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0. Introduction

In papers [11], [12] (which will be called henceforth part I and part II, res-
pectively) we developed some abstract results about existence and uniqueness
of solutions of Cauchy problems related to degenerate evolution equations which
might be put under the general pattern

(0.1) % (M(t)u(t))+L(E)u(t) = f(t, u(t)), for every t[0, 7]

where L, M are linear operators, possibly depending upon # (we shall call it the
time variable, as opposed to the variable x of the functional space in which u(z)
lies, to be referred to as the space variable); more precise assumptions will be
made in each particular case.

In parts I and II the technique involved deeper abstraction, leading to study
of (0.1) as a particular case of more general, quite algebraically-looking equations:

(0.2) BMu-+Lu = F(u)
or even
(0.3) BMu = f(u);

here, we recall or restate in the specific case those results: while doing so, we
hope to make this part reasonably self-contained.

A remark about style: the assumptions which work are sometimes rather
lengthy, the details cumbersome; we choose therefore not to seek maximal gener-
ality; in some applications, we do not emphasize degeneration, even though we
might introduce it throughout, and stress nonlinearity. Sometimes assumptions
could be weakened: we often label ‘regular’ (=‘of cass C"’) something which
could have been differentiable, plus something better, or even less, as well. At
first, problems and equations are formally stated, i.e. without precise assumptions
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about objects involved: these will be made clear after appropriate discussion, and
the cooperative reader should understand better the aim of some postulations.

Here is the plan of this part: §1 contains a discussion about linear problems
related to (0.1), that is, the case findependent of u. In 1.4 (Example 1) we study
the nondegenerate linear case M=identity, L=strongly uniformly elliptic; in
1.5 (Example 2) a more specific framework is involved, as L (), M(t) are related
to quadratic forms in Hilbert spaces. These two examples are rather general
models, recorded for future reference. A first application, to degenerate inte-
grodifferential equations follows (1.9). It is nearly impossible to give a full bi-
bliographical discussion of this topic, studied extensively by many authors: we
refer mainly to the beautiful papers of Lunardi and Sinestrari [19], and Lunardi
[18]: in the former the ambient space is A” (little-hoelder continuous functions),
but the calculations may be adapted to the C* case (personal communication of
Prof. A. Lunardi to the second author); in the latter a more general type of
kernel than ours is considered, but in the framework of a-hoelder continuity.
In §2 we show how to reduce into form (0.1) some other equations, and obtain
new existence results (theorems 4 and 5), in case of a truly nonlinear right-hand
side. In §3,4 we give the main applications: to semilinear equations (3.1), de-
generate semilinear equations in Hilbert space setting (3.2), fully nonlinear equa-
tions in spaces of continuous functions (3.3), degenerate parabolic equations
(3.4), higher dimensional problems (3.5, 3.6), abstract Navier-Stokes equations
(4.1 and 4.2); finally, in 4.3, we discuss shortly the equation «'(¢)=F(— A(t)u(t)):
references will be given when appropriate.

Notations are rather standard: see however part I; as a general remark, we
use the 9-notation for partial differentials even in the abstract case: this should
cause no confusion.

Unless otherwise stated, constants C, &, -+ are meant to be positive numbers
independent of the relevant parameters; they are subject to numerical change
even from step to step.

1. Linear Problems
Recall that we are concerned with concrete instances of the abstract equation
¢)) BMu-+Lu = F(u)

where B is a closed invertible linear operator in E,, L, M are closed linear opera-
tors from E, into E, (two complex Banach spaces), F is a (possibly nonlinear)
mapping from a subset of E, into E;. The equation

) BMu = f(u)

may be put into the form (1) conveniently if e.g. f is differentiable at a point
4, € E,, since then (2) becomes
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BMu = f'(u,) u+G (u)

with G(u)=f(u)—f"(u,) u.

Let us now restate the assumptions of parts I (§3: (H1)—(H3)) and II

(§3, Theorem 1) concerning (1):

(A) 9D(B)is dense in E, and V 2E€C, |z—arg 2| <p<=/2, B—=zI is
invertible, with ||((B—zI)™; L(ENI<S<C1+|2])7";

(B) L, M are two closed linear operators from E, into E,, with L
invertible and 9 (L) S 9 (M); moreover, if ¢ is as above, and >0
is small, we suppose that V 2&C, |arg 2| <z —¢p+E there exists
L(zM+L)™ and | LzM+L)"; LE)I<C;

(©) let T be a path in the complex plane parametrized by t—
t exp (F1®), t=>a,>0 (we put D=z —¢+E&/2 for short), and by t—
a, exp (i), || <D; we set V=Vy=(E,; D(B))s,.. with 0<0<1, T=
ML™, and assume that there exists § such that (s.t.) for every
€T the commutator [B; (27+41)7'] has bounded extensions as
an operator from E, into itself and from V, into itself as well,
with bounds max {||[B; (xT+1)"1; L(E)Il, lI[B; (xT+1)");
L)} <C(1+12])” with suitable o <[0, 1[;

(D) Let >0 and write S; for the closed V-ball at the origin with
radius r. Assume the existence of «, 8s.t. 0<B<«k,
|F(L™ h); V||<re V hE S,

IIF(L—Ihl)_F(L_lhz); VII<Bllh—hy; VI
V hy, h,eS,, with 6 held fixed as previously.
We obtained in Part IT (§3, Theorem 1):

Theorem 1. Let (A) through (D) hold true. Then (1) has exactly one
solution u with Lu in V="V,

We may restate easily the preceding theorem in the linear case, in which
case assumption (D) may be consistently weakened.

Proposition 1. Assume (A), (B), (C), and let F(u)=Ku-f with fEV, and
KeB(L(L),E): If KL™'e _L(V,) has norm suitably small, then (1) is uniquely
solvable in such a way that LucV,.

Note that, if KL™! commutes with B (that is, for every u€ 9 (B), KL ue
9D(B) and KL™* Bu=BKL™" u) then KL™'€_L(V,) by interpolation.

1.1. First of all, let us write down the linear problem we shall be concerned with:
d% (M(5)u(®)+L(#t)u(t) = f(t), t€[0, 7]
(M (@) u(t))s=o =0

(LP)
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and record for future reference some assumptions about it:
{L(?), t<[0, 7]}, {[M(2), t<][0, 7]} are two families of closed linear operators
from Y into X (X, Y complex Banach spaces) such that:

(1) L(2) is invertible for every t[0, 7];

(i) D(L(2) S D(M(2)) for every t<[0, 7];

(1ii) t—M(t) (L(¢))™' = T(?) is a continuous mapping [0, 7]—-L(X);

(iv) t—(L(¢))"" is continuous as a mapping [0, 7]=L(X, Y);

) ETO+D)™ L& = ILE) GME+LE) ™ LE)<C
VzeC with Re 2>0, Vi<[0, 7];

(vi) t—=M(t) (L)) = T(¢) is a CP mapping [0, 7]—L(X);
VzeC with Re 2>0

12 IO+ LEOISCA+ =), peld, 1;
(vii) ") —T"(s); L(X)N<Clt—s]", €€]0,1].
Presently, let us keep f, w, undefined.
1.2. Lemma. Under (i)—(vii), the estimate

12 GTO+D7 =2 GTO+D™ LEOISClt—sl(1+ 121,

holds for every t,s€[0, 7], 2 C with Re 2>0 with exponents &, p, as in (vi)—(vii).
Proof. We simply work out the calculations:
O (eT(t)+ 1) =2 (T (s)+1) =
ot Os
= 2{(=T()+1) ' T'(s) (kT (s)+1)'—(=T@®)+I1) T'(t) (:T(@#)+1)7"} .
Since

ET )+ =(=T@O)+)™

I

Ss 0 (aT(x)+1)" dx,
t 0x
we obtain

T @)+1)"'—(=T(s)+I1)"; L(XILC |t—s|(1+]2])'",
whence the lemma follows easily.
1.3, Let us now choose E,=C,[0, v; X], Y(B)={ucsC"[0, r; X]; u'(0)=0}

with Bu=u'; it is well known that (E,, 9(B))s .. is C{[0, 7; X], the space of
continuous X-valued functions # on [0, 7] s.t. #(0)=0 and

b

. O® . _ } || u(t)—u(s); X||
llu; CP[0, 7; X]I| = gggsgllu(t), X“+§s1}27—_17——s!—°_—
tT

to be written henceforth || ||u]| ||, is finite.
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Fix 0 €]0, €]: for every uc C§{[0, 7; X] and 2=C with Re >0

1o GTO+D) w2 GTEH+1) u(o); X1
<Clt=s|* (111 F7lult); Xl4+C(1-+ |21 llu(t)—u(s); X

by the lemma, so

|51 L GTO+D w0~ L2 (T(O+1)] u(9); X
<CA+ 1=l el |l -

Hence, by (vi)

I[B; (zT+1)7]; LEI<C(1+[2])"",

I[B; (zT+1)7"}; LVlI<C(i+]=])",
since now the commutator is a multiplication by % RT@®+I1)"
After repeated interpolations ((E,, V,)e..= V., Yo €]0, 1[), we get

IIB; (zT+1)7"); L(Va)ll<C(412])7"*.

