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1. Introduction

The essential self-adjointness of differential operators over infinite dimensional
spaces has been extensively studied. For historical comments and literature on this
topic see the monograph by Berezanskii [3] and a recent paper by Albeverio, Kon-
dratiev and Rockner [2]. For some generalizations to certain Banach spaces we refer
to Long [13]. Sometimes essential self-adjointness is also called strong uniqueness.
There is another kind of uniqueness for symmetric diffusion operators, i.e. Marko-
vian uniqueness, which means that one has uniqueness only within the class of self-
adjoint operators which generate sub-Markovian semigroups. Obviously essential self-
adjointness implies Markovian uniqueness. For details we refer to [2] and some ref-
erences therein. In this paper, we aim to prove the essential self-adjointness of a cer-
tain class of perturbed Ornstein-Uhlenbeck operators associated to stochastic evolution
equations (SEE) in a separable Hilbert space, by using a general parabolic criterion
of Berezanskii [3]. In [4], Berezanskii and Samoilenko established the essential self-
adjointness of Ornstein-Uhlenbeck operators with a certain potential perturbation by
using the finite-dimensional approximation approach. In [17], Shigekawa proved the
essential self-adjointness of perturbed Ornstein-Uhlenbeck operators by using Malliavin
calculus. Our method is completely different from Shigekawa’s. For our purpose, we
need first to establish the existence and uniqueness of classical solutions to the Kol-
mogorov equations associated to the perturbed Ornstein-Uhlenbeck operators. The def-
inition of classical solution will be given in Section 2 , following Cannarsa and Da
Prato [S]. In [7], Da Prato proved the existence and regularity of classical solutions to
Kolmogorov equations associated to Ornstein-Uhlenbeck operators.

We consider the semilinear SEE :

(1.1) { dX(t) = [AX () + F(X ()ldt + Q> dW (1)

X0)=xz€H

on a separable Hilbert space H with norm || - || and inner product < -,- >. We denote
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by L(H) the Banach space of all bounded linear operators from H into H, with norm
| - lccary. We always assume that:

(A.1) A is a self-adjoint and negative unbounded linear operator on H , which generates
a contraction Co-semigroup S(t),t > 0 satisfying ||S(t)||z(z) < e** for some constant
w < 0, and @ is a symmetric bounded operator on H. Moreover, A and @ have
discrete spectrum with a common set of normalized eigenvectors {e,;n € N}, which
form an orthonormal basis of H with corresponding finite eigenvalues o, < 0, A, > 0,
n € N such that

oo

Z(—a;l))\n < 4o00.

n=1
(A.2) W is a cylindrical Wiener process on H with identity covariance.
Under the assumption (A.1), in [14], Miick proved the fact that

sup/ TrS(r)QS* (r)dr < oo.

t>0 JOo

Therefore, under the assumptions (A.1) and (A.2), the linear version of (1.1)

(1.2) {dZ (t) = AZ(t)dt + Q2 dW (¢)

Z0)=z€e H
has a well-defined H-valued mild solution given by
t 1
(1.3) Z(t,z) = S(t)z +/ S(t —s)QzdW (s).
0

Moreover, there exists a unique invariant measure for Z(t,x), which is the Gaussian
measure vy = N (0, —%A_IQ). If F is a Lipschitz mapping from H to H, then (1.1)
has a unique mild solution X (t,z), t>0

(14) X(t) x+/S’t—s ())ds+/t S(t—$)Q¥dW(s), t>0

If we further assume that
(A.3) for some T > 0, there exists o € (0, ) such that

T
1.5) | 57218 0@ I nyds < +o0,
0

where Lo(H) stands for the space of all Hilbert-Schmidt operators on H with the
corresponding norm || - || z, (&), then the mild solution X (¢, x) of (1.1) has a continuous
version.



