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Abstract
First, we generalize the big Picard theorem for pseudoholomorphic maps. Next,

we prove Noguchi-type extension-convergence theorems forpseudoholomorphic
maps. Finally, we show that theJ-automorphism group of an almost complex
submanifold hyperbolically embedded in a compact, almost complex manifold of real
dimension 4 is finite when it is the complement of an immersed pseudoholomorphic
curve.

Introduction

The classical big Picard theorem states that iff : 1�! P1(C) is holomorphic from
the punctured unit disk of the complex plane to the Riemann sphere P1(C) and
P1(C)n f (1�) has more than two elements, thenf has a holomorphic extensioñf : 1!
P1(C). This theorem has been extended to higher dimensional settings by Kiernan [11],
Kwack [20] and Kobayashi [14] by introducing the notion of hyperbolic embeddedness.
With modifications of the Kiernan’s proof [11], Adachi [1] (cf. Theorem 2.2) and later
Joseph-Kwack [9] (cf. Theorem 1) proved an extension theorem of holomorphic map-
pings.

The first aim of this paper is to give a generalization of the Adachi theorem. We
emphasize that his proof is based on the Riemann extension theorem and winding num-
bers arguments. So in order to apply it to the almost complex case, we need substantial
modifications.

Theorem 1. Let (M, J) be a relatively compact almost complex submanifold in
an almost complex manifold(N, J) and let fk: 1�! (M, J) be a sequence of pseudo-
holomorphic curves. Let (zk) and (wk) be sequences in1� converging to0 such that
the sequence( fk(wk)) converges to q=2 SJ

M (N). Then the sequence( fk(zk)) converges
to q.

Here SJ
M (N) denotes the set of degeneracy points ofdJ

M
, see Section 2.
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Next, we give a generalization of a result proved by Noguchi in the complex case,
(cf. [25] Lemma 2.4 p. 21)

Theorem 2. Let (M, J) be a relatively compact almost complex submanifold
hyperbolically embedded in an almost complex manifold(N, J). ThenOJ(1�, M) is
relatively compact inOJ(1, N).

We investigate the extension of pseudoholomorphic maps into hyperbolically em-
bedded almost complex manifolds.

Theorem 3. Let C be a smooth pseudoholomorphic curve in an almost complex
manifold (S, J 0) of real dimension4 and let (M, J) be a relatively compact almost com-
plex submanifold hyperbolically embedded in an almost complex manifold(N, J). Then
every pseudoholomorphic map f: (SnC, J 0)! (M, J) extends to a(J 0, J)-holomorphic
map from S to N.

Noguchi [25] proved a remarkable theorem about the preservation of uniform con-
vergence on compact subsets by holomorphic extensions which we recall here: letX
be a relatively compact hyperbolically embedded complex submanifold of a complex
manifold Y. Let M be a complex manifold andA a complex hypersurface ofM with
only normal crossings. If (f j : M n A! X) j is a sequence of holomorphic mappings
which converges uniformly on compact subsets ofM n A to a holomorphic mapping
f : M n A! X, then the sequence (f̃ j ) converges uniformly on compact subsets ofM
to f̃ , where f̃ j : M ! Y and f̃ : M ! Y are the unique holomorphic extensions off j

and f over M.
The second aim of this paper is to generalize Noguchi theoremfor almost complex

manifolds and we give other variants.
The following extension-convergence theorem is a generalization to the almost com-

plex case of Joseph-Kwack theorem (see [9] Theorem 1 p. 364).

Theorem 4. Let (M, J) be a relatively compact almost complex submanifold in
an almost complex manifold(N, J). Let

fn : 1� ! (M, J)

and

f : 1�! (M, J)

be a sequence of pseudoholomorphic curves and a pseudoholomorphic curve respective-
ly. We suppose that there exists a sequence(zn) in 1� converging to0 such that the
sequence( fn(zn)) converges to p=2 SJ

M (N). Then f and fn extends to1 and if the se-
quence( fn) converges to f uniformly on compact subsets of1�, then the sequence( f̃n)
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converges tof̃ uniformly on compact subsets of1, where( f̃n) and f̃ are the extension
to 1 of fn and f respectively.

In higher dimensional settings, we prove a variant of Noguchi-type extension conver-
gence theorems for pseudo-holomorphic maps defined onSnC valued into hyperbolically
embedded submanifold, whereC is smooth pseudoholomorphic curve in an almost com-
plex manifoldS of real dimension 4.

Theorem 5. Let C be a smooth pseudoholomorphic curve in an almost complex
manifold (S, J 0) of real dimension4 and let(M, J) be a relatively compact almost com-
plex submanifold hyperbolically embedded in an almost complex manifold(N, J). Let

fn : (Sn C, J 0)! (M, J)

and

f : (Sn C, J 0)! (M, J)

be a sequence of(J 0, J)-holomorphic maps and a(J 0, J)-holomorphic map respectively.
If the sequence( fn) converges to f uniformly on compact subsets of Sn C, then

the sequence( f̃n) converges tof̃ uniformly on compact subsets of S, where f̃n and f̃
are the (J 0, J)-holomorphic extension to S of fn and f respectively.

When M is compact hyperbolic, we can strengthen the last theorem inthe follow-
ing form.

Theorem 6. Let A be a thin subset in an almost complex manifold(X, J 0), (M, J)
be a compact hyperbolic almost complex manifold and(Jn) be a sequence of almost
complex structures on M converging to J for theC1-topology.

Let

fn : (X n A, J 0)! (M, Jn)

and

f : (X n A, J 0)! (M, J)

be a sequence of pseudo-holomorphic maps and a pseudo-holomorphic map respectively.
If the sequence( fn) converges to f uniformly on compact subsets of Xn A, then the

sequence( f̃n) converges tof̃ uniformly on compact subsets of X, where f̃n : (X, J 0)!
(M, Jn) and f̃ : (X, J 0)! (M, J) are the extension to X of fn and f respectively.

For the definition of a thin subset of an almost complex manifold see Section 2.3.



824 F. HAGGUI AND A. K HALFALLAH

After defining the notion of hyperconvex domain and the almost complex case, we
give another variant of the Noguchi extension-convergencetheorem forJ-holomorphic
curves. This generalizes the result of D. Thai in the complexcase [30]. His proof is
based on Kwack’s extension theorem and the maximum principle.

