A REMARK ON THE PERCOLATION FOR
THE 2D ISING MODEL

Yasunart HIGUCHI

(Received February 18, 1988)

1. Introduction

Let Z? denote the square lattice and put Q={—1, +1}2*. We call Q the
space of spin configurations on Z? and equip it with the usual topological Borel
o-algebra &. The Hamiltonian H} of our model in a finite set ¥ with bound-
ary configuration o €Q is a function from {—1, +1}" to R defined by

M) (o)== B c@e()—hTo—_ 3 o))
lz-y]=1 lx-7]=1

ce{-1, +1}",

where % is a real parameter called the external field. A Gibbs state for the
system of Hamiltonians {Hy; o €Q, V is a finite subset of Z% and at the in-
verse temperature >0, is a probability measure x on Q satisfying the DLR
equation:

(2 p({o(x) = o(x), x€V} |Fye) (0) = (Zy) ' exp{—B-Hy (o)}
for p—a.a. w, for every finite VCZ? and o {1, 41}, where

Zyi=,_ 5 exp{—f-Hy@)},
S denotes the g-algebra generated by {w(x); x& W} for W CZ?, and (- |Fy)
(o) is the regular conditional probability distribution of x conditioned on Fy,.
It is well known that this model exibits the phase transition:
(i) If 2= 0, then for every 8 > 0 the Gibbs state for the parameter (B, %)
is unique.
(it) There exists a critical value B, such that the number of Gibbs states
for (B, 0) is more than one if 8 > B,, and the Gibbs state for (8, 0) is unique

if B<B..
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We are interested in the case where 8<g,; for such B and every & we have
an unique Gibbs state, which we will denote by ug,. This wg, has several
nice properties as listed below.

[a] (Spacial Symmetry) pg, is invariant under Z>-translations, rotations
by right angles and reflections with respect to (w.r.t.) x'- and x*-axes.

[b] (Symmetry w.r.t. Spin Reversing) If R: Q—Q is defined by

(Ro) (x) = —w(x)  for every x&2Z?,
then pg oR = pg _y,

in particular, pg, is invariant under R.

[c] (FKG Inequality) Introduce the order<in Q by the componentwise
inequality: w<7% iff w(x)<y(x) for every x&Z?; and say that a function f on
Q is increasing if f(w)< f(n) whenever o<%. Then ug, satisfies

©) Egi(f+8)=Eg,u(f) Epi(8) -
for bounded increasing functions f and g, where Eg, denotes the expectation
w.r.t. B, ke

[c'] (Monotonicity) For any bounded increasing function f on Q, if A<h'
then ‘
4) B (f)<Epw(f) -

[d] (Tal Triviality) If we define the tail o-algebra & ., by
Fo = N F Ve

Vv ; finitec 22
then g, (4)=0o0r1 for every A€, .

[e] (Strongly Mixing Property) pg,, is strongly mixing in each direction
with mixing coefficient +Jrg 4(n): i.e. there exists a sequence yrg 4(n), n =1, 2, +--,
decreasing to zero as n goes to oo, such that for each n>1

Q) | e.(AN B)— g, i(A) 16,1(B) | <frp 1(m)

for every A€ F% j and BeTF: ,, i = 1,2, where for i = 1, 2, and for an integer
k, Fi , (or FL ) is the o-algebra generated by

{w(x); ® = (&', x%), &' >k (or ' < —k, resp.)} .
ReMARk 1.1.  The strong mixing property [e] is studied in [11], where it
is proved that the mixing coefficient g (%) decays exponentially in #. This

exponential decay is based on the exponential decay of the covariance function
(so-called the truncated pair correlation function)

ps (0, %) = Ep,1((0) o () —Ep,x(w(0)) .
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Since by GHS inequality [8], the covariance function is increasing in A if
h<0, and decreasing in 4 if >0, it takes the maximum value when 2=0.
Further, if 2= 0 and B8<3, then the single spin expectation Eg o(w(0)) is equal
to zero, and the covariance function is equal to the correlation function Eg o(w(0)
o (x)). By Griffiths’ inequality, this correlation function is increasing in B (see
for example [7]). Hence for any 8<B,< B, and any A= R, the covariance
function pf ,(0, x) is dominated by the covariance function pj ,(0, ), which
decays exponentially. Therefore every pg s from {ug i} ser; p<p, is strongly mix-
ing in each direction with the same coefficient g, o(%), which decays exponen-
tially in n.