We therefore claim that an estimate like (C) holds in every V,(0<<v<p€) if
p>c>0. Note that at best, when p, & equal 1, we may allow 0<<v<<1l. So,
from Theorem 1, we deduced

Theorem 2. Let 0<v<pé&, (i)-(vii) kold, and fix any f&€ C™[0, 7; X], w,E

X s.t. wy(=T(0) v)E R(T(0)) and (f(0)—vy—T"(0)v) € R(T(0)). Then (LP)
has one and only one strict solution u s.t. L(+)u(-)€C™[0, v; X].

1.4. Theorem 2 has some interest even if (LP) is not truly degenerate:

ExaMPLE 1. Let Q be a bounded C™ domain (=open connected set) in
R". We assume that

A(t, x; D) :w%}m at,x) D%, x€Q

is strongly elliptic, uniformly in ¢<[0, 7] and that for every ¢ the a,’s with ||
=2m are continuous in {, while the lower degree terms a, with |a|<<2m are
only assumed to be L=(Q), all being C in ¢, with

max max sup 2, (t x)——ak— a,(s, x)‘<th——s|"

k=01 lwj<tm ze@ | OfF o -
for every ¢t,s€[0, 7], & being a suitable exponent in ]0, 1].

Introduce next a normal system of boundary operators
i= Bj(t}y, D) = 2 bj,ﬂ(tly) Dﬂ (yea‘Q‘)] = ly "ty m) )

1BI<m(j)>
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and suppose that the assumptions in [28, p. 140] hold.
If we fix p, 1<p<<+-o0, and define

DLR) = {ucsW™(Q), Bi(t, -; D)u(-) = 0VYt€[0,7],Vj=1,-,m},
L(@t)u= A(t, «; D)u(-), Vi€[0, 7], uc D(L(2)),

M ((t) = the identity operator I,

X=Y=L1/Q):

it is known that (i)—(vii) are satisfied [28, pp. 140-144], so Theorem 2 applies
to the L? realization of the problem

% W)+ A, -, D) u(t) = f(2), t€[0, 7]
(#6(2))1=0 = 25
if wy, f are ‘good’ data in the sense of Theorem 2.

P. Acquistapace and B. Terreni [2] have shown that under similar condi-
tions, it is possible to deduce all estimates (i)—(vii) when L?(Q) is replaced by
C(Q2), so our theorem applies within this framework as well, provided we choose
suitable f, w,.

1.5. Kato and Tanabe in their basic work [15] gave a quite general example of
a family of operators {L(t); t<[0, 7]} with time dependent domains for which
all the preceding conditions hold with p=1/2. They developed it in terms of
a sesquilinear form in a Hilbert space; we give now another example which is
reminescent of Kato and Tanabe’s one.

ExampLE 2. W, V, H are complex separable Hibert spaces with dense and
continuous inclusions VG WCH; we identify H alone with its own antidual,
thus obtaining HG W'V’ densely and continuously.

For every t<[0, 7], let sesquilinear forms ayt; +, *), ay(t; -, ) in V, W
respectively, be given; suppose that for every u, v, x, 3, ¢

lag(t; u, v)| <Cllu; Vil llo; VI
|a(t; %,9)| <Clix; Wil lly; W,
Re ay(t; u, )2 Cllu; VI,
ay(t; x, %)=>0
As for the t-dependence, assume that t—ay(¢; «, v), t—>a,(¢; x, ¥) are C® functions
for every «, y, u, v, and are s.t.
la3(z; uy v) | < Cllu; Vil o5 VI
lai(t; x,¥)| <Clay(t; %, )]
la(t; u, v)—aq(s; u, ) | <Cllu; Vil llo; VI [t—s]*®
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lai(t; x, y)—ai(s; x, )| <Cllx; Wl ||ly; W|| |t—s]|*

with an exponent € in ]0, 1] and constants independent of time, for every , y,
#,v,t,s. Here the primes denote differentiation with respect to time.
For any t€[0, 7], we define

V = D(L(¢)), K(L(2)) u,vDy = ay(t;u,v) and
W = DM (), (M) %, you = ay(t; x,9) Yu,veV,Vx,yesW).
It is easy to check that (i)—(vii) hold with p=1; note only that
(LA™ = —L@)*L'# L), and
HL@O'=LEO 1L VISCle=sIf V5
since
WL@—LE)]u; VIISClt=s|lu; VI,
it follows that
L'~ L)) L&V, VIC [t—s]*
Quite similarly,
H[M(5)—M(s)]; LV, VI<C|t—s]
and
I [M ()= M (5)]; LV, VIISClt—s]*.

We obtain information about variational solutions of (LP), when M, L are ses-
quilinear forms: in other terms, our solution to (LP) is also, in particular, a solu-
tion of

—(wo 2O~ | at, ), ' ®) dt+{ at ue), o) dt = || f(t) o(t)

for every ‘test function’ v CP[0, 7; V] s.t. v(7)=0, (-, -) being the duaiity bet-
ween V and V.
Now, look for a bounded domain Q in R" with regular boundary 99, and

put

+c(t, x) uv] dx

n Ou dv
atn, o) =31 | lay(t, ) 2100

Xj

where u, vEHi(Q)=V L Q)=H. The coeflicients are supposed to be con-
tinuous on [0, 7] X & with Lipschitz continuous time derivatives, and s.t. V(¢, x) €

[0, 7] <&

A,Zlaij(t) x) 2 512')’ 21 |z'_{2 V'zl) ) anC )
ij= i=

c(t, x)>0.
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As for a,, choose
ay(t,u,v) = Sn m(t, x) u(x) v(x) dx

with m continuous and nonnegative on [0, 7] xQ. The key condition on m,
which allows an application of Theorem 2 is:

.., Om . .
there exists T as a continuous function, and
t

(3)
|L %—? (2, x) u(x) v(x) dx| < | Sn m(t, x) u(x) v(x) dx |

Clearly, (3) holds if we may separate variables, i.e. m(t, x)=Fk(t) m,(x): in this
case we require m, continuous and nonnegative, k of class C” and nonnegative,
and moreover |k'(t)| <Ck(t) for every t€[0,7]. Another possible choice for
a, is

atu,0) = |, 0,69 Fo0 2] ds

if Z} b,,(t %)2;2;20V(t,x)€[0,7] xQ and ¥V 2,, -+, 2,EC': clearly, the b,,'s and
thexr derivatives 0b;;/0t must satisfy natural conditions.
We end the section with some remarks.

RemARKS. 1.5.1.  If the M'’s have uniformly bounded inverses in .L (W, W’)
(i-e., Cllu; WIILI|M(t)u; W||KC’|lu; W|| for every u in V=W), we obtain,
with our notations, a,(t; u, u)>C|lu; W[|*; now, an assumption |ai(t;u,v)|<
Cllu; W\ |lv; W|| implies readily

T @)+1); LW, u% (=T +1)"; LOVY|<C.

Hence, if
a(t; u, w)2C|lu; WP
lai(t; u, v)—ai(s; u, 0) | < Cllu; Wl llo; WI| |t—s]|*
for every u, ve W and for every ¢, s€[0, 7]

Theorem 2 applies immediately: this fact allows us to handle Sobolev-type equa-
tions.

1.5.2. Let M€ L(H)be a nonnegative (bounded) operator. If we put a,(»,v)=
{Mu,v>y and aq, is as before at the beginning of Example 2, we get

Re na,(u, u)+ay(t; u, u)>Cllu; V||* for everyucsV :
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using again Theorem 2, we may then study degenerate equations of the type
L (Mu(®)+Lit) u(t) = £, t< [0, 7],

when f is in C™[0, r; V"].

1.6. Now, we turn to a problem of the form

| 25 (@) ) +LO) we) = ¢, ue), 110, 7]
(M (yu(2)) =0 = w,

where the families {L(#); t<[0, 7]}, {M(t); t<[0, 7]} are as before.
We assume that there exists a continuously embedded Banach space Y,
Y, »>0, exponents «, 8 in ]0, 1] s.t.

(NLP)

(H) L) '—L(s)™"; L(X, Y)IIKC|t—s|® for every t,s€[0, 7] ;

(K) (¢, ¥)— f(t,y) is a C mapping from [0, 7] X U into X, U being an
Y;-neighborhood of u,€ Y, N 9(L(0)); f satisfies

12 (2, )= 2 (5, 9); L(Y, X)I<C(Jt—s]P+llx—y; Vi)
ox oy

for every t,s€[0,7] and Vux,yeU

ng—{c 0, u); L(Yy, X)I<7 ;

(L) w(= MO) ) ERMO) and f(0, u)—(T'(0)+1) L(0) toe R(T(0)).
Part II (§4, Theorem 2) then allows us to state
Theorem 3. Let (i)-(vii) together with (H), (K), (L) hold, and assume 0<

v<p€, v<a, BL1. If 7,y are sufficiently small, then (NLP) has a unique strict
solution u s.t. L(+)u, dldt (M(+)u(+)) are in C™[0, r; X].