Theorem 7. Let (M, J) be a relatively compact hyperbolic almost complex sub-
manifold in an almost complex manifold(N, J). Assume that there is a neighbor-
hood U of �M, the boundary of M in N such that U\ M is hyperconvex. Then,
each pseudoholomorphic curve f: 1� ! M extends to a pseudoholomorphic curve
f̃ : 1! M.

Moreover, if ( fn : 1� ! (M, J)) is a sequence of pseudoholomorphic curves that
converges uniformly on compact subsets of1� to a pseudoholomorphic curve f: 1�!
(M, J), then the sequence( f̃n) converges uniformly on compact subsets of1 to f̃ ,
where f̃n and f̃ are the extension to1 of fn and f respectively.

In the last section, we prove the following

Theorem 8. Let (C, J) be a pseudoholomorphic curve in a compact almost com-
plex manifold(S, J) of dimension4, such that SnC is hyperbolically embedded in S.
Then the automorphism groupAutJ(Sn C) of Sn C is finite.

This is a “non-compact” version of the theorems of Kruglikov-Overholt [19] and
Kobayashi [17] which asserts that the automorphism group ofa compact hyperbolic
almost complex manifold is finite. We recall that in the complex case, this is due to
Kobayashi [16]. Miyano-Noguchi [23] showed that the automorphism group ofXnD is
finite whereD is a normal crossing divisor inX and X nD is hyperbolically embedded
in X. We have considered the four dimensional case since a hypersurface in an almost
complex manifold does not exists even locally in general.

1. Preliminaries

1.1. Almost complex manifolds. 1. An almost complex manifold (M, J) is a
smooth real manifold equipped with an almost complex structure J. We remind that
an almost complex structureJ is a smooth tensor field of type (1, 1), such thatJ2 =�Id. An almost complex structure is called an (integrable) complex structure if it is
the almost complex structure defined by an atlas onM of complex coordinate charts
that overlap biholomorphically.

Given two almost complex manifolds (M, J) and (M 0, J 0) and a smooth mapf : M 0!
M is called (J 0, J)-holomorphic if its differentiald f : T M0 ! T M verifies

d f Æ J 0 = J Æ d f
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on T M. We denote byO(J 0, J)(M 0, M) the set of (J 0, J)-holomorphic maps fromM 0
to M.

2. For everyr > 0, we set1r = fz2 C, jzj< r g and1 =11 is the unit disc inC.
If ( M 0, J 0) = (6, J0) where J0 denotes the standard complex structure on a Riemann
surface6, a (J0, J)-holomorphic map is called aJ-holomorphic curveor a pseudo-
holomorphic curveand we denote byOJ(6, M) the set ofJ-holomorphic curves inM.

3. By a length function onM, we mean a continuous functionG: T M! [0, +1[
satisfying
(i) G(v) = 0, if and only, if v = 0,
(ii) for all real numbersc, we haveG(cv) = jcjG(v).

Let dG be the distance function generated onM by G, see [21]. For simplicity,
we denotejvjG instead ofG(v) for v 2 T M.

4. We say that an upper semicontinuous functionu on (M, J) is plurisubharmonic
if its composition with anyJ-holomorphic curve is subharmonic. For aC2 function this
is equivalent to the positive semi-definiteness of the Levi form:

L J
u (p, � ) � 0 for any p 2 M and � 2 Tp(M).

The value of the Levi form ofu at a point p 2 M and a vector� 2 Tp(M) is
defined by

L J
u (p, � ) := �d(J�du)(X, J X),

whereX is an arbitrary smooth vector field in a neighborhood ofp satisfyingX(p) = � .
We shall remark that ifz: 1! M is a J-holomorphic curve satisfyingz(0) = p

and dz(0)(�=�x) = � , then L J
u (p, � ) = 1(u Æ z)(0), see [8].

We say that aC2 real valued functionu on M is strictly J -plurisubharmonicon
M if L J

u is positive definite onT M.
Let M be a relatively compact domain in an almost complex manifold(N, J). Re-

call that a continuous proper mapu : M ! R is called anexhaustion functionfor a
domain M.

DEFINITION 1.1. 1. A domainM in an almost complex manifold (N, J) is a
Stein domain if there exists a strictly plurisubharmonic exhaustion function onM.
2. An almost complex manifold (M, J) is said to be hyperconvex ifM is Stein and
there exists a continuous plurisubharmonic functionu : M ! ]�1, 0[ such thatMc =fx 2 M; u(x) � cg is compact for everyc < 0.

1.2. Kobayashi hyperbolicity of almost complex manifolds. Let (M, J) be an
almost complex manifold. A Kobayashi chain joining two points p, q 2 M is a se-
quence of pseudoholomorphic curves (fk : 1 ! (M, J))1�k�m and pointszk, wk 2 1
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such that f1(z1) = p, fk(wk) = fk+1(zk+1) and fm(wm) = q. The Kobayashi pseudo-
distance of (M, J) from p to q is defined by

dJ
M (p, q) = inf

mX
k=1

d1(zk, wk),

where the infimum is taken over all Kobayashi chains joiningp to q and d1 denotes
the Poincaré distance of1. Recall that for every two sufficiently close pointsp and q
in M, there exists aJ-holomorphic curveu: 1! M such thatu(0) = p andu(z0) = q,
wherez0 2 1.

For every p 2 M, there is a neighborhoodV of 0 in TpM such that for every� 2 V there exist a constantc > 0 and f : 1 ! (M, J) a pseudoholomorphic curve
satisfying f (0) = p and f 0(0) = c.� . This allows one to define the Kobayashi-Royden
infinitesimal pseudometricK J

M .

K J
M (p, � ) = inf

�
1

r
; f : 1r ! M, J-holomorphic; f (0) = p, f 0(0) = ��.

We deduce the non increasing property which can be stated as follows: Let
f : (M 0, J 0)! (M, J) be a (J 0, J)-holomorphic map. Then

f �K J
M � K J 0

M 0 .
Kruglikov [18] extended Royden’s results [27] and proved that K J

M is upper semi-
continuous on the tangent bundleT M of M and that the integrated form of the Kobayashi-
Royden metricK J

M coincides with the pseudo-distancedJ
M of Kobayashi.

We say that (M, J) is hyperbolic if dJ
M is a distance. A hyperbolic almost complex

manifold (M, J) is said to becompleteif it is Cauchy complete with respect todJ
M .