ESSENTIAL SELF-ADJOINTNESS OF SYMMETRIC DIFFUSION 187

Let L be the following operator
1
(1.6) Lo(z) = -2—Tr[QD2<p(x)]+ <z,A*Dp(z) > + < F(z), Dp(x) >

with domain
D(L) = {p € C}(H) : QD*p(z) € L1(H) with sup,cy |QD%0()] 2, a1y < +00
and there exists 1 € CZ(H) such that ¢(z) = (A~ 'z) }.
Here we have denoted by £;(H) the Banach space of all nuclear operators on H. As
usual we denote by CF(H) the space of all bounded k-times differentiable functions on
a Hilbert space H with the derivatives continuous and bounded. From the arguments
in Section 2 of Da Prato and Zabczyk [11], we know that D(L) is dense in L2(H,~).
The contents of this paper are organized as follows. In section 2, we consider the
Kolmogorov equation
1 {@gg = 1TY[QD?u(t, )]+ < z, A*Du(t,z) > + < F(z), Du(t, z) >,t > 0,
’ u(0,z) = p(z) € D(L),z € H
and show the existence and uniqueness of classical solution of (1.7) under the assump-
tion that the non-linear term F satisfies the following condition
(A.4) there exists a mapping G : H — H, Lipschitz continuous on H and twice
Fréchet differentiable with bounded and continuous derivatives, such that A1 F(z) =
G(A™1z).
In section 3, we shall first establish an approximation criterion for the essential self-
adjointness of the symmetric Kolmogorov-type operator (L, D(L)) by using the general
parabolic criterion in Berezanskii [3]. We use this criterion and the result in section 2
to prove that if (L, D(L)) is symmetric on L?(H,p), ||z| is in L?(H,u) and F is
Lipschitz continuous on H, then (L, D(L)) is essentially self-adjoint on L2?(H, p).
Then we prove that if F' = QDU, where U is Giteaux differentiable on H and
such that V = eV € WY2(H,~), then (L,D(L)) is symmetric on L?(H,u) with
p(dz) = e?V(#)y(dz) and as a consequence we obtain the essential self-adjointness of
the symmetric operator (L, D(L)) on L%(H, p1) provided that F = QDU € Lip(H, H).

2. Existence and uniqueness of classical solutions to Kolmogorov equations
Consider the transition semigroup P;, t > 0 determined by the SEE (1.1)
2.1) Pp(z) = Elp(X(t,z))], t>0, z€H,

where ¢ belongs to the space By(H) of all real bounded Borel functions on H. Our
first task is to prove that P; preserves the domain D(L). Set u(t, z) = Pyp(x).
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Proposition 2.1. Under the assumptions (A.1)-(A.4), P, maps D(L) into itself for
any t > 0.

Proof.  From the assumption (A.4) on F, we know that
A7 F(z) = G(A ).
Define a new stochastic process Y (t) = A~1X(t). Then it is easy to see that Y () is a

mild solution to the following SEE

22 dY (t) = [AY (t) + G(Y (t)))dt + A~'QzdW (t)
’ Y(0) = A-1z.

Since Y (t) € D(A) a.s. and AY (t) = X(t) € L'([0,T],H), VT > 0,a.s., we
can conclude that Y () is a strong solution to the SEE (2.2) (Grecksch and Tudor [12,
Theorem 1.1, Chapter 2]).

For ¢ € D(L), there exists a ¢ € CZ(H) such that ¢(z) = (A~ ). Then

u(t,z) = Pup(z) = E[p(X(t,2))] = EY(AT'X(t,2))] = E[Y(Y(t, A™"2))]
= () (A '),
where T; is the semigroup associated to the process Y (t). From Theorem 9.17 in Da
Prato and Zabczyk [10], under our assumptions on the coefficients of (1.1), we know
that T} is a semigroup which preserves CZ(H). Now set v(t,y) = T3 (y). Then
Du(t,z) = (A~1)*Du(t, A" z),

which implies that A* Du(t, x) is uniformly bounded on H for any ¢ > 0. On the other
hand, it is easy to see that

QD?u(t,z) = (A"1)*QD*v(t, A7 z)(A™).
From this we can get the following estimate
sup 1QD>u(t, )ll,ary < sup ID*v(t, )l ey - 1A e 1A Qlley (ary < +o0.
This completes the proof.

