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1. Introduction

Let X=G/K be a Hermitian symmetric space where K is a maximal com-
pact subgroup of a connected non-compact semisimple Lie group G. We assume
that G has a finite center. Let HC K be a Cartan subgroup of G, let g, %, &
be the complexifications of the Lie algebras g, &, /#, of G, K, H, let A=A(g, k)
be the set of non-zero roots of (g, #), and let A*CA be a system of positive
roots compatible with the G-invariant complex structure on X. That is, if
go=ky+p, is a Cartan decomposition of g, then the splitting of the complexified
tangent space p=p§ of X at the origin is given by

(L1) p=p"@p~ where p*= X g,

as Ay
for gg the root space of B€A and A; =A*N A,, A,=the set of noncompact roots
in A. Let Af=A*NA, where A,=the set of compact roots in A and let <Q>
be the sum of roots in Q for QCA. In particular we set 286=<A*) as usual,
and then we can define the following subset of the dual space A* of k: for L the
character lattice of H:

Fj = {integral forms A in L|(A+38, a)=0 for each

1.2
(12) ain A and (A+38, @)>0 for each «ain Af}.

Now let 7&K be an irreducible unitary representation of K with highest weight
A relative to the positive system Af for (k, 2). The induced homogeneous vector
bundle E,=G X gV, over X has a holomorphic structure (here V, is the repre-
sentation space of 7). Let I' be a fixed torsion free, co-compact, discrete sub-

group of G. Then given €K, there is a natural sheaf 8, (T") over Xy, iy IND.¢
generated by the presheaf: Ut abelian group of I'-invariant holomorphic sec-
tions of E, on the inverse image of U under the map X— X, where UC X is
an open set. 'The cohomology groups H*(Xr, 6.(T)) of Xy with coefficients in
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0.(T") were introduced (and described somewhat differently) and studied by
Matsushima and Murakami in [2], [3]. In [4] they obtained the formula

(1.3) dim H"(Xp, 0,(T)) = ) S m,(T") dim Homy(H,, A" p*QV,)
G
g(%.):(A,A+26)1

where m,(T") is the multiplicity of z in L¥T'\G), Q is the Casimir operator of G,
H, is the space of K-finite vectors in the representation space of =z, and (,) is
the Killing form of g; also see [1].

The purpose of this paper is two-fold: (i) We find the most general and pre-
cise vanishing theorem possible for the cohomology H*(Xy, 6,(T")), for any r€K
with highest weight A€ Fg; (ii) We describe precisely the unitary representations
= and the integers » which contribute to the formula (1.3)-i.e., those z& G and
those integers 7 such that z(Q)=(A, A+28) 1, Homg(H,, A" p*@QV,)==0. Actu-
ally we do a bit more in Lemma 2.2. The results are formulated in Theorems
1.9 and 1.10 below. Theorem 1.9 solves a problem (one of four problems) raised
by M. Harris at the recent 834'® meeting of the A.M.S. in New Jersey. If one
assumes that the positive root system

(14) PO {qeA|(A+8, @)>0}

(corresponding to the regular element A+-8) is also compatible with some G-
invariant complex structure on X, here we write X< P®™) then the results (i),
(ii) are already obtained in [12], [14] respectively. Thus the complete generality
of this paper amounts to the removal of the assumption X« P®™. In view of
(1.3), clearly Theorem 1.9 implies Theorem 1.10.

Before stating the main results we introduce a bit more notation. For
AEF( let

On={aeAS|(A+8, a)>0}, 0L =A;—0,

1.5
(1.5) a=h+ > g, (a Borel subalgebra of g).
as P

If g=I+-u is a Levi decomposition of a parabolic subalgebra of g with unipotent
radical # and a reductive complement /, we let A (), A(/) denote the roots of
u, [ and we set

(1.6) g.,» = the set of non-compact roots in A () .
In particular if 6 is the Cartan involution of gy=£k,+p, we shall consider -
stable parabolic subalgebras g% in the sense of [9]. That is, for some A Eh*
which is pure-imaginary valued on %, one has

Al) = {acA|(r a) =0, A(w) = {acsA|(\, a)>0};

I=h+ 3 g,.
acsA())

(1.7)
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One then has I=(,))¢ where [, is the Lie algebra of a connected Lie subgroup L
of G. For 28W=PW% 28M=<PP> A+8—8W is P®_dominant since
A48 is P®-regular and we assume that the finite-dimensional irreducible g-
module F* with P®-highest weight A+ 8—38™ integrates to a smooth G-module.
In particular if (A+8—8™, A(l))=0 then the highest weight space of F* is /-
invariant and hence is L-invariant (as L is connected). Thus this weight space
can be regarded as an (/, LN K) module which we shall denote by Cj5_5."
We let R} denote Zuckerman’s parabolic induction functor from the category of
(!, LN K) modules to the category of (g, K) modules [7]. Then we have [8]

Theorem 1.8. For a @-stable parabolic subalgebra q=I+u (as above) and
AEF§ with (A+8—38M, A(l)=0, let 7(q)=R; Cprs_s», where s=dim uN k.

ef.
Then (q)€ G and =(g)(Q)=(A, A-+28) 1. Also ()| x contains p(g)—=A-+5—
8™ 4-Lg, > as its lowest highest weight (relative to Aj); see (1.6). For j=s,
Ri Cyps0—0.