An open subsetU in an almost complex manifold (M, J) is called locally complete
hyperbolic if every p of the closureU has a neighborhoodVp in M such thatVp \U
is complete hyperbolic. Recall that the complement of a pseudoholomorphic curve in
an almost complex surface is locally complete hyperbolic, see [6].

Let (M, J) be an almost complex submanifold of an almost complex manifold
(N, J). Then M is said to behyperbolically embeddedin N, if for every pair (p, q)
of different points inM, there exist neighborhoodsU and V of p and q in N such
that dJ

M (M \U , M \ V) > 0.
A compact almost complex manifold (M, J) is hyperbolic if and only if, every

pseudoholomorphic curvef : C! M is constant, see [19].

2. Generalization of the big Picard theorem

The big Picard theorem states that any holomorphic mapf from the punctured
disk 1� into C n f0, 1g can be extended to a holomorphic mapf : 1! P1(C). The
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aim of this section is to study the extension of pseudoholomorphic maps in different
situations.

2.1. Degeneracy locus of the Kobayashi pseudodistance.Let (N, J) be an al-
most complex manifold equipped with a length functionG and let (M, J) be a relatively
compact almost complex submanifold of (N, J). As in [2], we extendeddJ

M to the
closureM of M in N as follows: for p, q 2 M , we define

dJ
M

(p, q) = lim inf
p0!p,q0!q

dJ
M (p0, q0), p0, q0 2 M.

DEFINITION 2.1. We callp 2 M a degeneracy point ofdJ
M

if there exists a point

q 2 M n fpg such thatdJ
M

(p, q) = 0. We denote bySJ
M (N) the set of the degeneracy

points of dJ
M

.

EXAMPLE 2.2. Let (N, J) = (P1(C), J0) be the Riemann sphere equipped with
its standard complex structureJ0 and M = C n f0g. SincedJ0

M = 0 (see Kobayashi [16]
Example 3.1.21 p. 56), then

SJ0
Cnf0g(P1(C)) = P1(C),

that is all points ofP1(C) are degeneracy points ofdJ0

M
.

DEFINITION 2.3. Let (N, J) be an almost complex manifold equipped with a
length functionG and let (M, J) be a submanifold ofN. A point p 2 M is called
a J-hyperbolic point forM if there exists a neighborhoodU of p in N and a positive
constantc such thatK J

M � c . G on U \ M.

REMARK 2.4. An easy adaptation of the infinitesimal criterion of hyperbolicity
due to Royden [27] shows that, (M, J) is hyperbolic, if and only if, every pointp in
M is a J-hyperbolic point forM.

We prove the following

Proposition 2.5. Let (N, J) be an almost complex manifold and let(M, J) be an
almost complex submanifold of(N, J). For a point p in M , the following are equiva-
lent:
(i) p =2 SJ

M (N).
(ii) p is a J-hyperbolic point for M.

For the proof, we will use the following lemma (cf. [28] Proposition 2.3.6, p. 171).
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Lemma 2.6. Let D be a domain inCn. There is a positive constantÆ0 such that for
every almost complex structure J in a neighborhood ofD satisfyingkJ � J0kC2(D) � Æ0,
we have

k f kC1(1r ) � ck f kC0(1),

for every f 2 OJ(1, D) and for every0 < r < 1, where c is a positive constant de-
pending only on r andÆ0. J0 denotes the standard complex structure onCn.

Proof of Proposition 2.5. (i)) (ii) Assume thatp is not a J-hyperbolic point
for M. Then for everyn� 1, there existpn 2 M and�n 2 Tpn M such that the sequence
(pn) converges top, j�nj = 1 and K J

M (�n)! 0. Hence, there exists a sequence (fn) in
OJ(1, M) such that limfn(0) = p, but lim j f 0n(0)j =1.

Let W be a relatively compact neighborhood sufficiently small in some local chart
around p. If there is a numberr 2 ]0, 1[ such that fn(1r ) � W, we deduce by Lem-
ma 2.6 that there is a positive constantc, verifying j f 0n(0)j � ck fnkC0(1r ) and this con-
tradicts j f 0n(0)j ! +1. Hence, for each positive integerk there arezk 2 1 and an
integer nk such thatjzkj < 1=k and fnk (zk) 2 �W. By taking a subsequence, we may
assume thatfnk (zk)! q 2 �W. Then

dJ
M

(p, q) = lim
k!1 dJ

M ( fnk (0), fnk(zk)) � lim
k!1 d1(0, zk) = 0,

so p is a degeneracy point ofdJ
M

.

(ii) ) (i) Assume thatp is a degeneracy point ofdJ
M

. Then there exists a point

q 2 M n fpg such thatdJ
M

(p, q) = 0. By hypothesis, there exists a neighborhoodU of

p such thatq =2 U and K J
M � cG on U \M wherec is a positive constant andG is a

length function onN. Take neighborhoodsV , W of p, q in N respectively, such that
V b U and W \U = ;. Let r 2 V \ M and s 2 W \ M be arbitrary points. Let (t)
be any piecewise smooth curve onM such that (0) = r and  (1) = s. Then

dJ
M (r , s) = inf

Z 1

0
K J

M ( (t),  0(t)) dt � inf c
Z

t2E
j 0(t)jG dt � c . dist(�U , �V ),

where E = ft 2 [0, 1];  (t) 2 Ug. This implies thatdM (p, q) � c . dist(�U , �V) > 0.
This is a contradiction.

REMARK 2.7. From the proof above, we can immediately deduce thatp =2 SJ
M (N),

if and only if, p satisfies the following condition: for every neighborhoodW of p there
exists a positive constantR such that

sup
f 2OJ (1,M)

fj f 0(0)j, f (0) 2 Wg � R.
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From Proposition 2.5, we have the following corollaries.

Corollary 2.8. Let (N, J) be an almost complex manifold and let(M, J) be a
submanifold of N. Then (M, J) is hyperbolically embedded in(N, J), if and only if,
SJ

M (N) = ;.
Corollary 2.9. SJ

M (N) is a closed subset in N.

Proof. Let (pn) be a sequence inSJ
M (N) converging to some pointp 2 M . Then

by Proposition 2.5, there exist a relatively compact neighborhood W of p and qn 2�W\M such thatdJ
M

(pn, qn) = 0. By taking a subsequence we may assume thatqn!
q 2 �W then dJ

M
(p, q) = 0.