1.7. Let now see what Theorem 3 implies in an interesting linear case. Let
{L(?);t=[0, 7]} be a family of operators with time-independent domain D;
suppose moreover M is a closed time-independent operator from Y into X s.t.

. L'(HeCo, r; L(D, X))
* { IL(0) (2M+L(0))"; L(X)I|<C VzEC, Re 2>0.

Note that no further condition is actually required on L(z), £>0.
The linear problem

(LP1) { L (M) +L0) ) = ho), 110,

(Mu(t))1=0 = o
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may be seen as a particular case of (NLP) with L(0) instead of L(t); we put
f(t,u) = [L(0)—L(2)] u+h(z), [0, 7], uD .

Suppose D=Y, (see (H), (K)): then (3f/0u) (0, 4,)=0 and (K) holds if ke

C™[0, 7; X] and

(5) Il—;% (t x)“%(s,y);-f(D;X)H = IL@#)—L(s); LD, X)||<C|t—s|P

for every t,s€[0, 7], Vx,yeD. Since
LO) [L(®)™' = L(9)™"] = —L(0) L&) '[L(&)—L(s)] L(O)"[L(0) L(s)™"] ,

(5) becomes the well-known Tanabe condition (see e.g. [28, p. 118])
L) [L(#)™'—L(s)™']; L(XNI<C |t —s]"

when there exist L(¢) ™! together with constants a, b such that

allL()#l| <L <BIL(xll VxeD, te[0,7].

Statement (L) becomes the following compatibility condition at t=0:

(6) h(0)—L(0) uy& R(ML(0)™").

So, we have shown

Theorem 3'. Let (4), (5), (6) hold: then for every heC® [0, r; X], (LP1)
has a unique strict solution in [0, 7], provided v is sufficiently small. In this case,
strict solution means: L(+)u(-) is of class C* with 0<v<B if B<1, O<wv<1 if
B=1.

A crucial remark is that under (4), (5), (6) we can only hope to find a local
result, as one will understand by means of the following simple counterexample.

Let — A generate an analytic semigroup in X, and € be >0; then consider

u'(t)+EAu(t) = (t—2€) Au(t), t&]0,4 oo, u(0) = u, ;
there is no strict solution on any [0, 7] if v>2€; nevertheless, our Theorem 3

applies, since

O (0,u) = —2¢4.
ou

1.8. If it is possible to apply Proposition 1, we may weaken the assumptions
about regularity in Theorem 3’. If heC® [0, 7; X] with 0<vr<B<1, v<1,
h(0)—v,=h(0)— L(0) uy=ML(0)™* v,, and
F(w) (2) = [L(0)—L()] L(0)™* w(2)+[L(0)— L(2)] L(0)™" [wo+22,]+R(2)—h(0)
—tv, = K(w) (£)+(?),
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it will suffice to observe that

2€CM[0,7; X] and (KL 'w) (t) = [L(0)—L(t)] L(0) *w() imply
(KL ') (2); X|| < CtPllw(t); X|| < C'v**||lw; C§[0, 73 X]II, so
[t—s| ™Y [I(KL™") w(t)—(KL™) w(s); XI|
= [t—s| ™ [I(I—L(2) L(0)™) [s0(£) —w(s)]— (L&) — L(s5)) L(0) 'er(s); X]|
< C"{7Bllw; C[0, 75 X[+ |2—s|P~ 7¥lw; CE[0, 75 X]|I}
<C"” P|lw; CM[0, 7; X]Il .

If we choose a suitably small 7, we obtain

Corollary 1. Let 0<v<pB, v<l, and suppose that (4) holds, without
differentiahility, together with (5) and (6). If h&C™[0, r; X], h(0)—L(0) uyc
R(M(L(0))Y), then, if >0 is suitably small, there exists a unique strict solution
u of (LP1) on [0, 7], such that L(+) u(-)€C™[0, r; X].

ExampLE 3. If we turn now to the pattern of Example 2, with the same
notations V, W, H, a,, a,, suppose q, independent of ¢, and

lay(t; u, 0) | <Cllu; V|| |lv; V|

lay(x, ) | <Cllx; Wl ly; WII

Re ay(t; u, u)>Cllu; V||

a,(x, x)=0

lao(t; u, v)—ay(s; u, )| <Cllu; V| [lo; V| |t—s|?
las(t; u, v)—ai(s; u, ) | <Cllu; Vil lo; V1| |t—s]|°

(E)

for every x,y,u,v,t,s (¢€W and so on) with suitable exponents a, 8]0, 1],
we see that conditions (4) and (5) are satisfied: see [28, pp. 144-145]; if uy, &
do satisfy (6) we may apply theorem 3’ to (LP1). It is also easy to apply corol-
lary 1, under suitable conditions.

1.9. ArpricaTiON 1. (Integrodifferential Equations). We turn now to the
study of degenerate integrodifferential equations (IDEs for short).

Let us see presently how to work with Proposition 1 and Corollary 1 to
Theorem 3’ in the case of a problem

L (o ue)+ Lo u(e) = || K(t—9) u(s) d+£(0), 1[0, 7
(M(2) u(2))e=0 = w0

(LP2)

concerning a degenerate but linear IDE,
For the sake of simplicity, we suppose that L, M, satisfy (i)—(vii) with
&=p=1, and that the operators K(z, s) L(s)™* lie in .L(X) V (s, #) in the triangle
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{(s,)eR?; 0<s<t<t}=A: a particular case might be K(¢, s)=k(t—s) L(s)
VY (s,t)eA, with k(u)eL(X)Vuc]0, r]; moreover they must satisfy (o), the
following set of conditions:

(°): K, s) L(s)™; L(XILClt—s| 7"V (s, t)eA, with ye<[0, 1],
|K(t',t'—s) L(t'—s)'—K(t’,t'—s) L(t'—s)™"; L(X)|SC|t'—t"|",
V¢, ¢ such that 0<t' <7, 0<t’' <7, O<s<t’, O<<s<t”’
with suitable @}, 0<a,;<1 (such a kind of bounds are used e.g. in [20],
(-

If

(00)  f(O)=(+T'(0) 2, € R(T(0)), v=L(0)u, and w,= M(0)u,

then (LP2) may be translated into

(LP3) [ % (TOw®)+u(t) = || K(t,5) L) w(s) ds-+h(s), €0, 7]
(T(6) w(t))o = 0

where /£ is defined by
W) = f@)+ |, K(t,9) L) fotsol di—[1+ T0)] oo [T(@)+T'(O+1] v,
and
7(0) v, = fO—[+T' (O] v

Let us choose f in C®[0, 7; X] with 0<]0, 1[, 6<min {l1—v, a;}: if we
look for an application of Proposition 1 we must only prove that YVwe&C{®
[0, 7; X] we get

IF (w); CP[0, 7; X< Cllw; CP[0, 7; X]||
for a suitably small conxtant C, where F is defined by
F(o) () = S: K(t,9) L(s)™ w(s) ds (= S' K(t, t—s) L(t—s)" o(t—s) ds) .
0
We estimate F (o) (¢) by
t
IF @)@ X< (| 57 ds) sup llo(o)l
0 0<s<t
<C"pr (ossug s} wo(s) —w(0)I])
<C” 77 lwll ]

Let us choose 0t/ <t'<r:
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F(a) (¢)~F(@) () =
S: [K(t, t'—s) L(t'—s)"'— K (", ¢ —s) L(" —5)™"] w(t'—s) ds

+S; [K(t”, t/l_s) L(t//___s)—l] [a)(tl—S)—a)(t”——s)] dS
{0 K@, =) L= o ) ds

so
‘/I
2" IIF (@) () —F (o) (¢"); XNC(| 12727172 ) 771 ol |
t/
+er ol 4], s dsy 7ol ol < C7 ) flall 12— 112
We have obtained the following theorem.

Theorem 3'/A. Let (i) through (vii) hold with E=p=1; suppose (°) is true,
and let 0<0<1,0<min{l—v, a,}. Then ¥fcC®[0, v; X] such that (°°) holds,
(LP2) has a unique solution u defined on a suitably small interval [0, 7], such that
dldt M(.)u(.), L(.)u(.) are in C®[0, 7; X].

Now, we want to apply, while solving (LP2), our Corollary 1 to Theorem 3’;
so we assume presently that (4), (5), (6) hold, apart possibly from differentiabi-
lity of L(#). Moreover we stipulate that K(¢,s)e.L(D, X) for 0<s<t<t and
(e00)  |IK(t, ti—s); L(D, X)I<Cs|™,

Vs, t, such that 0<s<t,<7, with &[0, 1[,
1K (t, t,—5)—K(tz, t,—$); LD, X)ISClt,—1,|",
Vs, t,1, such that 0<s<#;<7,i= 1,2, with 0<,<1.

We rewrite the equation occurring in (LP2) as
2 Mu(e) +L(O) ult) = —(LO—-LOTu(O)+ [ K(t, ) u) dotfe)

as before, we change the unknown u# into v=L(0) % and so, if we write T,=
ML(0)™', we are led to

dii Tyv(t)+o(t) = I—L () LO)To)+ | K(t,5) L) o(6) ds-+£2).

