations like (7).
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