Now we introduce our notations and terminologies for the percolation
problem, Let _L be the planer graph whose vertex set is just equal to Z?% and
whose edge set is the collection of all nearest neighbour pairs {x, y} of Z? i.e.
[x'—y'|+ |#*—y?| =1. We denote by _L* the matching graph of _L: the vertex
set of _L* is also Z? and the edge set of _L* is the collection of all #nearest
neighbour pairs {x,y} of Z? ie. max{|x'—y'|, |#*—y*|}=1. Let 4=_L or
L*. We call a sequence of points {x;, x,, +++, x,} CZ? a (self-avoiding) G-path
if (a) x;=%=x; whenever 7 == j, and (b) for every k with 0<k<n—1, x, and x;,, are
joined by an edge of G. A G-path y={x,, x;, **-, x,} is called a G-circuit if
y'={x;, x5, *++, X, %o} is also a G-path. A set VCZ? is said G-connected if for
every pair {x,y} CV there exists a G-path y={x,, x,, -**, x,} in V such that
xo=x, and x,=y.

For o €Q and x € Z%, we denote by C; (9)=C; (g; ») the maximal G-
connected component of o~ (+1): ={y € Z%; w(y)=+1} containing the point
x. Also C;(Q) is defined in the same way for o™ }(—1).

Our main concern is to investigate how the probability

peu(F Co(9) = ) (€= + or —)

changes as we vary parameter (8, /) under the condition 8<g,, where for
VcZ? 4V denotes the cardinality of V. The first answer to this problem
was given by Coniglio et al. [5].

Theorem ([5]).
po(FCY(L) = 0)=0  forboth &=+ and —, for B<ZB..

RemARk 1.2. The first result of this type is in the work of Miyamoto
[17], where the bond percolation problem is considered w.r.t. a probability
measure on {—1, +1}5* (B? is the set of all bonds in Z?), having properties
corresponding to [a]~[d]. Both the above theorem and the result in [17] are
dependent versions of Harris’ result [10] for the Bernoulli percolation.

On the contrary, it can be shown that for sufficiently small B, there exists
a positive 4,(8) such that
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(6) e a(# Co(L*) = 0)>0  for both &= + and —,

if |h|<h(B) (see for example [12, 15]).
Our original problem is the following:

Problem. Can one find a positive #,(8) for every 8<@, such that (6)
holds if |2| <A,(B)?

In order to handle this problem, it may be helpful if we have an RSW-
type theorem, since in the Bernoulli percolation case it was so powerful to an-
alyze the two-dimensional percolation problem. The idea is to introduce
“sponge percolation probabilities”.

For each n>1, L>1, let V,, , be the rectangle defined by

Vo= {x = (&', )2 || <n, |#*| <L} .

For &=+ or —, G=_L or .L* and for n, L>1, let A; (&) be the event that
the two horizontal sides of V, ; (i.e. {(x', )€V, ;; ¥*=L} and {(x", ¥*)EV, ;:
x°=—L}) are connected by a G-path lying entirely in the set V, ; Nw™(€), i.e.

A2.(9): =] weQ; 'fhere exi.sts a G-path .fyc V,.,]_.ﬂco“(e) }
intersecting both horizontal sides of V,, ;

where of course o }(€)=w"Y(+1) if &=+, and 0™ }(—1) if E=—.
Finally, if @=_L or _L* then we denote by &’ the matching graph of &: i.e.
if G=_[ then G@'=_*, and if G=_[* then §'=_[.