If v(t)=v,+1tv,+w(t), we obtain in turn
% T w(t)+w(t) = [I—L(2) L(0)™] w(t)— Ty v,—vy+ 2o,

+[I—L(#) L(0)™"] [vo+1v)]
+S: K(2, s) L0)™ w(s) ds—}—f(t)—}—S: K(t, ) L(0)[vy-+s9,] ds .
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We are looking for a solution we C®[0, 7; X]; so, assume 0<<@, §<min
{a;, 1—7} ; then, we need only to show the following:
if F is defined by

F(w) (t) = S: K(t,s) L(0)™ w(s) ds ,

then Fe L(C[0, 7; X]) with small norm. Then we may apply the machinery

developed in Corollary 1.
So, fix an arbitrary we CP[0, 7; X] and estimate:

1§, K2, 5) L) w(s) dsl<Cr([| 57 sl 1< Cro 1 ol 1
note that, for #/<¢’
S: K(#', #'—s) L(0)™ w(t'—s) ds—S;” K(#", ¢ —s) L(0) w(t” —s) ds
— S: [K(t', t'—s)—K(¢", ' —s)] L(0)~ w(t'—s) ds
+S: K (", t'—s) LO) o (t'—s)—w (¥’ —s)] ds
+S: K(t',#'—s) LO) ™ w(t'—s) ds ,
so if we call A the X-norm of this vector, we get
ALCr N lwl 1| 12— 1%)+(C 57 sl 1 1/—2719)
e, ay @il I,

and finally
[t/ —t"| O ASC/(|t'—2" |70 70 f g0+ p 177
[¢' =" |77 00)| laol| | C"' 7P| [eo]] 1] -
We have proved the following statement:

Theorem 3'/B. Let (4), (5), (6) hold, except the differentiability of L(t):
suppose further K(t,s)eL(D, X) VY (s,t)EA, and (°*°). Let 0<f<B, §<min
{a,, 1—o}. Then, if T is small enough, for any f&CP[0,r; X] there exists a
unique strict solution u of (LP2) with d|dt (Mu(.)), L(.)u(.) in C®[0, v; X].

Of course, it is worth observing that, in fact,
t— S' K(t, ) L(0) ™ (v0-+s0,) ds
0

belongs to C®[0, 7; X], as a consequence of the results already obtained, be-
cause t—>(v,+1v,) lies in the same space.
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RemaARrks. 1.9.1.  In the case L, M are ¢-independent, assume that M ™! exists
and that —LM ™" generates an analytic semigroup in X; some sufficient condi-
tions are given in [10]. If K(s)eL(D(L), X), one may change the initial
value problem

o { dit (Mu(t)) - Lut) — S: K (t—s) u(s) ds+7(2), t€[0, 7]
(Mu(2))1=0 = wo(=Mu,)
into
% o(@) LM o(t) = S: K(t—s) M~ o(s) ds+-£(2)
(1) — S: K(t—s) L"(LM™) o(s) ds+£(t), t€[0, 7]

(2())1=0 = %o

It is now possible to apply many classical results obtained by Da Prato and
his school to (II), thus obtaining global solutions on [0, 7] and maximal regularity.
For example, let us assume, following [6, p. 364], that

() DKE)=9DL) Vs

(i) s—> K (s)x (strongly) measurable Vxe 9 (L)

(iii) s—||K(s); L(D(L), X)|| bounded in [0, 7] ;

since K(t—s) M '=(K(t—s) L™") LM}, it is an easy matter to infer that for any
feCP0, 7; X] and wye D(LM ™) such that

(A) fO) —LM ' w,€D(—LM™),

there is a (unique) v satisfying (II) and such that o', LM'eC®[0, v; X]. But
now wo€ D (LM™) reads wy=Mu,, u,D(L), so (A) becomes in turn (f(0)—
Lug) € D(—LM ™)., that is, (see [2])

(IID) fO)—Li =y, sup (PILEM+L)" y; XI)<-+eo
It has been proved

Theorem 3'/C. Assume that —LM™" generates an analytic semigroup-of
course, D(LYSD(M), and K satisfies (i)-(il)—(iii). IfeC®[0, v; X], wy=Mu,,
u,€ 9D (L), and finally

sup (#IIL(EM+L)™ f(0)— Luw); XI)<+oo ,
then (LP2) has a unique global strict solution u such that d(dt (Mu(-)), Lu(-) are
in CO[0, 7; X]. .

Notice that, if y& R(ML"™"), y=ML™'x, then (as t>1 is not restrictive)
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# LEM+L) "y = 7 L(tM~+L)¢M~+L—L) L"'x
= - [x—L(tM+L) '],

and hence y satisfies (III).

1.10. Finally, we give a general condition entailing formula (4) in a complex
Hilbert space X (with related inner product <.,.>x) in the case of time-inde-
pendent operators L(¢)=L, M(t)=M, and then an example of a concrete nonli-
nearity satisfying (K).

Assume therefore that M is a nonnegative self-adjoint operator in X, L is
a positive self-adjoint operator in X s.t.
1) M is L-bounded with L-bound 0 (according to [13]);
i) {Lu, Mupx>0 VucsD(L).

i) ensures that 2M+L is closed for every complex z; moreover, by ii)
N(eM+L)u; X|*>||Lu; X|? VueD(L),Vzel,st. Rez>0.

Hence, xM+-L has a closed range. On the other hand, in [31] it is shown that
in this case

(BM+LY* =zM+L,VzEC,s.t. Re2>0;

thus, if fe(R(2M+L))*“-that is, {(xM-+L)u,f>x=0VucP(L)-then fe
D((zM+L)*)=9(L) and
u, BM+L)f>x =0 VYucsD(L).
So we get 0=[|(ZM+L) f; X||>||Lf; X]||, that is, f=0; hence,
IL(=M+L)" f; XII<IIf; XI| VfeX,
[(zT4+1)"'; L(X)l|<constant (T = ML™")
in a sector of the complex plane containing the half-plane Re 2>0.
Let us give now the example of nonlinearity we spoke about: let then

F: [0, 1]x[0, 1]X R—R, and assume the same as in [23, pp. 204, 205], namely,
oF 9*°F _. 0*F

F=F\(s, t,u) is continuous together with its derivatives ou’ o’ with |~6—2
bounded on [0, 1]x [0, 1] x R. w o “
Then define for x& X=L%]0, 1])

1
T)E) = | st x(e)) de 5
0
T turns out to be an everywhere differentiable operator X— X, s.t.

T'(x)(h)=S:%i—(-,t,x(t))h(t)dt Vi heX,
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([23, pp. 204-206]). An easy evaluation of T"(x) (h)— T"'(y) (k) yields the Lips-
chitz estimate
T (x) (B)—T"(y) (h); XII<M||lx—y; X|| lIh; X|| Vx,y,h€X,

since L=(]0, 1[)GX. Finally, choose a closed operator K from X into X, s.t.
DL)SY(K): then, if f(u)=F(EKu) (with a real &, |&| small) we may see that
assumption (K) is satisfied.

2. Nonlinear Problems: Preliminaries

2.1. Now, let us show how to reduce conveniently into the pattern (NLP)
some problems which, at first glance, might seem a bit more general.
Let us write down the problem

£ (M) u(e) = g(t, u(t), 1[0, 7]
(M () u(t))i=o = wo = M(0) u, .

(NLP1)

Here, as usual, we introduce two Banach spaces X, Y, a family {M(z); t€[0, 7]}
of linear bounded operators from Y, into X, a map g: [0, 7] X U—X, where
U is an Y -neighborhood of u,, We assume that g is of class C and that
0g/0u (t, uy)=—A(t)e L(Y,, X) for every t&]0, 7].

We rewrite the equation in (NLP1) as

% (M(®)w()) = —A@®) w(t)+{g (¢, u(@)+A@R) u(@)}, t€[0, 7] .

If Y(¢) is a subspace of Y, s.t. for every t&[0, 7] the restriction of A(Z)
to it, to be written henceforth L(), satisfies (i)-(vii), then Theorem 3 allows us
to solve it in the form
4 (Mo u(e) = —LO O+ gt u®)+AO w0}, 1[0, 7],
(M (2) u(2))1=0 = o,

at least if

wy = M(0) u,, u, € P(L(0)) = Y (0)

L(¢) satisfies (H)

N A1 )= (s w); LYV XSO =51+ s Vi)

for every t,s€[0,7] and Vu,u,€U

8(0, ) —T7(0) L(0) u,& R(T(0)) -

Note that, if one introduces F(t, u)=g (¢, u)—(0g/0u) (, u,) u, one gets
(8F/0u) (0, u5)=0; consequently we obtain
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Theorem 4. Let (i)-(vii) and (N) hold. If 0<v<p€, v<a,B<L1, and 7
is sufficiently small, then (NLP1) has a unique strict solution u s.t. L(-)u is in
c™[0, ; X].