We now consider the Kolmogorov equation (1.7). Following Cannarsa and Da
Prato [5], we say that u(t,x) is a classical solution to the Kolmogorov equation (1.7),
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if u(t,z) satisfies the following conditions
(1) For any t > 0, u(t,-) € CZ(H) and for any h, k € H, the function

[0,00) x H— R, (t,z)+—< QDu(t,z)h, k>

is continuous.
(2) For any t > 0 and for any z € H, QD?u(t, z) is of trace class and the function

[0,00) x H— R, (t,z)+— TrQD?u(t, )

is continuous.
(3) For any ¢t > 0 and for any z € H, Du(t,xz) € D(A*) and the function

[0,400) x H— R, (t,z) —~<z, A*Du(t,z) >

is continuous.

(4) u(t, z) satisfies (1.7).

Note that the so-called classical solutions are different from the strict solutions in Da
Prato and Zabczyk [10] and the K-strong solutions in Cerrai and Gozzi [6].

Theorem 2.1. Suppose that the assumptions (A.1)-(A.4) hold. If ¢ € D(L), then
u(t, ) = Pyp(z) is the unique classical solution to the Kolmogorov equation (1.7).

Proof.  The proof is analogous to that of Theorem 9.16 in [10]. From the argu-
ments in the proof of Proposition 2.1, we know that Y (t) = A"1X(¢,z) is a strong
solution to the SEE (2.2). For ¢ € D(L), there exists a function ¢ € CZ(H) such that
o(z) = ¢¥(A~1z). By applying Ito’s formula (cf. Theorem 4.17 in [10]) to the function
¢ and the process Y (t) we get

(Y (t) — ¢(¥Y(0))
= /O < DY(Y(s)), AT'Q2dW (s) > +/0 < Dy(Y(s)), AY (s) > ds

s [ < DU )G > do+ 5 [ THATQH DAY ()(AT Qs
0 0

Therefore,

(X (1)) — p(x) t
23 = / < A*Dp(X (1)), A"'Q2dW (s) > +/ < A*Dp(X(s)), X(s) > ds
0 0

+ /0 < A"Dp(X(5)), A F(X(s) > ds + /0 Tr[QD%p(X (5))]ds.
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From this it follows that

Elp(X(1))] - o(z)

= E[/ < A*Dyp(X(s)), X (s) > ds]
0
+q/<DwX@%NX@ﬁ%ﬂ+ﬂ/%ﬁ@D%M@m@L
0 0

Therefore,

dtu(t,x)

@24) —5

=0 = yTIQD*p(@)]+ < A°Dip(@), 2 > + < Dp(a), F(2) > .

Now by using the fact that u(s,z) € D(L) and the Markov property, we get

Ot ufs, 1
2.5) % = STH{QDu(s, o)+ < A*Du(s,z), > + < Du(s, ), F(z) > .
Since the right-hand side is a continuous function of s, we can conclude that u(s, ) is
differentiable with respect to s and that

Ou(s, )
0Os

2.6) = L(u(s,z)), Vs>0, VreH.

This completes the proof of the existence part. The uniqueness follows from Theorem
9.17 in Da Prato and Zabczyk [10], since our classical solution is also a strict solution
in the sense of the definition in [10].

We shall use the existence and uniqueness of classical solutions to equation (1.7)
to deal with the essential self-adjointness of a certain class of symmetric diffusion op-
erators in the next section.

3. Essential self-adjointness of symmetric diffusion operators

In this section we always assume that (L, D(L)) is symmetric on L%(H, y1), where
u is the invariant measure of the diffusion process X (¢) associated to the diffusion
operator (L, D(L)). In order to deal with the essential self-adjointness of (L, D(L))
on L%(H, u), we need the following parabolic criterion for self-adjointness.

Theorem 3.1 (Berezanskii [3, Theorem 6.13, Chapter 2]). Let B be a symmetric
operator with domain D(B) in a separable Hilbert space H and semibounded below.
Assume that there exists a sequence {B,}22, of operators in H with domain D(B,,),
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a dense subset ® of H, and b € (0, 0o] with the following properties:

(1) For any T € (0,b) and any @o € ®, there exists a sequence {pon}2, of vectors
in H with v, — o in H as n — oo along with the corresponding strong solutions
of the Cauchy problems

den(®) _ _
3.1 { 3~ — Bnpn(t) =0, t€[0,T]

Son(T) = ‘PO,naSOn(t) € D(B)>

(2) For any T € (0,b) and any o € ®

T
(3.2) /(; (u(t), (Bn — B)pn(t))ndt = 0 as n — oo,

where u(t) is an arbitrary strong solution of the following Cauchy problem

du(t)

(3.3) 7

+ B*u(t) =0 (t€[0,00)),u(0) =0.
Then B is essentially self-adjoint with domain D(B) on 'H.