DerFINITION. For a given probability measure p which satisfies [a], [c] and
[d], we say that the RSW theorem holds for y if for each €& {+, —} and for
each @ {.L, L*}, the following five statements are equivalent.

) w(#C3(Q) = 0)>0,
(8) lim (A3 (@) =1,
9) lim p(4,4(Q)) = 1,
(10) lim (45(@) =1,
(11) Eu(# C5(@))<oo

where —& is the opposite sign of &, {§, —& ={+, —}.
The famous result of Russo [18], Seymour and Welsh [19] is then rephrased
in the following way:

Theorem ([18, 19]). For every p [0, 1], the RSW theorem holds for v,,
where v, is the Bernoulli probability measure with density p.

In this paper, we show that we can assume that the RSW theorem holds
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for pgs (hRER, B<B,), so far as our original problem is concerned. Namely,
our result is the following:

Theorem 1. Let B<B.. Then either one of the following statements holds :
(2) There exists a positive h,(B) such that (6) holds for |h| <h.(B),
or

(i) the RSW theorem holds for wg, for every he R.

Remark 1.3. Recently, two remarkable results were obtained by J.T.
Chayes-L. Chayes-Shonman [3] and by Gandolfi [6] related to the percolation
for the Ising model. In [3], it was proved that the connectivity function
pi.o(xeCy(L*)) decays exponentially as |x|—oo for 8>, where uj o is the
extremal Gibbs state obtained from the-+boundary condition. (In [14], the
author was trying to prove this, but succeeded only with the logarithmic factor:

pao(xeCi(L*)<exp[—Alx|[log|x|], |x|—>oco

for some positive constant A.) With this exponential decay of the connectivity
function, we can discuss the similar phenomena as in [9] (see [15]). This is
well explained in the case of Bernoulli percolation in [4]. In [6], it is shown
that the number of the infinite connected components of »~!(+1) is at most
one a.s. with respect to any stationary Gibbs state corresponding to some class
of interactions in Z¢, d >2 (for example finite range). This is a nice extension
of the independent case result [2].

2. Sponge percolation for strongly mixing random fields with FKG
inequality

In this section, we consider general relation between the statements (7)~
(11), mainly under the condition that y is strongly mixing in each direction
with the coefficient Yr(7) decreasing to zero as n tends to co.

Lemma 2.1 ([18], Proposition 1). If u is invariant under Z*-translation,
then (11) implies (7) for each € {—1, +1} and for each G= { L, L*}.

Lemma 2.2. Assume that p satisfies [a], [c] and that p is strongly mixing
in each direction ([e]). If

(12) lim inf wu(4;,3.(9)) = a>0,
then for every £>0, there exists M >0 such that
(13) lim inf p(Bu(M; @)>1—£,

where Bu(M, Q) is the event that there exists a G-circuit surrounding the origin in
© )N Vagn,a\Vau,n- (See Fig. 1.)
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RemMARK 2.1. This is a variant of Lemma 4.2 of [15]. The new part of
this lemma is only that we need no additional condition for the decay rate of

Yr(n) as n—>oo.

-—n
—Mn 0 Mn
—n
Y

—Mn

Fig. 1 event BY(M; Q)
The curve 7 is a G-circuit in @ ~1(€)N Viagy, a0\ V,» surrounding the origin.

Before we go into the proof, we prepare notations. For x & Z? let 7(x)
denote the x-translation, i.e.

(14-a) (T(®)0) () = 0(x+y) yE2
and
(14-b) T(®)A4A = {r(x)o; 04} A€g

The rotation by the right angle is denoted by rot: Q—Q, i.e.
(15-a) (rot ) (¢!, #*) = w(—a% &") (), ¥F)EZ?, 0wEQ,
and
(15-b) rot A = {rotw; 0w A} AT .