22. If M(t)=M, 9((9g/0u) (¢, u))=D are independent of ¢ and u, we may
weaken (or, at least, simplify) assumptions in Theorem 4. If we set

L= —g—g«), u): D — X, F(t, u) = g(t, i)+ Lu,
U
we get

%5—‘ (¢, ul)——g—f: (s, up) = % (t, ul)—% (s,uy), forevery t,s€[0,7]

and Yu, u,eU
—gF (0,u) =0,
u

so, under the preceding assumptions, the following extension of Theorem 3’
holds.

Theorem 5. Let the operators M, L satisfy
IL(zM~+L)™; L(X)ISC VzeC,Rez>0;

as for g, suppose it to be a C® map [0, 7] X U—X, where U is a neighborhood of
Uy in D=9)(L): assume further that, for every t,s€[0, r] and Vu,, w, €U

H%il (, ux)—g—i (s, u); L(D, X)I|<C(1t—s|P+Ilu,—u,; DII)
wy = Muy, 8(0, up) (= F(0, u)—(I+T'(0) L (%)) €R(ML™) = M(D) ;
then the conclusions of Theorem 4 hold as well.

2.3. A simple example will clarify the method. Let us look for regular u, v:
[0, 7T]>R (or C) s.t.

(u+2)'(t) = —u®)+(v@®)
0 = —o(t)+1—(u(t))® forevery t&[0, 7]
2(0)+2(0)=0

Put uy=2(0), v,=2(0): then one gets easily v,=1—u}, u§—u,—1=0: here arise

the compatibility conditions, as in Theorem 5. We write down the problem
in matrix form and use the notations of that theorem; the jacobian matrix of g is

—1, 29, 1, Zu,,jl
]K(uo’ 7)0) N l:_zuo» —1] B _[Zum 1
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which is nonsingular. The condition g(0, #,) € R(ML™") now becomes

[ ]
—vp+1—ud 0 0lLy 0
for suitable x, y in R, that is, the very condition v,=1—uj. If these conditions

do hold, we may apply Theorem 5; of course, the problem could be explicitly sol-
ved in # by trivial tricks and separation of variables.

2.4. As another example, consider

(NLP2) { d% (Mu(t)) = —L(#) w(t)+£(t, u(t)), t<[0, 7]
(Mu(t))t=o = Wy

when D=9(L(t)) is time-independent: we may put it into the form

l L (Mu@)+L0O) u(t) = [LO)—LOTu(D)-+/(t, u(v), 110, 7]
(Mu(t)imo =

Hence, if (4), (5) hold (the assumptions on L’(t) may be dropped, if we invoke
theorem 1 directly), f: [0, 7]X U— X is C® (here, U=a neighborhood of u,
in D) and moreover

(0, 1) — L(0) o= R(ML(0)™)
12 (2 ) — 2L (5, w); LD, XY < C(12—s|8+ It —uy; DII)
(7) 3u ﬁu
for every t,s<[0,7] and Vu,u,eU
ug_f (0, 1); -L(D, X)|lis small
U

then (NLP2) has a unique strict local solution.
On the other hand, write

—L(t) w()-+£(t ()
= —LOu(t)+- L (0, ) )+ [L(O)— L) ) + LA w(t)
— I (0,u)u(t]

We see that, if (4) holds with L replaced by [L(0)—(af/0u) (0, u,)]-perturbation
results are in order, of course-(5) is true, (0f/0u) satisfies the second assumption
in (7) and

f(0, u)—L(0) u,& R (M[L(0) —% 0, )™,
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we may prove existence, uniqueness and regularity of solutions for (NLP2),
without any assumption about the smallness of ||(8f/0x) (0, u,); -L(D, X)II.

3. Semilinear and Nonlinear Parabolic Problems

3.1. In the following, we will look for real-valued solutions under the assump-
tion that the linearized problem does have real-valued solutions for real data.

APPLICATION 2. (Semilinear Equations). Let © be a bounded domain in R"
with regular boundary 8Q; A, B; are formal differential operators as in Example
1.

We want to study
6_6t (t, %) = —A(t, x; D) u(t, ¥)+f(t, u(t, ), -, D"V u(t, x)),

(SLP) te[0, 7], xeQ
Bj(t,y; D)u(t, y) = 0,t<[0, 7], ys0Q
u(0, x) = uy(x), x€Q.

So fix feC®, f=f(t, X,, -+, X,,) with arguments ¢t [0, 7], X; a real vector
with #/~! coordinates and call F the related substitution operator

F(t, u) (x) = f(¢, u(x), Du(x) -+, D" u(x)), te[0,7],x€Q

to be defined on W?™#(Q): Dtu is the vector containing the n* partial deriva-
tives of u of order k, 1<k<2m-1.
Formally, in matricial notations,

(%—ﬁ (t, u)v) (%) = a?(('l (t, u(%), Du(x) -, D" u(x)) v ()

+ 6?5];'2 (t, u(x), Du(x), -+, D™ u(x)) Do(x)+ -

+ U (4, u(x), Du(x) -, D () Do (x)
00X,
where 9f/0X; (j=1, -+, 2m) is the partial differential of f with respect to the
(j+Dth variable.
We wish to apply Theorem 3 with X=Y=L*Q), 1<p<+oo, ¥V,=
W*m»Q). Let p>n, u, u,& W**(Q) with norm <R; for small 7's we get, by
Sobolev Embedding Theorem [22, p. 208]

| 6?7};,- (2, wy(x), Duy(x), -+, D*"~* u,(x))— 6%‘ (5, wy(x), Duy(x), -++, D"~ uy(x)) |

J
S Cr(t—s| 4l —uy,; W22 Q)||) .

Now, the same theorem implies that F is differentiable in u; in fact,
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G, )~ Fl6 0] @
—S 4 £(t, u(x)+-0h(x), -+, D u(x)+0D" (x)) dO
s L af - (5 ) H0h(), o, DP ) 0D B B
+6§f (t, u(x)+0h(x), -, D*™~! u(x)+6D*™~ h(x)) D*™~1 h(x)] d6 ,

so we get

1[2E )~ 2L () [ 001

-1 .
SCR(“—‘SI ‘H'ul"uz; Yl”) jgo | D’ 'v(x)l

for every ¢, s€[0, 7] if u,, u, have Y,-norms less than R.
Then (same 2,5, u,, u,’s)

H—— (t, 1)*— (5 )5 L(WmH(Q), L Q)|
SCR(II—SI +Hlw—uy; W22 Q)])

if 7 is small. Further, [28, Lemma 5.3.4, p. 142] implies that (H) holds with
a=1.
Hence, if

uOEQ)(L(O), the partial derivatives 6?3{' (0, uo(x), -+-) satisfy
i

(%), =*)| <k, k being a small constant,

(8) if L(t) is the L?-realization of A(t),
2= [£(0, ug(x), --)—({ +(;—t (L(2))™)e=0) 2o(*)] is in D(L(0))
with  0y(x) = (L(0) %,) (x) = A(0, x; D) uy(x),

which implies regularity for f, u,, we are done.
As a Dirichlet problem, (D(L(t))=W?*™?(Q)N Wi™*(2)), (8) implies that
&= [0, uo(x), -+, D"~ uo(x))— L(0, x; D) ()]

vanishes on 0Q, together with its derivatives of order <m—1: we must look

at f(O’ 2N "'1P2m)'

For the sake of clearness, take m=1; we want

x = [£(0, ug(x), Dug(x))—L(0, x; D) uo(x)] € W*?(Q2)
F(0, ug(x), Duy(x))—L(0, x; D) uy(x) = 0, x€382
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Since u,& W3*(Q), it vanishes on 88; if, moreover, L(0, x; D) u,(x)=0 on 342,
our assumption reads:

1, 4 regular, (0, 0, p) = O for every peR".

Such equations have been thoroughly studied by Pazy, Kielhofer, Sinestrari-
Vernole [22, 16, 24], but within #-independent domains: here we add time re-
gularity results; moreover, the equations hold at =0, too, which forces further
compatibility and regularity conditions. The case of #-dependent domains
has been deeply studied by Amann in many interesting papers with different
techniques, also under more general assumptions: here we refer to [5], which
deals with nonlinear boundary conditions, and [4], which studies the semilinear
case.

A few final remarks are in order:

REMARKS. 3.1.1.  As remarked after Theorem 5, the assumption about smal-
Iness of the derivatives (0f/0.X;) (0, uy(+), ---) may be dropped if P(L(t)) is time
independent and —[L(0)—(0F/du) (0, u,)] generates, for instance, an analytic
semigroup in L?(Q): L(¢), (0F/0u) (¢, u) must however depend upon time as in

#), 5), (7):
3.1.2. We could even define a substitution operator F built up with highest-
order derivatives:
F(t, u) (%) = f(2, u(x), Du(x)--, D"~ u(x))
+ 2 gult, -, D" u(x)) D u(x)

{®|=2m

with suitably regular g,’'s, since then 0F/0u may be evaluated using Sobolev’s
theory. We must require smallness of

sup | 80, ug(x), -+, D*" ' ug(x)) |

o Ol D

for every a and every j: assumptions about the smallness of the partial derivatives
0f/0X; can be avoided by a perturbation argument.

sup|
zEQ

3.2. (ExampLE 2 Again). Let us return into the framework of Example 2, as
in 1.8. Two sesquilinear forms ay(t, 4, v), a,(%, v) are given, u,veVCH, 0<
t<.