2.2. Extension ofJ-holomorphic curves. The following is a generalization of
the Adachi theorem [1].

Theorem 2.10. Let (M, J) be a relatively compact almost complex submanifold
in an almost complex manifold(N, J) and let fk : 1� ! (M, J) be a sequence of
pseudoholomorphic curves. Let (zk) and (wk) be sequences in1� converging to0 and
such that the sequence( fk(wk)) converges to q=2 SJ

M (N). Then the sequence( fk(zk))
converges to q.

REMARK 2.11. The condition thatq =2 SJ
M (N) is essential in Theorem 2.10 as

shown by this example: for eachq 2 Cnf0g and positive integerk, define the sequence
of holomorphic curvesfk : 1� ! C n f0g by fk(z) = q=(kz). We have fk(1=k) = q and
fk(1=(2k)) = 2q.

For the proof, we will need the following lemma known as Gromov’s monotonicity
lemma, see [24] Lemma 4.2.1 p. 223. In the complex case, we have a similar estima-
tion for analytic subsets, see Stolzenberg [29]. We should note that the condition on
the boundary can be removed for smooth holomorphic curves, see [26] p. 30.

Lemma 2.12. Let (M, J) be a compact almost complex manifold equipped with a
length function G. Denote by B(x, ") the ball with radius" centered at x in M. There
are positive constants"0 and c such that for every" � "0 and every pseudoholomorphic
curve S, it holds that

AreaG(S\ B(x, ")) � c"2

whenever x2 S and S\ B(x, ") is a compact surface with its boundary contained in�B(x, ").
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AreaG denotes the area with respect to the metricG.
The compacity assumption forM means that all the constants which are mentioned

do not depend on the considered pointx.

Proof of Theorem 2.10. We show that it is absurd if there is a sequence (zk) in1� converging to 0 such thatfk(zk)! q0 6= q.
(i) Assume thatjwkj < jzkj by taking a subsequence and relabeling.
Let �k(t) = wkei t for t 2 [0, 2� ].
We claim that

(1) fk(�k)! q.

In fact for every�k 2 �k, we have

lim inf
k!1 dJ

M
( fk(�k), q) � lim inf

k!1 dJ
M ( fk(�k), fk(wk)) � lim inf

k!1 d1�(�k, wk).

Sinced1�(�k, wk) = O(1=logjwkj) and q =2 SJ
M (N), we have fk(�k)! q.

Let G be a length function onN. By Corollary 2.9 and Proposition 2.5 there exist
relatively compact local coordinate neighborhoodsU , W of q such thatU � W, U is
diffeomorphic to the unit ballB(q, 1) in someCn centered atq and a positive constant
c such that:

W \ SJ
M (N) = ; and q0 =2 W.(2)

K J
M � c . G on W \ M.(3)

Since fk(�k)! q and fk(zk)! q0, for sufficiently largek we have fk(�k) � U and
fk(zk) =2 W. Hence, there existsz0k 2 1� such thatjwkj < jz0kj < jzkj and fk(z0k) 2�U . By taking a subsequence if necessary, we may assume thatfk(z0k)! p 2 �U . It
follows from the equation (2) thatp =2 SJ

M (N).
Let Rk be the largest open annulus containing�k and

(4) fk(Rk) � U .

Since fk(z0k)! p 2 �U , then there existak � 0 andbk < jz0kj such that

Rk = fz 2 C, ak < jzj < bkg.
Let R̃k = fz 2 C, jwkj < jzj < jz0kjg and �k = fz 2 1�, jzj = jz0kjg. We have fk(�k)! q
and in the same way as in the claimfk(�k)! p 2 �U . Then for k sufficiently large,
we have

fk(�k) � B

�
q,

1

4

�
,

fk(�k) � W n B

�
q,

3

4

�
.
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Therefore, there are pointsck 2 R̃k, such that

fk(ck) 2 �B

�
q,

1

2

�
.

By the Gromov’s monotonicity lemma, there exist positive constants"0 and� such that
for " 2 ]0, inf("0, 1=4)[, we have

AreaG( fk(R̃k)) � AreaG( fk(R̃k) \ B( fk(ck), ")) � �"2.

On the other hand, we denote by Area1?(R̃k) the area ofR̃k, with respect to the
Poincaré metric on1�. Then we have

Area1? (R̃k) = 2�� 1

log(jz0kj) �
1

log(jwkj)
�! 0.

It follows from the equations (3) and (4) that

AreaG( fk(R̃k)) � 1

c
. Area1? (R̃k)! 0

and we get a contradiction. This proves the theorem in case (i).
(ii) Assume thatjzkj < jwkj by taking a subsequence and relabeling. As in the

case (i), there exists a sequence (z0k) in 1� such thatjzkj < jz0kj < jwkj and fk(z0k)!
p 2 �U . By considering the annulus̃Rk = fz 2 C, jz0kj < jzj < jwkjg, we can reduce
to the case (i).

Corollary 2.13. Let (M, J) be a relatively compact almost complex submanifold
in an almost complex manifold(N, J) and let f: 1�! (M, J) be a pseudoholomorphic
curve. If there is a sequence(zk) in 1� converging to0 such that f(zk) converges to
q =2 SJ

M (N). Then f can be extended to a pseudoholomorphic curvef̃ : 1! (N, J).

Proof. Let f : 1�! M be a pseudo-holomorphic map. By Theorem 2.10,f ex-
tends continuously from1 to N and it is known that if f is continuous everywhere,
differentiable and pseudo-holomorphic except on a discrete subset, then it’s differen-
tiable and thus pseudo-holomorphic in1, see [28] p. 169.

Corollary 2.14. Let (M, J) be a relatively compact hyperbolic almost complex
submanifold in an almost complex manifold(N, J) and let f : 1� ! (M, J) be a
pseudoholomorphic curve. If there is a sequence(zk) in 1� converging to0 such that
f (zk) converges to q2 M. Then f can be extended to a pseudoholomorphic curve
f̃ : 1! (M, J).

This is a direct consequence of Corollary 2.13, since ifM is hyperbolic then every
point of M is not a degeneracy point.
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Corollary 2.15. Let fk : 1�! M be a sequence of holomorphic curves. Assume
that each fk can be extended to holomorphic curvẽfk : 1! N. If there is a sequence
(zk) in 1� converging to0 such that the sequence( fk(zk)) converges to p=2 SJ

M (N),
then f̃k(0) converges to p.