We call that an event A is increasing (decreasing) if its indicator function

I,(w) is increasing (decreasing).
Proof of Lemma 2.2. Fix n>1 arbitrarily, and set M(k)=3%n for k>1.

Define
E,; = (rot)’ (r(2M(R), 0) Aw, 311 (L))

for 0<i<3 (Fig. 2),
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Fy= AE,, and G,=UF;. Then

M(Gpt) =p (Glt—lc n ch)
=K (Gk—lc n [(Ek,o N Ek,z)‘ U (Ek.l n Ek,a)c])
= p(Gi- N (EroN Ek,z)c)‘*‘
+u (Glz—lc n (Ek,] n Ek,a)c)—
— (G’ N (BN Ey,) N (Ep 1N Eyy)°) -

Jll’(k) /3

~3M(8) o) 308
—M(k)[3 v

—3M(k)

Fig. 2 Event E; and event G-,

G-, is the event occuring in the shaded square. The curve 7 connecting the
top and the bottom sides of the rectangle [M(k), 3M (k)] X [—3M(k), 3M(k)] is
a G-path in @~1(¢).

Note that either {G},<;j<p» {Ej i} osi3:1<j<s are all increasing or all decreas-
ing events. Therefore we can use FKG inequality [c] so that we obtain
p(G)<p (Gt N (EioN Er2))+
+;1,(G,,_1‘ n (Ek.l n Ek,a)c)‘—
—1(Ge-)) B((EroN B o)) ((EraN Ey)) -
The strong mixing property [e] implies that
m (Gk—lc N(ExoN Ek.z)c)
S (Git) (1= p(Bio) 1 (Es2)+24(2M(R)[3) ,
(see Fig. 2). Similarly, we have
£ ((EeoNEy2)) 21— p(Eio) (B o) —y(2M(k))
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Combining these inequalities with the translation invariance [a], we obtain

(16) #(G¥) < p(Gi-y) [1—p (Aiamy, 3m(9) )]+
+64r(2M (R)/3) .

For any given £>0, we take 2>1 large enough so that
(17) 2{1—(a/2/}*<E .
Depending on this &, we take 7,>1 large enough so that
(18-a) w(A4n Q) =af2  for every n>mn,.
and
(18-b) 6yr(6n) < {1—(t/2)"}***  for every n>n,.

Starting from some n>n,, we define M(k) as before, and set M=M(k). Then
from (16)~(18), we obtain

#(G)<p(Gi-y) {1—(a/2)'t 464 (2M (k)/3)
<{1—(@2)}*+6 3} {1~ (@24 2M(j)}3)
<2{1—(a/2)%}*. ]
Since Bi(M; 9)DG,, we obtain from the above estimate
p(Bu(M; @) 2 p(G)21-2{1—(a/2)}*=1-¢
for every n>n,. [

Lemma 2.3. Assume that p satisfies [a], [c] and [e]. If in addition (8)
and (12) hold for u, then (9) and (10) hold for p, too.

Proof. Let £>0 be given arbitrarily. From (12) and Lemma 2.2, we can
find M >0 and 7y>1 such that

(19) w(By(M; @)>1—E& for every n>n, .

On the other hand, the condition (8) implies that for any 8>0 we can choose
n,>>1 such that

(20) (A3 4(G)>1—38 for every n>n, .

We divide the lower side of Vj,, into 3M pieces {I}, I, *++, I} such that
the length |I;| of each I; satisfy

2[n/M]<|I;| <4[n/M],

where [u] denotes the integer part of uR. This can be simply done when
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we take | I;| =2[n/M] for j=1,2,,3M—1, and | Iy | =6n—2(3M—1) [n/M],
if 7 is so large that 2[n/M]>6M. Let ny=n,(M): =min {n; 2[n/M]=6M},
and n>n,. For j=1,2, -+, 3M, we define the event D} j(@) by