Now we shall prove the following approximation criterion for the essential self-
adjointness of the symmetric operator (L, D(L)) on L*(H,p). For convenience, we
shall denote by ||u||2 the L?-norm of u in L?(H, ).

Theorem 3.2. Assume that (A.1)-(A.3) hold. Let (L,D(L)) be symmetric on
L?(H, 11) and suppose that

/ lel2u(de) < +oo.
H

Assume that there exists a sequence of mappings {F,(-)}nen, Fn € Lip(H,H) and
F,, twice Fréchet differentiable with bounded and continuous derivatives, ¥n € N such
that

(1) |Fn = F|| = 0 in L?(H, ) as n — .

(2) For each n € N, there exists a mapping G, : H — H Lipschitz continuous on
H and twice Fréchet differentiable with bounded and continuous derivatives, such that
A71F, (2) = G,(A™12).

(3) There exists a constant C > 0 such that

sup |DFn(z)|lgay < C  forall neN.
T€EH

Then (L, D(L)) is essentially self-adjoint on L*(H, ).
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Proof. Let L, be defined by
1
(B4 L,p(z) = iT&*[QD2g0(:L')]+ <z,A*Dp(x) > + < Fp(z), Dp(z) > .

with domain D(L). For ¢ € D(L), let u,(t,z) = E(p(X,(t,x)) where X,(t,z) is
the unique mild solution of the following semilinear SEE

(B.5)  dX.(t,z) = [AX,(t,z) + Fo(Xn(t, z))|dt + Q2dW,, X,.(0,2) = .
From equality (2.3) it follows that for all z € H,

Oun(t, z)

En = E((LnSO)(Xn(t’ .’L‘)))

and from this we get that there exists a constant C such that for all x € H and all
t€0,1]

Aun(t, )

o <q (14 l20)

This, together with Theorem 2.1 shows that the function u, : [0,1] — L%(H, i), de-
fined by u,(t) = E(¢(X,,(t,-)), is a strong solution of the Cauchy problem

Oun(t,z) __
(3.6) S 8(t = Lpun(t,z),t >0
un(0,z) = ()

Now, we follow the same procedure as in Albeverio, Kondratiev and Rockner [2]. By
using Theorem 3.1 we only need to prove the following convergence

1
/ (L — Lyp)un(t,-)||2dt = 0 as n — oo.
0
We have

/0 1L = L)un(t, ) adt

IN

1
/ | < Fo — F, Dun(t) > |ladt
0

IN

1
/0 1(1En = FI) - (1Dun(8) )]l
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To estimate ||Duy,(t)||, we can borrow some results from Da Prato, Elworthy and
Zabcezyk [9]. From Proposition 2.1 of [9], we know that X, (¢, z) is differentiable along
any direction h € H in the mean-square sense and V,ﬁz (t) = Dp X, (t,x) satisfies the
following estimate

V2@l < [hllettresrecs 1P5E@lcon)

< hletterel.
It easily follows that
[ Dun(t, z)|l = M:IHIIZDIIEKDw(Xn(t,x))eri’,x(t) >l
3.7 < ”ilnlzlE[HDcp(Xn(t,w))ll-HVT?,z(t)II]
< sup [ De(y)]| - .
yeH
Therefore

/0 I(L — Lo)un(t, |lzdt

< sup D) - (|1 F = FIDI,
yeEH
which tends to zero as n — oo. This completes the proof.

By using the finite dimensional approximation procedure due to Peszat and Zabczyk
[15], we can prove the following result.

Theorem 3.3. Assume that (A.1)-(A.3) hold. Let (L,D(L)) be symmetric on
L?(H, ). Suppose that F is Lipschitz continuous on H, i.e. there exists a constant
K > 0 such that ||F(z) — F(y)|| < K||z — y|| for any z,y € H and

/ lzl[2(d) < +o0.
H

Then (L, D(L)) is essentially self-adjoint on L*(H, ).