Proof. If f̃k(0) 6! q then by compactness, we may assume thatf̃k(0)! p 6= q
since each f̃k is continuous there is a sequence (zk) in 1� such thatzk ! 0 and
fk(zk)! p which contradicts Theorem 2.10.

The following theorem will be useful in the sequel.

Theorem 2.16. Let (M, J) be a relatively compact almost complex submanifold
hyperbolically embedded in an almost complex manifold(N, J). ThenOJ(1�, M) is
relatively compact inOJ(1, N).

We can considerOJ(1�, M) as a subspace ofOJ(1, N) as a consequence of Corol-
lary 2.13 applied to the situationSJ

M (N) = ;, that is (M, J) is hyperbolically embedded
in (N, J).

Proof. Suppose thatOJ(1�, M) is not relatively compact inOJ(1, N), then by
Ascoli, OJ(1�, M) is not equicontinuous at 0 andp 2 N that is, there exist an open
neighborhoodU of p, (zn) a sequence in1� and a sequence (fn) in OJ(1�, M) such
that f̃n(0) converges top and fn(zn) =2 U , for eachn. By compactness, we may sup-
pose that the sequence (fn(zn)) converges toq =2 U , then by Corollary 2.15, we con-
clude the (f̃n(0)) converges toq and we get a contradiction.

2.3. Extension in higher dimensional manifolds. In this section, we are interest-
ed in the study of the extension of pseudoholomorphic maps into hyperbolically em-
bedded almost complex manifolds.

Theorem 2.17. Let C be a smooth pseudoholomorphic curve in an almost com-
plex manifold(S, J 0) of real dimension4 and let (M, J) be a relatively compact almost
complex submanifold hyperbolically embedded in an almost complex manifold(N, J).
Then every pseudoholomorphic map f: (S n C, J 0) ! (M, J) extends to a(J 0, J)-
holomorphic map from S to N.

The proof is based on the following lemma due to Joo [10].

Lemma 2.18. Let A be a thin subset of an almost complex manifold X. Let
(M, J) be a relatively compact almost complex submanifold in an almost complex man-
ifold (N, J). Let f : X n A! (M, J) be a holomorphic map. If f extends continuously
to f̃ : X! N, then f̃ is a pseudoholomorphic map.
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As in [10], a closed subsetA of X is called athin subset if there exists a local fo-
liation h of X by pseudo-holomorphic discs aroundp for every p 2 A, which satisfies
the following properties:
1. There is a positive constantr < 1 such that,Az0 = fw 2 1: h(z0,w) 2 Cg is a finite
point set contained in the disc1r for every z0 2 1n�1.
2. There exist sequences (r j ) and (sj ) of real numbers less than 1 such thatr j ! 0
and the cylindersf(z0, w): jwj = r j , jz0j < sj g do not intersecth�1(A) for every j 2 N.

EXAMPLE 2.19. Every smooth hypersurface when it exists in an almost complex
manifold is thin. Especially, every smooth immersed pseudo-holomorphic curve in an
almost complex manifold of real dimension 4 is thin.

Proof of Theorem 2.17. For an arbitrary pointp 2 C, choose a local foliation
h : 1�1! X satisfying the conditions:
(a) h is a diffeomorphic onto a neighborhood ofp and h(0, 0) = p.
(b) h( � , z0) : 1! X is a pseudoholomorphic embedding for everyz0 2 1.
(c) For everyz0 2 1, we havefw 2 1 : h(w, z0) 2 Cg = f0g.
We denote byfw the map f Æ h( � , w) for w 2 1. Since for eachw 2 1,

fw : 1� ! (M, J)

is a pseudoholomorphic curve defined on the punctured unit disc1�, it can be extended
to a pseudoholomorphic curve from the whole unit disc toN. We denote f̃w : 1 !
(N, J) the extended map. Let (wk) be a sequence in1 which converges tow0 2 1.

We have only to prove that̃fwk converges uniformly tof̃w0 in a neighborhood of 0.
Since (M, J) is hyperbolically embedded in (N, J), by Theorem 2.16, we may as-

sume by considering a subsequence if necessary, that the sequence of pseudoholomorphic
curves (f̃wk ) converges uniformly on compact subsets of1 to a pseudoholomorphic curve' : 1! (N, J). Then it follows by the condition (c) that

'(z) = lim fwk (z) = fw0(z) = f̃w0(z) for z 2 1�.
Therefore, it follows that f̃w0 coincides with' on the unit disc and that (̃fwk ) con-
verges uniformly on every compact of1. This implies that f Æ h is continuous in a
neighborhood of (0,w0) and f can be extended continuously overX, denoted by f̃ .
By Lemma 2.18, we conclude that̃f is a pseudoholomorphic map.

3. Noguchi-type extension-convergence theorems

We prove a convergence-extension theorem for pseudoholomorphic curves proved
in the complex case by Joseph-Kwack [9], which is analogous to the holomorphic ex-
tension theorem proved by Noguchi [25].
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Theorem 3.1. Let (M, J) be a relatively compact almost complex submanifold in
an almost complex manifold(N, J). Let

fn : 1� ! (M, J)

and

f : 1�! (M, J)

be a sequence of pseudoholomorphic curves and a pseudoholomorphic curve respectively.
We suppose that there exists a sequence(zn) in 1� converging to0 such that the sequence
( fn(zn)) converges to p=2 SJ

M (N). Then f and fn extends to1 and if the sequence( fn)
converges to f uniformly on compact subsets of1�, then the sequence( f̃n) converges
to f̃ uniformly on compact subsets of1, where( f̃n) and f̃ are the extension to1 of fn
and f respectively.

Proof. Sincep =2 SJ
M (N), then there exists a relatively compact neighborhoodW

of p such thatW \ SJ
M (N) = ;. We claim the following:

Claim. For every neighborhood V of p contained in W, there exist r> 0 and
n0 2 N, such that

(5) fn(1�
r ) � V \ M for every n� n0.

Otherwise, for each positive integer k there is somewk 2 1� and an integer nk such
that jwkj < 1=k and fnk(wk) =2 V . By compactness, we may assume that the sequence
( fnk(wk)) converges to q different of p. This contradictsTheorem 2.10.