I; is connected to the upper side of }

D (@) = {wEQ; :
.i(9) {“’ Vina by @ G-path in 0 (€)M Vs

Then the collection of the events {D} ;j(@)}<j<sy are all increasing if &=+,

and are all decreasing if &=—. It follows from (20) that there is at least one
k for which
(21) w(Dsx(@))>1—8",

for otherwise, from FKG inequality [c] we have
3 3M
#(A5nn(9))) = 1( N (Dri(@))2 I 6(D5.19)) 28,

which contradicts (20). Let 2 be the number for which (21) holds, and let
D:,1(Q) be the reflection of the event D} (&) w.r.t. the line {*=—n—|[I|/2}.
Consider the event

H, ,= D; Q)N D} (9) N7 (x(n, k) By,12(M; @), where x(n, k)= (—3n+
§ [ L1+ 11l 2, —n— 1| [2). Tt is easy to see that if w=H,, then the two

<.
-

L 3n ¥

—n—|I,]
—2n
—2n—|1]|

Fig. 3 event H,,;

The curves 7, and 73 are G-paths in ®~1(€), 72 is a @-circuit in ®~1(€) surrounding
I, in the dotted square.
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horizontal sides of the rectangle A={—3#<x'<3n, —3n<x’<n} are connected
by a G-path in & %(€)NA. (Fig. 3) Using FKG inequality [c] and the spacial
symmetry [a], we obtain that
| p(H,)ZpDik D) w(BlrM; 9))
>(1—8) (1)
for every n>Mnm,+ n,+ n,. Since & can be chosen arbitrarily small, we can
make the right hand side of the above inequality greater than 1—2f if n, is
sufficiently large.
The translation invariance of x implies that
. two horizontal side sides of A are connected
(A ) = s o sid )
by a G-path in 0 }(E)NA
Zﬂ(Hn,k) ’
and hence we obtain
(A2 D) =128

for n>Mny+mn,~+n, Since £ is arbitrary, we end up with
(22) }1&1 1 (Asn,2a(Q)) = 1.
Starting with (19) and (22) again, the same argument leads us to
(23) lim u (A (@) = 1.
Therefore repeating this argument several times, we obtain
(24) '1'1:‘2 p(Asa2,(Q) =1 for every k>1.
It is now easy to deduce (9) and (10) from (24). [

Corollary 2.4. Let yu satisfy [a], [c] and [e]. If (7) and (12) hold for pu,
then (8)~(10) kold for p, as well.

Proof. It is sufficient to show that (8) holds for u, because of the above
lemma. But this is proven in [18], Lemma 2, and in [16], Lemma 5.1, where
the independence is not acutally employed. Both proofs are quite simple, and
here is presented one of them for the convenience of readers.

In our situation, it is simpler to quote Kesten’s proof [16]. Assume that
(7) holds for . Then for any £>0 we can take 7,>1 such that

there exists a G-path  in
(25) | © (&) N Vi 3,\Vy connecting |>1—£
oV, , with 0V, 4,
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for every n>mny, where 8V, =V, ;\V_,,4-;, because the event that there exists
an unbounded &-path in »™'(+1) is invariant under the Z*-translation and [e]
implies that y is ergodic in each direction. It is easy to see that if a G-path ¥
connects 8V, , with 87y, s, in the annulus V3, 3,\V, ., then there is at least one
rectangle A among

Ay = {—3n<x'<3n,n<x*<3n},

A, = {3 <—n, —3n<s*<3m},

A, = {—3n<x'<3n, —3n<¥*< —n}
and Ay = <x'<3n, —3In<&*<3n},

such that o N A connects (in &) two longer sides of A (Fig. 4).

x2

3n

—3n —n| |0 7| |7 3In
_—”o /Q-l

—3n

Fig. 4

The curve 7 is a G-path connecting Vs, with 0V3p3n. In the above
picture, 7 connects two longer sides of /3.