Proof. According to Theorem 3.2, we only need to construct a sequence of
mappings {F,(-)}nen which satisfies all the conditions (1)-(3) of Theorem 3.2. We
adopt the approximation technique used in [15] by Peszat and Zabczyk. We choose a
sequence of non-negative smooth functions {p,} such that

supp(p) € (€ € R": [€lnn < -}
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and

[ oalerie=1.

Let P, be the orthonormal projection of H onto span{ey,---,e,}, where {ex}32; is
an orthonormal basis of H as given in (A.1). We will identify R™ with span{e;,---,e,}
and set T,& = > -, &;e; for £ € R™. Now we define the mapping F,, : H — H by

(3.8) Fo(z) = /R pnl€ — Puz) F(To8)de.

Then F, is twice Fréchet differentiable with bounded and continuous derivatives for
each n € N. Moreover, for all z, y € H and n € N,

1Fa(@) = Fa )]
I [ oulQF(Tat + Pr) = F(Tot + Prile]

IA

KIP@ =9l [ pale)ie
< Kz,

This implies that sup,cy [|[DFn(z)| )y < K, ie. {Frn}lnen satisfies condition (3).
For condition (1), we have

1P — FI3

-/ } [ e~ P FT )06 - Fia)

_ /H “ / (pnl€ = Paa)F(Tn€) — pa(§)F(2))d

du(z)

2
dp(z)

IA

/H [ / i P (&) |F(Tné + Poz) — F(z)|| dg] ’ du(z)

IA

2
/ [ K | Taé + Poz — 2 pn(s)ds] d(z)
H R™

IA

27| [ pute) Ilflldfr ()
+2K2/H | Poz — z||?du(z)

2K? 2 2
< S ut)+2K* [ [P - 3lPdu(a),
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which tends to zero as n — oco. For condition (2), we only need to show that there
exists a sequence of mappings {Gn(-)}nen such that G, € Lip(H, H), G, twice
Fréchet differentiable with bounded and continuous derivatives for each n € N, and
A7'F,(z) = G,(A™'z) for all z € H. In fact, by setting

(9 Galt) = [ pal6 ~ APW)AT (T,

we can easily check that {Gp(-)}nen is the required sequence. This completes the
proof.

In the following we consider a certain class of symmetric diffusion operators which
satisfy the conditions of Theorem 3.2. Suppose that F' is of gradient form, i.e. F =
QDU, where U is Giteaux differentiable on H. We shall prove that (L, D(L)) is
symmetric on L?(H, p) with pu(dz) = e2Y(®)~(dz), under some conditions on U. For
this we need an integration by parts formula with respect to the Gaussian measure -y
on the Hilbert space H (cf. Lemma 2.1 in Berezanskii and Samoilenko [4]).

Lemma 3.1. Let f and g be bounded differentiable functions on H with bounded
first order derivative. Then for h € D(Q™1A)

/ < Df(z),h > g(z)1(dz)
H

/ @)= < Dg(a),h > —2 < 2,Q" Ak > g(z)}y(dz).
H

(3.10)

We denote by Dy the derivative in the direction e;, kK € N. From Lemma 3.1,
it easily follows that Dy is closable for any k¥ € N. For simplicity, we shall still
denote by Dy, (k € N) the closure. Now we introduce the Sobolev space W'2(H, 7).
We denote by W12(H,~) the linear space of all functions f € L?(H,~) such that
Dyf € L*(H,~) for all k € N and

/ |Df|*(dz) / \Dy f(2) P (da) < +oo.

Then it is easy to see that Lemma 3.1 holds for f, g € WY2(H, 7).

Now we prove the following result.