To prove that fn extends to aJ-holomorphic curve in1, it is sufficient to verify
that fn has a finite energy. By Proposition 2.5,p is a J-hyperbolic point forM, that
is, there exists a neighborhoodU of p contained inW such that

K J
M � c . G on U \ M,

where c is a positive constant andG is a length function onN. By the claim, there
exist r > 0 andn0 2 N, such that fn(1�

r ) � U \ M. We conclude that

j f 0n(z)jG � 1

c
K1�(z), for every z 2 1�

r .

Hence,

E( fnj1�
r
) =

1

2

Z
1�

r

j f 0n(z)j2G � 1

2c2

Z
1�

r

K 21�(z) <1.
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We denote byf̃n the extension offn to 1. By the equation (5), we infer that̃fn(1r ) �
V \ M for everyn � n0. ChoosingV sufficiently small, there exists a positive constant� such thatj f 0n(z)j � � in 1r . By compactness, there exists a subsequence (f'(n)) which
converges uniformly toJ-holomorphic curveg. Since the sequence (fn) converge tof
uniformly on compact subsets of1�, theng extends f .

Finally, we prove that the sequence (f̃n) converges uniformly tog in some neigh-
borhood of 0. Otherwise, there exists a sequence (xn) in 1�

r converging to 0 such that

j f̃n(xn)� g(xn)jeuc 6! 0,

wherej.jeuc denotes the Euclidean norm inRm. By Theorem 2.10, we havẽfn(xn)! p
and f (xn)! g(0) = p and we get a contradiction.

We prove a variant of Noguchi-type extension convergence theorems for pseudo-
holomorphic maps defined onS n C to hyperbolically embedded submanifold, where
C is a smooth, pseudoholomorphic curve in an almost complex manifold S of real
dimension 4.

Theorem 3.2. Let C be a smooth pseudoholomorphic curve in an almost complex
manifold(S, J 0) of real dimension4 and let(M, J) be a relatively compact almost com-
plex submanifold hyperbolically embedded in an almost complex manifold(N, J). Let

fn : (Sn C, J 0)! (M, J)

and

f : (Sn C, J 0)! (M, J)

be a sequence of(J 0, J)-holomorphic maps and(J 0, J)-holomorphic map respectively.
If the sequence( fn) converges to f uniformly on compact subsets of Sn C, then

the sequence( f̃n) converges tof̃ uniformly on compact subsets of S, where f̃n and f̃
are the (J 0, J)-holomorphic extensions to S of fn and f respectively.

Proof. By Theorem 2.17, eachfn and f extends to (J 0, J)-holomorphic maps
f̃n : X ! N and f̃ : X ! N respectively. The question of convergence arises in the
neighborhood of a pointp 2 C. Choose a local foliationh: 1�1! X satisfying the
following conditions:
(a) h is a diffeomorphic onto a neighborhood ofp and h(0, 0) = p.
(b) h( � , z0) : 1! X is a pseudoholomorphic embedding for everyz0 2 1.
(c) For everyz0 2 1, we havefw 2 1 : h(w, z0) 2 Cg = f0g.
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We will denote by

'n := fn Æ h : 1� �1! (M, J)

and

'̃n := f̃n Æ h : 1�1! (M, J)

and for everyr 2 ]0, 1[, Sr := fz 2 1; jzj = r g. Let f̃ Æ h(0) = p. Suppose that the
sequence ( ˜'n) does not converge uniformly on some neighborhood of 0, thenwe can
pick a relatively compact neighborhoodW of p diffeomorphic toB(1) the unit ball in
someCm, such that for each positive integerk and r 2 ]0, 1[ there are infinitely many
n such that

'̃n(11=k �1r ) 6� W.

There is somek0 and r0 such that

'̃(11=k0 �1r ) � B

�
1

8

�
.

Since the sequence ('n) converge uniformly onS1=k�1r0, then there exists a sub-
sequence ('nk) of ('n) and a sequence (z0k) in 1r0 converging to 0 such that

'nk (S1=k, z0k) � B

�
1

4

�

and

'̃nk (11=k, z0k) 6� B(1).

Hence, for eachk � k0, there is a pointzk 2 11=k such that

gnk (zk) := '̃nk (zk, z0k) 2 S1=2,

where gnk is the pseudoholomorphic curve defined bygnk = '̃nk( � , z0k).
By the Gromov’s monotonicity lemma, there exist positive constants"0 and� such

that for " 2 ]0, inf("0, 1=8)[, we have

AreaG(gnk (11=k)) � AreaG(gnk(11=k) \ B(gnk(zk), ")) � �"2,

whereG is a length function inN.
On the other hand, since (M, J) is hyperbolically embedded in (N, J) then, there

exists a positive constantc such that

K J
M � c . G.
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The restriction ofgnk in 1� is a pseudoholomorphic curve then

g�nk
(G) � 1

c
. g�nk

(K J
M ) � 1

c
K1� .

As a consequence, we have

AreaG(gnk(11=k)) = AreaG(gnk(1�
1=k)) � 1

c
. Area1�(1�

1=k)! 0.

We get a contradiction.

When M is compact hyperbolic, we can strengthen the last theorem inthe follow-
ing form.

Theorem 3.3. Let A be a thin subset in an almost complex manifold(X, J 0),
(M, J) be a compact hyperbolic almost complex manifold and(Jn) be a sequence of
almost complex structures on M converging to J for theC1-topology.

Let

fn : (X n A, J 0)! (M, Jn)

and

f : (X n A, J 0)! (M, J)

be a sequence of pseudo-holomorphic maps and a pseudo-holomorphic map respectively.
If ( fn) converges to f uniformly on compact subsets of Xn A, then ( f̃n) con-

verges to f̃ uniformly on compact subsets of X, where f̃n : (X, J 0) ! (M, Jn) and
f̃ : (X, J 0)! (M, J) are the extensions to X of fn and f respectively.

The proof of the theorem is based on the following two lemmas.

Lemma 3.4. Let (M, J) be a compact hyperbolic almost complex manifold and
G be a length function on M. Then there exists an open neighborhoodU of J and a
positive constant c such that

K J 0
M � c . G for every J0 2 U .