This implies that
(U (1ot} 7(0, 2n) A3,(@) = the L.H.S. of (25)
>1—¢

for every n>n,. Using the spacial symmetry [a] and the FKG inequality [c],
as in the proof of Lemma 2.2, we obtain

p(Asn (Q)>1—8Y*  foreveryn>=n,. [

By appealing to the rescaling argument in [1], we can obtain even a stronger
vesult than Lemma 2.3. The cost we have to pay for it is that we need a little
more delicate argument.
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Lemma 2.5. Assume that p satisfies [a], [c] and [e]. If we assume in ad-
dition (12) and that

(26) lim inf (d73(@") = 0
for some k> 1, then we also have (8)~(10) for u.

Proof. First we observe that

n kn(g’) Urot (Akn n(g)) = and
A75(@) N rot (Apn o(Q)) = ¢ ,

because every &’-path 7’ in V,,, connecting two horizontal sides of V,,,
intersects any &-path v in V,,, connecting two vertical sides of V,,,. By
the rotation invariance of u, (26) therefore implies that

(27) lil,}fnup (A n(Q))=1.

The same argument as in the proof of Lemma 2.3 can be applied to con-
clude from (12) and (27) that

(28) hm L sup w(An (@) =1.
On the other hand, it is easy to see that
7(0, (k—1) n) A3 1(Q) Nrot As (@) N7 (0, —(k—1) 1) Az 1(G)
is a subset of 4, zk-1)s(Z). Hence from FKG inequality [c], we obtain
1(An.or-10(9) 2 1(45.4(9)) 1(45 (D)) -
Using this inequality twice, we obtain

(29) w(A5.9x(9)) = 1 (Au (D)) 1(4s,:4(Q))*
> p(An,3n(Q))

for every n>1. Since

A3 94(G) D7 (21, 0) Ap 0a(2) UT(—2m, 0) Ay.04(G),
the strong mixing property [e] implies that
(30) 1 (Asn (D) 2 200 (A 9n(D)) — 1 (A, 9(D) P —r(2m) .

The inequality (29) and the fact that 2u—u? is increasing in u&([0, 1], imply
that the right hand side of (30) is not smaller than

218 (An,3(D)) — 1 (A5 3( D))" —Yr (n) -
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Let f(u)=24"—u", and u* be the unique solution of u=f(x) in the interval
(0,1). Take 8>0 small enough so that the equation u-+8=f(x) has two so-
lutions a¢<a’ in (#*,1). Choose n,>1 large enough so that r(z)<<8 for every
n>ny and p(As,3(9))>a. The latter inequality is possible because of (28).
Putting n,—=3*n, and a,= p(4;, 54,()), We obtain

31) A= fay)—r () for every k>1.
Taking the inferior limits of the both sides, we obtain
32) v:= liin inf a,> f(v) .

But since a,>a and (n)<<8 for every k>1, (31) also implies that y>
f(a')—8=a’, and hence we have y=1, i.e.
(33) lim a,=1.

k>

Again by the argument in the beginning of this proof, we can obtain from
(33),

(34) lim (45,0, (9) = 1,
which is sufficient to prove (10). [

Lemma 2.6. Assume [a], [c] and [e] with the mixing coefficient \r(n) satisfying
(35) Sm i (t) dt<<oo
where (1) is a step function on [0, o) induced from (n). Then (10) implies
(11).
Proof. From (10), for any £>0 we can find n#,>1 such that
w(An (@) =1—E  for every n>n, .

Let n>mn, be arbitrarily fixed and let E, ;, 0<i<3, F, and G, be as ip the
proof of Lemma 2.2, with M(k)=3%n.
Let

(36) z'(m; @) = p(Co(@) NV nt ).
Then it is easy to see that
(37) z=(M(R); 9)<u(Gy) .