Consider

% (Mu(t))+L(t) u(t) = F(u(t)), t<[0, 7]

(Mu(t))1=0 = o
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where L(t), M are linear operators connected to ay(t, -, ), a, respectively, as
explained before.
We assume that Fe C®(V, H) and

1F'(w))—F'(uy); LV, H)|SCllwy—up; V| if |lu; VI<r,i=1,2;
|F"(uo); L(V, H)|| is suitably small,
wy = Mug, ueV, and [F(up)—(I+T"(0)) L(0) u) € R(ML(0)™).

We want to clarify the kind of assumptions needed by means of a concrete
particular case. Fix a bounded open domain Q in R" with regular boundary
0Q (or else put Q=R"). Let V be the space Hy(Q) (m>1), and W an inter-
mediate space, so that VG WG LH(Q); ay=ay(t, u, v), a,=a,(x, y) (€[00, 7], u, vE
H7(Q), x, ye W) will be the related sesquilinear forms, satisfying (E) in 1.8 with
B=1: as before, call L(t), M the operators (from V into V*, from W into W*,
respectively) associated with ay(t, -, +), a,.

Since we wish to apply Theorem 3, it is easy to see that (i)-(vii) and (H) are
fulfilled in the case X=V*, Y=Y =V, p=1, €&=a. Note that

|L(&)—L(s); -L(V, V¥)II<E|t—s]| for every t,s€[0, 7]
implies that (H) holds with =1 [28].
As for the nonlinear right-hand side, we put, with the same meaning as
in 3.1 for D/:
F (u) (x) = a(u(x), Du(x) -+, D* u(x)) :

k is a nonnegative integer, <m, so F makes sense for every u in Hg(Q), and
a is a real valued C® function. We shall see in a moment that we need the
condition

9) k+2<m.
2
If u, v H}(Q)=V,

[F(u+v)—F(u)] (x)
- So 72% a(u(x)+nov(x), -+, Dt u(x)+9D* v(x)) dn

. 1 &k aa ;

where 8a/0X ., is evaluated at (u(x)-+nv(x), ---, D* u(x)+»nD* v(x)) for j=0, ---, k.
Suppose now that the norms in ¥ of u, v are bounded by r: then
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(f, Feto-Fa@- 33

<M(r) { Sn [jZ:% D70 (@)|]l] v()|* dx)¥?

4 V2
Diy(x))}? dx)

+...+(SQ [j% |1D7o(x)|P]I| D* v(x)|[? dx)m}
<M'(r){sup|o(x) |+ +sup | D* o(x) I} llos VII< M @)llws VI

(By (9), we may apply Sobolev Embedding Theorem [22, pp. 208, 222] and de-
duce the last estimate). So, F is differentiable as an application from V into
H, and a fortiori, from V into V'*.

A new application of Sobolev Embedding Theorem yields also that F’ is
locally Lipschitz.

To summarize: we may apply Theorem 3 to abstract problems arising from

6_6t— (M (%, D) u(t, x))+L(t, x; D) u(t, x) = a(u(x), -+, D*u(x)),
te[0, 7], xQ
M(x, D) u(0, x) = M(x, D) uy(x)

if we are looking for u=u(t, +) in H§(Q), (9) holds, and u, is regular. Besides
trivial assumptions, we need

Oa

(4gy *++y D up)| to be small

and, with the intended meaning for T,
[a(ug, -+, D* ug)—(I+T'(0)) L(O, -; D) )] EM(V') .

When n=1, k can reach the value m—1; if L(¢t)=L for simplicity, the last con-
dition becomes
[a(ug, -++y D*ug)—L(+, D)uy) = M(-,D)w,
with we Hy(Q).
3.3.  AppricaTION 3. (Nonlinear Parabolic Equations). Let us apply Theorem
3 in the framework of spaces of continuous functions.
Put C=C[0, 1; C] (or C=C|0, 1; R] as well); as usual || /; C||= sup |f(x)|

Set now C, ,={p=C; $(0)=¢(1)=0}, and define 4 by

DA) = {p€Cy,; '€C, $"€Co 4}

Ap = —¢”  for every p=D(4).

It is well-known [21, p. 312] that — 4 is the infinitesimal gneerator of an analytic
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semigroup in C,,. Note [13, p. 172] that for every nEN
llu's Cll<—|lw”; Cll++2(+Vlus €Il
n-+2
We are ready to develop an abstract version

D it ) = Dt 0+t e, 0, 2 e ), T 1, )
ot ox* ' ’
tel0, 7], x€]0, 1]
u(0, x) = uy(x), [0, 1]
0*u 0*u

0)=u(t,1)=— (¢ 0)=-—(¢,1) =0, 7],

u(t, ) = u(t, 1) = 2% (1,00 = T4 (4, 1) = 0,10, 7]
once we have fixed the nonlinearity y». We take it a C® function [0, 7] x

R*—-R, and denote by F the related substitution operator, acting on u
eC?[0,1; R]:

F(t, u) (x) = P(t, u(x), u'(x), u”’(x)), t[0, 7], x€[0, 1] .

We perform the same tricks as before and we see easily that F is differentiable
in u, with

8‘\1}' G\P‘ 7
¥ @ W,

the partial derivatives of +» being evaluated at (z, u(x), u'(x), u”(x)).
So, if we wish to apply Theorem 3, we need assume that

BE 4wy () = 2

sup I——(O #y(X), --+) |is small enough, and
ze0,11 0.X,

*) ¥ (2, 0,p,0)= 8—11’ (t,0,p,0) =0 forevery peR, V[0, 1],
u,eCW0, 1; C], u(”’(]) =0,Vj=0,1 and £=0,1,2,3,4.

RemMarks. 3.3.1. Thoerem 5 allows us to study more general problems.
For instance, given the equation

(10) é%u(t, %) = g(t, u(t, x) -, x), (t %), te[0, 7], x€[0, 1],

with an initial value u, at t=0 and limit conditions, denote by G the substitu-
tion operator arising from g; if the latter is C®, then the former is differentiable
and, as before,

[ (0001 = 7 o)+ 22w+ 2 o),

X

with partial derivatives evaluated at (2, »(x), »'(x), ¥”(x)); so the previous remark
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applies if e.g.
i 8_ (0, ug(x), wh(x), ut(x))>0, and
2€[0,1] 6 3
6@? (,0,p,0) =g(¢,0,p,0) =0 identically on [0, 7], VpER,
2

eC®[0,1;C], u (j)=0,Vj=10,1 and k=0,1,2,3,4.

3.3.2. We can even study equation (10) in the space C [0, 1] by means of semi-
group generators with non dense domain [8]. In this case, the assumptions
about g and u, can be relaxed; in fact, they turn out to be (compare Theorem 5)

inf ———(0 uo(x), ui(x), ug’(x))>0, and
zep0,131 9.X.

£(0, 0, p, 0) =0VpeER,
uy€CW[0, 1], uy(j) = u§?(j) = 0,V¥j=0,1.

3.3.3. We could improve a bit on the operator A too. We could introduce
A,, with (formally)

Ayu(x) = —a(x) u”(x)+b(x) w'(x)+c(x) u(x)

(a, b, ¢ regular enough), and then apply well-known perturbation results to
—A+A,.

As for the functions a, b, ¢, there are natural assumptions which work. We
wish to discuss briefly some of them: we shall restrict to the case of continuous
functions: so, we choose as ambient space either C (in which case 4, is not den-
sely defined), or Cp,: moreover, we assume ¢>0 in [0,1]. There are many
ways to prove generation properties in this case: see [13], [26], [27], [20], [7].

A very handy method is to note that «— —au” equipped with limit con-
ditions does generate an analytic semigroup, and then apply Kato’s perturbation
theorem for analytic semigroups related to homogeneous limit conditions: this
is possible in view of the estimate in [13, p. 172]: but if we choose C;, as the
ambient space, we have to assume (0)=54(1)=0: we refer to [7, p. 378].

3.4. AppLICATION 4. (Degenerate Parabolic Equations). Consider now the
problem (2>0 is a parameter)

o <axz+ Jult,x) = —u<t )~ Ru(t, )4 (b u(t, ¥l 3, u(t %))

te[0, 7], x<[0, =],
<£¢7+ 1) u(0, x) = wo(x), x€[0, 7],

u(t, 0) = u(t, z) = u(t 0) = u(t 7) =0, Vte[0, 7],



where;:

b)

d)
e)

f)
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the ambient space is C = {f€C[0, z; C]; f(0) = f(=) = 0} ;
L is defined as the realization of _5%22— with domain

L) = weC®[0, x; C1; #'(0) = (w) = u(0) = u(z) = 0} ;
M is :—;—I—l, plus the boundary conditions;

wo = uy’ +u,, with y,e P(L),

the nonlinearity r is a C® function [0, 7] X R*— R which satisfies
oy
zgggl | 0X,
W(5, 0, p, 0) = z‘;’; (1,0,,0)=0 for every peR,Vie[0, 1],
2
the boundary value provlem

WO, ), (), ()-8 () — () = (£ 4-1) o), v (L)

(0 wuo(x) -++)| is small enough,

has a solution.