Proof. We assume that there is no suchc and neighborhoodU . Then there is a se-
quence of tangent vectors (�k) in T M and a sequence of almost complex structures (Jk)
converging toJ such thatj�kjG = 1 and K Jk

M (�k)! 0. By considering a subsequence,

we may assume that the sequence (K Jk
M (�k)) is monotone decreasing. Hence, there is a

monotone increasing sequence (rk) of positive numbers tending to +1 and a family of
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pseudoholomorphic curvesfk: 1rk ! (M, Jk) such that f 0k(0) = �k. By applying Brody’s
reparametrization theorem [4] to eachfk which remains valid in the almost complex
case, we obtain a sequence of pseudoholomorphic curves'k : 1rk ! (M, Jk) such that:j'0k(z)jG � r 2

k=(r 2
k �jzj2) on1rk and the equality holds at the origin 0. By the compact-

ness theorem [22], we can extract a subsequence of ('k) which converges uniformly
with all derivatives on compact sets to a pseudoholomorphiccurve ' : C ! (M, J).
The mapping' is non constant sincej'0(0)jG = limj'0k(0)jG = 1 and j'0(z)jG � 1 for
eachz 2 C. This contradicts the hyperbolicity ofM.

The following lemma is due to Gaussier-Sukhov [7].

Lemma 3.5. Let (M, J) (resp. (M 0, J 0)) be a smooth almost complex manifold.
Let (Jn) (resp. (J 0n)) be a sequence of almost complex structures on M(resp. M 0) con-
verging in theC1(M)-topology (resp. C1(M 0)-topology) to J (resp. J 0). For every n,
let fn 2 O(J 0n, Jn)(M 0, M). Assume that( fn) converges uniformly on compact subsets of
M to a map f. Then f belongs toO(J 0, J)(M 0, M).

It is well-known from the standard elliptic estimates for the Cauchy-Green kernel
(see Sikorav [28]) showing that the limit in the compact opentopology of a sequence
of J-holomorphic discs also is aJ-holomorphic curve.

Proof of Theorem 3.3. It is known, that every holomorphic mapg : X n A! M
extends to a holomorphic map̃g : X ! M, see [10]. Hence, eachfn extends to a
pseudoholomorphic map̃fn : (X, J 0)! (M, Jn).

Let G be a length function onM. By Lemma 3.4, there exist a positive constant
c and an integern0 such thatK Jn

M � c . G for eachn � n0, hence

dc.G( f̃n(z), f̃n(w)) � dJn
M ( f̃n(z), f̃n(w)) for every z, w 2 X.

Let ( f̃'(n)) be an arbitrary subsequence of (f̃n). Since f̃'(n) is a (J 0, J'(n))-
pseudoholomorphic map fromX to M, we have forn � n0

dc.G( f̃'(n)(z), f̃'(n)(w)) � dJ 0
X (z, w) for every z, w 2 X.

By Ascoli, we infer that the family (̃f'(n)) is equicontinuous and we can extract
a subsequencẽf'Æ (n) which converges to a mapg. By Lemma 3.5, we conclude that
the mapg is (J 0, J)-holomorphic and coincides withf on XnA. Hence, f̃ = g and we
conclude finally that the sequence (f̃n) converges uniformly on each compact subset of
X to f̃ .

In particular, if A is an immersed curve in an almost complex surface, we get
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Corollary 3.6. Let C be a smooth pseudoholomorphic curve in an almost com-
plex manifold(S, J 0) of real dimension4 and let (M, J) be a compact hyperbolic al-
most complex manifold and(Jn) be a sequence of almost complex structures on M
converging to J for theC1-topology.

Let

fn : (Sn C, J 0)! (M, Jn)

and

f : (Sn C, J 0)! (M, J)

be a sequence of pseudo-holomorphic maps and a pseudo-holomorphic map respectively.
If ( fn) converges to f uniformly on compact subsets of SnC, then ( f̃n) converges

to f̃ uniformly on compact subsets of S, where f̃n: (S, J 0)! (M, Jn) and f̃ : (S, J 0)!
(M, J) are the extension to S of fn and f respectively.

Now, we prove another variant of Noguchi extension convergence theorem for
J-holomorphic curves.

Theorem 3.7. Let (M, J) be a relatively compact hyperbolic almost complex sub-
manifold in an almost complex manifold(N, J). Assume that there is a neighbor-
hood U of �M, the boundary of M in N such that U\ M is hyperconvex. Then,
each pseudoholomorphic curve f: 1� ! M extends to a pseudoholomorphic curve
f̃ : 1! M.

Moreover, if ( fn : 1� ! (M, J)) is a sequence of pseudoholomorphic curves that
converges uniformly on compact subsets of1� to a pseudoholomorphic curve f: 1�!
(M, J), then the sequence( f̃n) converges uniformly on compact subsets of1 to f̃ ,
where f̃n and f̃ are the extension to1 of fn and f respectively.

Proof. It suffices to prove by Corollary 2.14, that there is a sequence (zn) in 1�
converging to 0 such that the sequence (f (zn)) converges to a point ofM. Suppose
that this is not the case. Then there existsr 2 ]0, 1[ such that f (1�

r ) � U . Let ' be a
plurisubharmonic function ofU \ M. Then the functiong = ' Æ f is subharmonic on1�

r . By assumptiong extends continuously to a functioñg which remains subharmonic
on 1r . We haveg̃(z) < 0 for everyz 2 1�

r and g̃(0) = 0, so g̃ attains its maximum at
the origin. We get a contradiction by the maximum principle.

For the second assertion, let (f̃'(n)) be an arbitrary subsequence of (f̃n). Since
f̃'(n) is a pseudoholomorphic curve from1 to M, we have

dJ
M ( f̃'(n)(z), f̃'(n)(w)) � d1(z, w) for every z, w 2 1.

Hence, the family (̃f'(n)) is equicontinuous and by Ascoli, we can extract a sub-
sequencef̃'Æ (n) which converges to a pseudoholomorphic mapg. But the mapg co-
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incides with f on 1�, hence f̃ = g and we conclude finally that the sequence (f̃n)
converges tof̃ uniformly on each compact subset of1.

4. Relative intrinsic pseudodistance

Let (M, J) be a relatively compact almost complex submanifold in an almost com-
plex manifold (N, J). As in Kobayashi [15], we shall introduce a relative pseudo-
distancedJ

M,N on M and we prove thatM is hyperbolically embedded inN, if and

only if, dJ
M,N is a distance onM.

Let F J
M,N � OJ(1, N) be the family of pseudoholomorphic curves such that

f �1(N n M) is either empty or a singleton. Thus, each element ofF J
M,N maps all1,

with the exception of possibly one point, intoM. The exceptional point is of course
mapped intoM .