Noting that Eu(4 C5°(Z"))< i 8m-n~*(m; G'), we know that the only thing we

have to do is to ensure the convergence of the series in the right hand side of the
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above inequality. For M(k—1)<m<M(k), we have

men"%(m; Q')
<M(R)- u(GY)
<M(k) [{1—(1—8)}*+
+6 z”‘, {1—(1—&)}*7 - (2M(5)/3))] -

Since M(k)=3%-n, E,(C5°(4")) is finite if both

(38) 31— (1} <o,
and
(39) g 34k é {1_(1_5)4}k-i \P(2.32i—1 n)<°° .

But since £>>0 can be chosen arbitrarily small, (38) is possible. Changing the
order of the summation in the left hand side of (39), we obtain

3339 (2-347m) [1-341—(1—p)41 ™,
which is convergent if
r 9% (9 + (20[3)) du< oo .

This is equivalent to (35) by the change of the variables ¢t=9*. [J

3. Proof of Theorem 1

The symmetry property [b] implies that if RSW theorem holds for pw=pug ,,
then it also holds for p=pg _,. Therefore we can assume that 2>0. We start
with the special case where A=0, §=_L*.

Lemma 3.1. Let 0<B<B,, 9=L* and e {+, —}. Then (7)~(11) are
equivalent for p=pg .

Proof. In [13], the author has proved that under the assumption of the
lemma, (12) holds for u=pg, with =27, Lemma 2.3 assures that (8)~(10)
are equivalent under (12). Further, from Corollary 2.4, we know that (7) im-
plies (8)~(10). Since B<B,, p=pp, satisfies [e] with exponentially decreasing
mixing coefficient yrg o(#). Therefore we can use Lemma 2.6 to conclude that
(10) implies (11).

Finally, (11) implies (7) by Lemma 2.1. []

Corollary 3.2. Let 0<B<f,, h=>0, G=_L* and €=+. Then (7)~(11)
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are equivalent for p=pg .

Proof. As we have seen in the proof of Lemma 3.1, (12) assures the equi-
valence of (7) ~(11). Since (12) holds for p=pg, ¢=L*, &=+, the mono-
tonicity [¢’] implies that (12) holds for p=pg,;, F=L* and €=+, if h>0.
Therefore (7) ~(11) are equivalent for p=pug ,, £>0, G=_L* and E=+. [

The key observation is the following proposition, which we will prove in
the next section.

Proposition 3.3. Let 0<B<B,. If we have
@) tpo(# C3(L¥*) = 00)>0,
then there exists some h(B)>>0 such that (6) holds if |h| <h(R).

Lemma 3.4. Let 0<B<pB,, h>0, G {L, L*}, and E=-+. If we assume
that (7)" does not hold, then (12) holds for p=pg , and (7) ~(11) are equivalent for

H=b, b

Proof. Since we have the equivalence of (7) ~(11) when G=_L*, the only
thing we have to do is to show the equivalence of (7)~(11) when G=_L. As
we have mentioned in the proof of Corollary 3.2, it is sufficient to show (12) for
pw=ppo =L and E&=+. To do this, first we use Lemma 2.5 for G=_[%,
pw=pg, and E=—. As was already noted in the proof of Lemma 3.1, (12) is
true in this case, i.e. we have

lix?_)inf po.o(Ansn(-L¥) =275,
Therefore if we assume that
(26 lim inf g o(Aan( L)) = 0,
then from Lemma 2.5 we obtain for example
Ol lim g Ara L) = 1,
which, by Lemma 3.1, contradicts our assumption that (7)’ does not hold. []

To finish the proof of Theorem 1, it is, in view of Proposition 3.3, enough
to show that all the statements (7) ~(11) are vacant for p=pg ,, 0<B<gB,, =0,
ge{L, L*} and €=—, provided that (7)" does not hold. Assume that (7)’
does not hold. Since the event {# C5(-L*)=oc} is decreasing, the monotonicity
[c'] implies that

peu(H Co(L¥) = 00) =0,
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i.e. (7) does not hold for p=pg,, 0<B<B, h=>0, 4=L* and E=—. By
Lemma 3.4, we know that (12) holds for p=pg,q, §=-L and é=+, from the as-
sumption that (7)" does not hold.