Note that, in particular, these conditions imply

V¥ (0, 0, u5(0), 0) = (0, 0, ug(z), 0) = 0 ;

349

our third condition in e) is not necessary if we use the space C[0, z; C] instead

of C.

Since we wish to apply Theorem 3, we need just observe that 2=0 is a polar
singularity for the resolvent z—(2I+ M)}, and that the preceeding problem is
of the abstract type

;id; (K+1) u(t)) = (K—kI) u(t)+f(2, u(2)), t[0, 7]
(K1) w(2))e=o = wq -

The point =0 is in fact a polar singularity for M=K--1, that is, there exists
(M+2I)7* for 0<|z| <¢, and for such 2’s and a suitable a>0,

N(MA-=0)"Y LX)I<alz|™;

the change of variable

w(t) = exp(—(B-+1) t) u(t), B>0 a suitable positive number,

changes the equation into the equivalent form

dit (K+Dw() = —(K+1) (148) w(®)+¢ (2 w(?)), tE[0, 7]
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and now the sought for estimate for L(zM+L)™" does hold in the half-plane
Re 2>0, if L=k-+1+B(K+1).

Theorem 3 then applies under assumptions on the nonlinearity 4, which
are quite similar to the ones discussed in 3.3.

3.5. ArpricaTiON 5. (Higher-Dimensional Parabolic Problems). Para-
bolic problems of the same kind as in 3.3 are clumsier and much more difficult
to handle in more than one space dimension (this topic has been extensively stu-
died by Da Prato and his school; see also [26], [27]).

However, let Q be a bounded domain in R" (»>1) with regular boundary
0Q: we replace the second derivative in 3.4 with a uniformly elliptic second-
order operator on {, with coefficients as in [26]:

0%u
Ox; 0x;

ou
Ox;

()4 2 ai(x)

—(Au) (x) = 35 a,,(x) +a(x) u()

Choose now as the ambient space X=C(Q}) equipped with the sup-norm,
define 4 on D(4)={p=W**(Q); Ap&C(Q), $=0 on 9Q}, and make the key
assumption that p>>n: from Stewart’s results [26] it follows that —A4 generates
an analytic semigroup, which is not however strongly continuous at the origin,

since P(A)=C,y(&2)#X (in this connection, see also [25]). Let f be of class
C®(R, R). We state formally the problem as

% u(t, x) = —Au(t, x)+f(Au(t, x)), tE[0, 7], xEQ
u(t, -)e9D(A) forevery t&|0, 7]
u(0, x) = uy(x), x= .

Without loss of generality, suppose 4 has bounded inverse; the problem
may be abstractly translated into

£ (L o(0) = —o)H @), 1€[0,7]
(L7 0(8)i0 = %o

Call F the substitution operator relative to f: F(v) (x)=f(v(x)), v€C(Q).
Then for every ke C(Q2), as usual,

F(o-+) ()= F(o) ()~ (0() hx)
— [ @+ ohe)—F (N M) d 5

s0, if vy=Lu,=C(Q) and |[v—uv,; C(Q)||, ||r; C(Q)||<7, we may find a positive
constant C, depending upon 7, s.t.

IF(o+h)—F(@)—=[f"(2(-)) 2(-)]; CEONI<ClIR; CQ)IP.
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So F turns out to be differentiable, and
(F'(v) (B)) (x) = f'(v(x)) k(x), for every o,heC(Q), x€80 ;
moreover, since
(F"(0,) (1)) (%) — (F"(0) (1) (%) = [f (@) —f (o)) B()
we may find also C'=C"(r) s.t. for every v,, v,€C(Q) with norm <r
IF(0)—F'(2); LC@)I<Cll 2125 C@II,

and Theorem 3 applies with X=Y=Y,=C(Q]); we must assume that
sup | f'(vo(x))] is suitably small,
x = [f(vo(*))—vo(x))]ED(4) :

in particular, if v, vanishes on 9Q we must assume f(0)=0.
A final remark: it is possible to generalize a bit, and introduce the equation

9

o u(t, x) = —Au(t, x)+f(Bu(t, x)), t[0, 7], x€Q ;

here B=B(x, D) is a differential operator of order <2: now we must assume
that the abstract operator arising from BA™ is in L(C(Q)), i.e. for every uc
D(A), us D(B) too, and

1Bu; CE@)I<CI| Au; C@)II,
a formally simple condition which is however difficult to work out explicitly.
3.6. Let us define
X = CYR") = {/ECOR); lim f(x) = 0}

with the sup norm. It has been shown in [17, p. 309] that the operator A, the
(distributional) laplacian with domain 9D (A)={f€X; AfeX} generates a
bounded, strongly continuous, analytic semigroup in X. Analogously, if ®&
C@®(R"), with 0<<0<1/2, satisfies

P(x)=>6=>0 VxeR",
then the operator K defined by
D(K) = D(A), (Kf) () = B(x) Af(x) VxER", V fEQ(K),

is the infinitesimal generator of an analytic semigroup in X ([17, p. 310]: see
also [26]).
Let us now discuss how to apply our Theorem 3 to (an abstract form of) the
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problem (¢€[0, 7], »€R")
S (A= Ryt 2) = (DA, —F) (A=) u(t 2

(11) + (2, ult, x), A, u(t, x), AZ u(t, x))
x—> u(t,x) x—> AZu(t,x) arein X,
(A; u(?, %))i=o = wo(¥) = Auy(x)

where k, k>0 and ¥R are parameters, u,& J(A?): as for u, its properties
should appear through the choice of functional spaces in (11).

First of all, with our usual notations, || AM(AM-+L)™; L(X)|| is uniformly
bounded on Re A >0: thence, the assumptions on L, M in Theorem 3 hold true.
Let us now turn to the regularity we need for ¢: [0, 7] X R*—R; if such a map-
ping is C®, then the substitution operator

F(t,u) (x) = ¢ (2, u(x), Au(x), A%u(x)) (t<[0, 7], xER", us D(A?)

satisfies
(12) F(t, u+h) (x)—F(t, u) (x)
(00 0o 0P 12
- So fop hO) g ARG M)} do,

the space derivatives of ¢ being evaluated at
(2, w(x)+ah(x), Au(x)+oAh(x), A*u(x)+ o A%h(x)) ;

moreover, we know that

| 6; @, u)—gg @, )| <CR)[|t'—t" |+ |uy—v, | + |u—,| + |us—v5] ],

0§,
i=1,2,3

vt', ¢’ €[0, 7], if u=(u,, u,, u;) and v=(9,, v,, v;) are in a fixed closed ball of
radius R>0.

Choose u,, u, in the space D(A?), with ||[(A—1)? (u;—u,); X|I<R, i=1, 2;
then, for i=1,2,3

Igz (#', (), Duy(x), A% uy(x))— % (", u(x), Au(), A up(x)) |

SC'(R) [ =27+ Juy() —ug(x) | + | A (o) — () | 1 | AXuy () —25(x)) |]
SCR) [1"—2" |+ luy() —up(x) | + [ (A—T) (uy () —5()) |
+ [(A—TI) (uy(x)—uy(x)) |1,

since then ||(#;—u,); X||<aR, ||A(u;—uy); X||<aR, i=1, 2.

We see now that, up to a change of C\(R) to another bound C”(R), we can
obtain, with the same notations and integral representation as in (12),
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|F(t, ut-h) (x)— F(t, u) (x)— {%% h(x)—}—% Ah(x)—l—g—g; A? h(x)} |

< C"(R)){| h(x) |24 | Ah(x) |+ | A? h(x) |2}
for every he 9(A?) with |[(A—I)? k; X||<R, the space derivatives of ¢ being
evaluated at (¢, u(x), Au(x), A2 u(x)). So the partial differential 8F/0u has the
required regularity; hence, a standard perturbation argument shows that if

sup lg_;) (0, uo(x), Auy(x), A?uy(x))| is small enough,
zE[O,T] 3

and the compatibility condition
x> {B(0, uy(x), Aug(x), A% uy(x)) (P (¥) A, —k') (A, — ") ug(x)} € R(ML™)

holds that is, that function is in )(A), then problem (11) can be solved by
means of Theorem 3. For small T we obtain solutions u s.t. —>(A,—E) u(t,*),
(P(+) A,—k") (A—E")u(t, +) are of class CP[0, r; X], O<v<1.

4. Navier-Stokes and Other Equations

4.1.  AppLICATION 5. (Abstract Navier-Stokes Equation). Let us now con-
sider the Navier-Stokes equation in R", n>2,

6—at- u(t, x)+<u(t, x), V> u(t, x)—Au(t, x) = k(t, x)—V.q(t, x),

(N'SPO0) te[0, 7], xeR"
V., u(t,x)> =0 forevery te[0,7],xER"
u(0, x) = uy(x), x€R" .

as considered e.g. in [14].