We define a pseudodistancedJ
M,N on M in the same way asdJ

N , but using only

chains of pseudoholomorphic curves belonging toF J
M,N . Namely, writing l (�) for the

length of a chain� of pseudoholomorphic curves, we set

dJ
M,N(p, q) = inf� l (�),

where the infimum is taken over all chains� of pseudoholomorphic curves fromp to
q which belong toF J

M,N .
The interesting case is whereM is the complement of a hypersurface inN, but

since a hypersurface does not exist even locally, we will consider the case whereN :=
S is a compact almost complex manifold of real dimension 4 andM = SnC whereC
is a pseudoholomorphic curve immersed inS. In this case, any pair of pointsp, q in
Sn C = S can be joined by a chain of pseudoholomorphic curves belonging to F J

SnC,S,

so thatdJ
SnC,S(p, q) <1 for p, q 2 S.

Since

OJ(1, Sn C) � F J
SnC,S � OJ(1, S),

we have

dJ
S � dJ

SnC,S � dJ
SnC.

Let (C0, J 0) be a pseudoholomorphic curve in an almost complex manifold(S0, J 0) of
real dimension 4. Iff : (S, J)! (S0, J 0) is a (J, J 0)-holomorphic map such thatf (Sn
C) � S0 n C0, then

dJ 0
S0nC0,S0( f (p), f (q)) � dJ

SnC,S(p, q), p, q 2 S.

Proposition 4.1. Let (C, J) be a pseudoholomorphic curve in an almost complex
manifold (S, J) of real dimension4. Then the pseudodistance dJ

SnC,S is continuous on
S� S, moreover if it is a distance on S, then it induces the standard topology on S.
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The proof is similar to Kruglikov-Overholt [19]. Our principal result in this section
is the following theorem.

Theorem 4.2. Let (C, J) be a pseudoholomorphic curve in a compact almost
complex manifold(S, J) of dimension4. The following conditions are equivalent:
(a) dJ

SnC,S is a distance on S.
(b) (Sn C, J) is hyperbolically embedded in(S, J).

Proof. (a)) (b) Let (pn) and (qn) be sequences inSnC with pn! p 2 S and
qn! q 2 S. If dJ

SnC(pn, qn)! 0 thendJ
SnC,S(pn, qn)! 0. This implies thatp = q.

(b)) (a) By theorem of Sikorav the topologyC0 in the space of pseudoholomorphic
curves coincides with the topology of the uniform convergence with all derivatives in the
compact sets, the proof of Kobayashi [15] in the complex caseis still valid.

5. The automorphism group

Kobayashi [16] proved that the automorphism group of a compact hyperbolic com-
plex manifold is finite, later Miyano-Noguchi [23] showed that the automorphism group
of X n D is finite whereD is a normal crossing divisor in a compact complex manifold
X and X n D is hyperbolically embedded inX. Recently Kruglikov-Overholt [19] and
Kobayashi [17] proved that the automorphism group of a compact hyperbolic almost
complex manifold is finite.

The main result of this section is the following

Theorem 5.1. Let (C, J) be a pseudoholomorphic curve in a compact almost
complex manifold(S, J) of real dimension4, such that(S n C, J) is hyperbolically
embedded in(S, J). Then the automorphism groupAutJ(Sn C) of Sn C is finite.

For the proof, we will need the following lemma due to van Dantzig and van der
Waerden [5]. For its proof, see also Kobayashi-Nomizu [13] pp. 46–50.

Lemma 5.2. The group I(X) of isometries of a connected, locally compact met-
ric space X is locally compact with respect to the compact-open topology, and for any
point x2 X and any compact subset K� X, the subsetf f 2 I (X); f (x) 2 K g is com-
pact. In particular, at any point x2 X the isotropy subgroup Ix(X) is compact. If X
is moreover compact, then I(X) is compact.

Proof of Thereom 5.1. First, we shall prove that AutJ(SnC) is compact endowed
with the compact-open topology onSn C. We set

AutJ(S, Sn C) := f f 2 AutJ(S); f (Sn C) � Sn Cg
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equipped with the compact-open topology onS. By Theorem 3.2, the restriction map
AutJ(S, Sn C)! AutJ(Sn C) is a homeomorphism.

SinceSnC is hyperbolically embedded inS then by Theorem 5,dJ
SnC,S is a distance

which induces the standard topology ofS. Let I (S, SnC) be the group of isometries of
S with respect to the relative distancedJ

SnC,S, it follows from Lemma 5.2 thatI (S, SnC)
is compact. It remains to prove that AutJ(S, Sn C) is closed inI (S, Sn C).

Let ( f j ) be a sequence in AutJ(S, SnC) which converges tof 2 I (S, SnC). By
Lemma 3.5, f is a (J, J)-holomorphic map fromS to S. Since f j 2 AutJ(S, Sn C),
then there exists a sequence (g j ) in AutJ(S, Sn C), such that f j Æ g j = g j Æ f j = IdS.
By considering a subsequence and by applying again Lemma 3.5, we suppose that (g j )
converges uniformly on compact subsets to (J, J)-holomorphic mapg from S to S such
f Æ g = g Æ f = Id. Hence, f 2 AutJ(S).

We infer that f (SnC) � SnC. Let p0 2 SnC such thatq0 = f (p0) 2 SnC. For
any p 2 Sn C, we have

dJ
SnC( f j (p), f j (p0)) = dJ

SnC(p, p0).

Then for some integerj0, we have for all j � j0

f j (p) 2 B0
dJ

SnC (q0, dJ
SnC(p, p0) + 1).

SnC is complete hyperbolic since it is locally complete hyperbolic [6] and hyperbolical-
ly embedded, see [12]. Therefore the closed ballB0

dJ
SnC (q0, dJ

SnC(p, p0) + 1) is compact

hence, f (p) = lim f j (p) in Sn C. We conclude finally thatf 2 AutJ(S, Sn C).
By a theorem of Bochner-Montgomery [3], a locally compact group of differentiable

transformations of manifold is a Lie transformation group.Hence, AutJ(SnC) is a Lie
group. Kruglikov-Overholt [19] proved that no almost complex Lie group of positive
dimension acts effectively as a pseudoholomorphic transformation group on a hyperbolic
almost complex manifold. Hence the Lie algebra of AutJ(S, Sn C) is trivial.
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