Therefore we know by duality that all the statements (8) ~(10) do not
hold for p=pg,q 0<B<B., G=L*, E=—.

Finally, by Lemma 2.1, (11) fails (since (7) fails) for p=pg, G=-L* and
&=—. Thus, (7)~(11) are all vacant for p=pg, G=L* and E&=—. By
monotonicity [c'], this implies that (7) ~(11) are all vacant for p=pg,, >0,
G=_Land é&=—. []

4. Something more about the RSW theorem

First, we prove Proposition 3.3. This is done by using our previous
result in [14]. To explain this, we need some notations. Let u be strongly
mixing in each direction with mixing coefficiant y(z), decreasing exponentially
as n—>o0, Then we can find some C>0 and Ny>1 such that

(40) n? " ap(n)<e "  for every n>N,.

As in [14], section 1, we take N, >2N, large enough so that

(41) log (Nl——l)ZIlglgalx {2 log t—t log 2} +3 log 10+
+210g {3(2N,—1)/(2N,—3)} .

For n>N,, let z°(n; @) denote the p-probability of the event that the origin
is G-connected to the boundary 8V, ,={(x', x*)€2Z?%; max {|x'|, |¥*|} =n} in
~'(€). Finally we define the subsequence {n(k)} by

n(1)=N,, n(k-+1)=2n(k)+[2n(k)/k] k>1. Then we have the following
fact:

Proposition 4.1. (11) holds if there exists ky>1 such that
(42) 7~ (n(ky); G')+ (2n(ky+1)+1)<1072.

This is a direct consequence of Corollary 2 of [14]. Note that (42) follows
automatically from (11). From this we can obtain the following:

Theorem 2. The parameter region
DG; €)= {(B, h); 0<B<B., (7)~(11) holds for p = wp ,}
is an open set in R? for each @< { L, L*} and for each E< {+, —}.

Proof. Let (8, h)eD(G;¢€), and B,=(B,B.). Then by Remark 1.1, every
p from the family {ug,; 0<B<@B,, hER} is strongly mixing with the same
mixing coefficient +Jrg (), which decays exponentially as n—oco. Therefore we
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define Ny, N, for yjr(n)=1)rg (%) as above.
Since (B, k)€9D(4G, €), we have (11) for p=pg ;. In particular, we have

(43) lim z~%(n; @)n=0 for p=pg,.
Therefore there exists ky>>1 such that
4 n~ (n(ko); Q')+ (2n(ky+1)+1)<<1073

for p=pg,. Since z7%(n, G') is an expectation w.r.t. u=pg, of a bounded
continuous function on £, and since ug , is continuous in (83, £) (0, B.) X R, we
can find >0 such that (42) holds for p=p3 7 whenever |3—pB]| +|h—h| <8.
Hence by Proposition 4.1, we obtain (11) for p=p3,5 if |[B—B |+ |h—F| <8.
But from Theorem 1 of [15], (11) implies (10). Combining this with Lemma
2.1, we obtain that all the conditions (7)~(11) hold for p=p3 3, |8—B|+
lh—h|<3. O

Corollary 4.2. Let G {L, L*}, Ec {4, —} and R=A{(B, h); 0<B<B.,

the RSW theorem holds for uy=pg ,}. Then we have
(@) {8, 0); 0<B<BICR,

and

(%)  if we define Ry(G; €) by
Ro(G;8) = {(B, heR; (7) holds for p = pg,} ,

then Ry(G; €) is an open set in the space R in the sense of the relative topology
in R
Proof. (i) is a consequence of Lemma 3.1, Lemma 3.4 and the symmetry

[b] for p=pp . (ii) is obvious from Theorem 2. []

Proof of Proposition 3.3. Immediate from Corollary 4.2, (i) and Theorem

2. O
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