Theorem 3.4. Let (A.1) be fulfilled. If F = QDU, where U is Gdteaux differ-
entiable on H and such that V = eV € WY2(H,~), then (L, D(L)) is symmetric on
L2(H, p) with p(dz) = e2V@)y(dz).
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Proof. From the assumption V = eV € W12(H, ), it follows that

/ | DU u(dzr) = / | DUV (dz) = / |DV[21(dz) < +oo.
H H H

Moreover, from Theorem 2.4 in Aida, Masuda and Shigekawa [1] or Proposition 2.4 in
Da Prato [8], we have

/ le|2u(dz) < +oo.
H

Therefore, from Lemma 3.1 and by using the same arguments as in the proof of
Proposition 2.1 in Rockner and Zhang [16], we obtain for h € D(Q'A) and all
fr9 € Cy(H)

o /H < Df(z), h > g(z)u(dz)

= / f(@)[- < Dg(x),h > =2(< z,Q"YAh > + < DU(z), h >)g(z)]u(dz).
H

For fixed e € D(A) and any f,g € D(L), we have
< QD%f(z)e,e >=< D(< Df(z),Q%e >),Q%e >, z € H.

By using (3.11), we obtain

/H < QD*f(x)e,e > g(x)u(dz)

/H < D(< Df(x),Qke >), Qe > g(z)u(dz)

(3.12)

/H < Df(2),Q}e > [~ < Dg(x), Q¥ e >u(de)
~2 [ <Df),Q¥e > <2,Q7 AQke > (a)u(da)
H

—2/ < Df(z),Q%e >< DU(z), Q% e > g(x)u(dz).
H

Note that if e is an eigenvector of A and @) with the eigenvalue o and A respectively,
then

< Df(z),Q%e >< z,Q 'AQ%e> = a<Df(z),e><z,e>
= < Df(z),ae >< z,e>
< A*Df(z),e >< z,e>.
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Then we have
| QD f@lg(eutdo)
= /H Y < QD*f(z)ej e; > g(z)u(dz)
j=1
-3 < QD*f(x)ej,e; > g(x)u(d
Z‘:/H x)ej, e; > g(x)p(dr)
= —Z/ < Df(z),Q%e; >< Dy(z),Q%e; > u(dz)
i=17H
(3.13) o0
—22/ < A*Df(x),e; >< z,e; > g(x)u(dz)
j=1"H
23" [ <Di(@),Qte; >< DU(@), Qe > gloulde)
=178

__ /H < QbDf(2),Q} Dy(z) > p(dz) — 2 /H <2, A*Df(z) > g(x)u(dz)
) / < QDU(2),Q*Df(z) > g(x)u(dz).
H

We have interchanged summation and integration four times. This is valid because of
the following estimates:

(3.14) Zl < QD*f(z)ej,e; > | < sup 1QD? f ()|, ()

3.15) " <QiDf(z),e; >< Q3 Dg(x),e; >< |Q?Df(a)|| - Q% Dy(x)|

j=1

(3.16) 1Y < A*Df(2),¢; ><z,6; > | < |A"Df(2)|| - |l
j=1

and

3.17) |Y < Df(z),Q¥e; >< DU(x),Q%¢; > | < |Df (@) - [QDU(x)]
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where x € H, and n = 1,2,---. From the expression (1.6) for the operator L and
(3.13), we obtain

3.18) /H Lf(@) g(a)u(dz) = /H < Q}Df(z),Q* Dy(x) > ulda).

This shows that (L, D(L)) is symmetric on L?(H, p).

Combining Theorem 3.3 and Theorem 3.4, we immediately conclude the following
result.

Corollary 3.1. Suppose that (A.1)-(A.3) hold and the condition of Theorem 3.4
is fulfilled. If we further assume that F = QDU € Lip(H, H), then (L,D(L)) is
essentially self-adjoint on L?(H, p).

REMARK 3.1. As the authors of [2] pointed out, it is often important to choose a
domain of essential self-adjointness for L which only contains cylinder functions. We
denote by FCg°(H) the set of all functions f on H such that there exist n € N,
li, -+,ln € D(A*) and ¢ € C°(R™) such that

flx)=p(<z,ly >,---,<z,l,>), z€H.

We can use similar arguments to the ones in the proof of Lemma 6 in Albeverio, Kon-
dratiev and Rockner [2] to show that the closure of (L, FCp°(H)) coincides with the
closure of (L, D(L)) in L?(H, u). From this, we can immediately conclude from The-
orem 3.2, Theorem 3.3 and Corollary 3.1 that the set FCg°(H) is a domain of essential
self-adjointness for the symmetric diffusion operator L on L2(H, p).