Here the unknown g is a scalar function, & and the unknown u are n-tuples
of functious [0, 7] X R"—>R, u, is a given n-tuple of real-valued functions de-
fined on R": the data are supposed to be continuous functions (something less
could work too).

In the framework of X=(L?(R"))", n<<p<<+ oo, the key fact used classically
in the solution of (N'SPO) is the following (see again [14], where further related
literature is quoted). If we define

X, is the closure of {uc(C§(R")";<V,uy =0} in X
P is the projection of X onto X,
4 is —A with domain 9(4)=(W?**(R"))",

then PV=0 and P, A commute in some sense.
In this section, we want to traduce abstractly the special features of the
operators entering in (NSP0) which make successful such an approach, thus
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discussing an abstract version of (NSP0), to which it is possible to apply our
general results. While doing so, we shall obtain cretain #-regularity results
that are new to our knowledge.

First of all, we note that in (NSP0), by a standard trick, we could seek %, V.¢
instead of #, g. This remark allows us to set (NSP0) into the following abstract
framework.

Let X, Y be Banach spaces, 4, C linear closed operators (from X into itself,
from X into Y, respectively); if Y; is an intermediate Banach space between
9D(A) and X (that is, D(A)SY,GX), we introduce continuous functions
F:[0,7]x Y= X, h:[0,7]—>X, and 4, 9D(A): these notations held fixed, we
want to study the abstract problem of Navier-Stokes type

2D+ 4u) = p(O)+ P, () +h(0), 0, 7],
Ku(t) =0 for every te[0,7],
1(0) = u, .

We call a pair (, p) a solution of (NSP) if u C[0, 7; D(A4)]N CP[0, 7; X],
u(t)€D(K) for every t[0, 7], pC[0, 7; X] and they do satisfy (NSP).
We then assume:

(NSP)

*) —A generates an analytic semigroup in X, X being reflexive;
(**) there exists an operator A, such that its opposite generates an analytic
semigroup in -L(Y), and moreover KAu=AKu if uc 9 (KA);
(***)  if ueCO[0, 7; X] and /()€ D(K) Vt<[0, 7], then Ku' = (Ku)';
if P is the projection operator from X onto N(K) along the closure of R(4),
() u,e D(A) N N(K), so that 0 = KAu, = AKu,,
[luy; Y3l is suitably small,
u, = — Auy+P {F(0, u,)+h(0)} € D(A);
(FHF*EE) (2, y)—> F(28,y) is a C® mapping [0, 7] x ¥, — X,
and there exists >0 such that

1OF (4, ) —BF (5, ), £(Y,, X< C(11—s| +lhty—uz3 V)
ou ou

Vs, t€]0, 7] and Vu,, u,€ Y; with norms <z, %E (0, 0) = 0;
u

heCO[0, v; X], and P{F(0, 0)+Ax(0)} €D(4).
Now, we can apply the machinery developed so far to the Cauchy problem

[ (u(e))+Au(t) = PIF(t u(®)+h(2)], 1[0, 7]

(w(®))=0 = 1y -
We claim that the pair (%, p) is a solution of (NSP) if u satisfies (NSP1) and
P =p(t) = (P—I) [F(t, u(t))+h(t)] ;

(NSP1)
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in fact this follows from two remarks:
(I) If (NSP1) has a solution «, then Vz¢&[0, 7],

L (u(e)-+ Autt) = F(t, sO)+h0+(0)

this is the very definition of p.
(II) Vte[0, 7], we get Ku(t)=0.
To see this, let us define v(f)=u(t)—u,—tu;, V¢€[0, 7]: we have only to
prove that Kv=0. Now, v satisfies
L (o(e)+ Av(t) = PIF(t o(0)+ -t 4+-h(D] — At~

Vie[0,7]. If we call g(v) (¢) the right-hand side, we can write v as a contour
integral. If B is the time derivative with domain 9 (B)={ucsC{"[0, 7; X];
w/(0)=0},

v = LS 2 Y (el +A4)" B(B—zI)" g(v) dz,
27i Jr
with a trivial meaning for T" (see (C) in §1).
Since
Kg(v) (t) = —K[Auy+u,]—tKAu, = 0 Vie[0,7],
we see that

Ko(t) = i SP s (al+A)" B(B—z2I)" Kg(v)dz = 0,

B being the time derivative defined in a similar manner as B, but in C,[0, 7; Y.

It follows Ku(t)=Kwv(t)+tKu,=—tAKuy=0. As a summary of the pre-
ceding discussion, we can then state

Theorem 6. Let (*)—(*****) hold. Then (NSP) has a solution (u, p) such
that %, Au are in CO[0, 7; X], 0<d<1.

A final remark: if (0F/0u) (0, u))€-L(Y,, X) is a good perturbation of —4,
in the sense that —(A4—(0F/0u) (0, u,)) still generates an analytic semigroup in

X, we need not suppose that ||u,; Y,|| is small, which implies that ||(3F/0u)
(0, wy); L(Y,, X)|| is small too.

4.2. Let us return now to our Navier-Stokes problem (NSP0). We consider
it as an abstract one in the framework of X=(L*(R"))", n<<p<<-+ oo, and set

Fw) = = —<w, Vo w ws(W"(R")".

We need now check the regularity of G(w)=P<w, V,> w. In fact, we assumed
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n<p mainly to secure that W"#(R") is a Banach algebra [3, p. 115] so that
G (u+h)—G () —P<h, V> u—P<u, V) by (LRl
= |[P<k, V> k; (LXR"))"ll
<Cllk; Wil [|h; (WH(R)IISC b (WH(R))IF = Cll b; YAl

For notational ease, W is here the space of bounded continuous functions
g: R"—R" with the sup norm; in this connection, recall that if QC R" has the
cone property [3, p. 66], W"?(Q) is continuously embedded in the space of
bounded continuous functions Q—R.

If u, u,€ Y, it is easy to see that

G,(ui) h= P<h’ V> ui_P<uiy V> h1 1= 1) 2.
We note the bound

I [G'(w)—G'(w)] by XIS Cll ks Yyl [y —uz; Yill,
whence
| G'(w)—G'(u5); LYy, X)I S Clluy—uy; Yl

Finally, if u(W?**(R"))" and A, is the Laplace operator in L?(R") with
domain W2*/(R"), then <V, (Au, -+, Au,)>=A,{V,u>. Moreover, —(A—
G'(u,)) generates an analytic semigroup if 4, Y,, and we are done. All crucial
assumptions of Theorem 6 are easily verifiable, in view of the remark following
it.

4.3. AppLICATION 6. We conclude with a brief sketch of discussion about

equations in the form u'=F(—Au). In [30] W. von Wahl studied the global
solvability of

augt *) —f(A; u(t, x)) = 0on Q,

u(t,x) = 0 on 902,
(0, x) = $(%) .
The main assumption was the strict positivity of f’: we shall show how
such a condition arises rather naturally within the framework built so far.
Let Q be -as above- a bounded domain in R"(n>1) with regular boundary

0Q). Define second-order time dependent differential operators and boundary
ones as in Example 1 (1.4)

—A(t, x; D) = Z‘, a,,(t x) —}—a(t x),
(¢, x) [0, T] xQ
B(t,y; D) = (&t ¥), (t, »)€[0, T]x 0
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We assume that the coefficients fulfill all assumptions labeled in [2] as
(A1, 2), (B1, 2), (AB2, 3); we define then 4=A(t) by

D(A(2) = {ucC@)NW(Q); A(t, - ; D)ucsC@Q), B(t, -; D)u = 0 on 90} ,
A(t)u = A(t, - ; D) u; we fix henceforth g>n .

Let ¢=CY(R, R): on C(Q}) we define also the substitution operator F

arising from ¢ in the usual manner: F(v) (x)=¢(v(x)) for every x€{Q} and veE
c).

Hence we translate the problem
.a“g_t'”) = $(—A(t, x; D) u(t, x)) (¢, x)<[0, 7]x T

B(t,x; D)u(t,x) =0 (¢, x)€][0, 7] X090
4(0, x) = uy(x) x€Q

into the abstract form

(NLP3) dt

‘@ — F(—A@®u®), e,
4(0) = u,=C(2)

which is equivalent, under the change A(t) u(t)=2v(¢), to

% (A@)7" o) = F(—2(@), t€[0,7]

(AR v(@))=0 = 4 EC(Q).

F is trivially differentiable, and
(F'(v) B) (%) = ¢'(v(x)) h(x) for every x€Q,v,heC@).

The condition ¢'(£)>0 for every t& R implies that F'(—A4(0) u,) A(z) enjoys
the very same relevant properties as A(2), so the problem discussed in [30] may
be attacked, inasmuch local solvability is concerned, as a particular case of
(NLP3).

Besides other condition easy to guess, we obtain existence if
F(—v)—Sv,€9D(A(0)): v, is A(0)u, and S equals ((d/dt) (A(£)™))t=0 If
D(A())=D does not depend upon time this condition becomes simpler:
F(—v,) €D, since then

= —A(0)1 4'(0) A(0)* .
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