Finally we provide two examples.

EXAMPLE 3.1. Consider an open cube A := (0,7)®? in R? and set H = L?(A,
2
d€), where d¢ denotes d-dimensional Lebesgue measure. Let A = Zle 5%; denote

the d-dimensional Laplacian and let (Ap, D(Ap)) denote the Friedrich’s extension of
A on C§(A). Let m > 1 and set B = (m — Ap),D(B) = D(Ap). Then B has a
complete set of eigenvectors

Bey = (m + |k|?)ex := oxer, k € N¢,

where

B2 = K2 4+ (b, ) € N,
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and

exl€) = (23 sinlity) ---sim(kaca).

Let B4 >0 and let B+ (4 > 4. Set A= —(m—Ap)P4 and Q = (m— A,)~P. Then,
according to Lemma 28 of [14], the assumption (A.1) holds under the above conditions
on  and B4. Now we verify the assumption (A.3), i.e. there exists o € (0, %) such
that

T
/0 s72%|1S(s)Q% |2, (sryds < +o0.

For this, we need to decompose the above conditions on 3 and 3,4 into the following
three cases
G 6> % and B4 > 0; in this case, for any ¢ > 1, we always have

(i) B8 = % and B4 > 0; in this case, for any ¢ > 1, we also have

,8+’@—A>g.
q 2

(iii) B < % and B4 > % — (3; in this case, for any q € (1, ﬁ_"ﬂ), we have

vl

d
ﬁ+ﬂ—A>—.
q 2

Let p be the conjugate index of g, i.e.

In any case of (i)-(iii), by using Holder inequality, we have

T
/0 5228(5)QH |2, s, ds

T
— 1 1
/ s Z < e Qe e Qe > ds
0

kENd

T oA
E O'k_ﬂ/ s 2= 259" g
0

keNd
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T Ba 1 T Ba 1
< 3o / R e / 957t 4}
keNd 0 0
T —qTa'ﬁA
% — d)Pa _g;l—e LR
< ([ et 3 o (LT
0 keNd 90k
T 8 ! —(B+44)
< {/ g—2pa g —ps(m+d) “ds}® Z or a)
0 keNd
Since
d
ﬁ + IB_A > )
q 2

thus according to Lemma 28 of [14], we know that

- Ba
> Uk(ﬁ+ ) < oo
kENd

On the other hand, if we choose o > 0 such that 0 < 2pa < 1, i.e. a € (0, 9—2—_‘1—1), then

T
/ s~ Wag—ps(m+d)’Ago oo
0

Therefore the assumption (A.3) holds for a € (0, 92_—(11)
Let x = z(£) for £ € A. Define a differential operator L with domain D(L) as in
(1.6) with F' defined by

F(z)(€) = Qf (z(€)), V€ € A,

where f satisfies the following conditions

(M) f(-) € C*(R).

(2) For any z € H, fox € L'(A) and f(t) <—K;t? + K, for some positive constants
K 1 and K2.

@3) |f (t)| < K3(1 + |t|) for some constant K3 > 0.

(4) supycr |f” (t)] < K4 < oo for some constant K4 > 0.

Then the coefficients of the differential operator L satisfy the conditions of Corollary
3.1. In fact, by setting U(x) = [, f(z(£))d¢ and V(z) = eV@), then obviously U €
C'(H) and from the condltlon (4) it follows that FF = QDU is Lipschitz continuous
on H. On the other hand, for h € H we have

DV(@)| = | / £ (@(€)h(€)de - exp / £(2(€))de]
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< e Kol +Ka (o (1 + ||z)2)} 2 - |4
ek2 2

< —° _ _\2K,(1 %)z

S Trr e Y e el A

< Ksllhll,

where K5 is a positive constant depending only on K, K2 and K3. This shows that
V € C{(H). Thus according to Corollary 3.1, we know that the differential opera-
tor (L, D(L)) defined as above is essentially self-adjoint on L?(H, u) with pu(dz) =
e2V (@) (dz).

EXAMPLE 3.2. Let H = L%(A, d€) and let the operator A, Q and the function F'
be defined as in Example 3.1, with f € CZ(R). Then the hypotheses of Corollary 3.1
are satisfied.
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