Also see [10]. We can now state the main results.

Theorem 1.9. For A€ F}, let z€ G with n(Q)=(A, A+28) 1, and let r>0
be an integer with Homyg(H,, NP*QV.,)#=0 where (as above) H, is the space of
K-finite vectors in the representation space of w and V., is the representation space of
r&K with A} -highest weight A. Then (i) w=RI™ "k C,.s_s&> for some O-stable
parabolic g=I1-+u>Db, (where as above we assume F™ integrates smoothly to G) with
(A+8—8®, Al))=0 and (ii) r=| Q| — |gunl +210aNgunl;? see (15), (L6).
Conversely let g=I+uDb, be a O-stable parabolic subalgebra of g and assume
(A+8—38, A(l))=0. Let n(q)=R$™“"*C\,s_s» S0 that #(q)€G such that

7(q) (Q)=(A, A+28) 1 by Theorem 1.8. Let rq.Ad;f‘l OMl = 1Qun | +210aN Gy uls
and let p(q)=A+8—8™+<q,, > be the lowest K-type of n(q). Then if, at least,
w(g)—38 is Af-dominant, Homy(H, A +sp*QV,)+0 and in fact is one-
dimensional.

Theorem 1.10. Let &K be an irreducible representation of K with Ajf-
highest weight A€ F{. Then the sheaf cohomology H'(Xy, 6,(T)) vanishes unless
r=|0Al — | Gunl +210aNq,, 4| for some O-stable parabolic subalgebra q=I14+u>b,
of g with (A+8—38™, A())=0.

As observed earlier the first half of Theorem 1.9 immediately implies
Theorem 1.10, given the formula (1.3).

1). Cp+5-5A is unitary
2). n:Eé and its (g, K) module are denoted by the same symbol.
3). |S| is the cardinality of a set .S.
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2. Proof of the main lemma

In this section G/K need not be assumed to be Hermitian. We assume only
rank,G=rank,K. We shall make use of the 1/2-spin modules S* for k. Its
weights are of the form §,—<{T), where TCA;, (—1)T'=41. If V., is the
irreducible k-module with Aj-highest weight A+8,, ASF{, then S*QV s,
integrates ¥ smoothly to a K-module, and we have the following main lemma.
Here W, W, are the Weyl groups of (g, %), (k, k) and for (w, 7)E WX W,

(2.1) OP = w(—PWYNPD | @, = r(—AF)NA} .

Lemma 2.2. Let p be a common K-type (relative to A7) of 7| g, S*QV p4s,,
where n€G such that 7(Q)=(A, A+28) 1. Then (even without the assumption
that G|K is Hermitian symmetric) there is a @-stable parabolic subalgebra g=I1+u>D
by such that (A+8—8", A(l))=0, p=u(q) and #=RC 55, s=dim uNk.
q can be chosen such that (P{¥—gq, ,)U®,-1=D) for some (w, r)C WX W, with
wP®™ DA} (see above notation). Conversely let g=I1+uDb, be a O-stable parabolic
subalgebra of g with (A+8—8™, A(l))=0, let z=n(q)=R3™*"*Cy\s_sm, and
let p=p(q). Then n <G such that 7(Q)=(A, A+28) 1 and if (at least) p—8 is
Aj-dominant then p is a common K-type of z| g, SEQV pys, for deta(—1) 1PN —u,l
=1 where o € W is the unique element > P®=gA™.

Proof. The hypotheses on A, p, z are exactly those of Theorem 2.8 of
[15]. Thus by that theorem g has the form

(2.3) = A8+ (wE®—§,)

for some (w, 7)EW X W, with Aj CwP™. We re-interpret (2.3) as follows.
Let P be the positive root system 77 'wP™®™. Thus (as Aj CwP®), +7'Af CP=

P=7r"A} UP,, P,,df——f.A,, NP, =5(P) (=% the sum of roots in P)=7"1§,48,(P),

where 28,(P)=<P,>. On the other hand 8§(P)=7"'wd™; i.e. 7~ Hwd—8§,)=
8,(P). Then since § —8®™=3§,— 8 for 28¥=<P{™>, (2.3) can be written

(2.4) p = (A+8—8®) 5P +5,(P).

Thus by Kumaresan’s 2nd lemma, Proposition 5.16 of [9], there is a @-stable
parabolic subalgebra ¢g=I+u>b, of g such that

def.
p = A+8—8W+<g, > = u(9)
(2-6) - A+8n—8$zj\)+<qu,n> ’
(A+8—8M, A())=0.
Thus 7| ¢ contains the lowest highest weight x(g), and since z(Q)=(A, A+238) 1

1). Since A€ L implies (A+0,)+06,=A+20,L.
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=(A+8—8®, A+8—8™428™) 1 we may also conclude from Proposition 6.1
of [9] that z=R§™“"*Cy,s yn. From (2.3), (2.6), 7~ (wd—38;)=—38"+
<qu,n>' Then by (2‘1)’ <(P$‘A)—qu,n) U q)'r'1>=28§1A)"~<qu,n>+(8k—T—lak)zagtA)_
T8 7718, (8 —7718,) =8P — 7 wd M =<PY) >, from whence we may
conclude that (P{M—g, ,)U®,-1=®) . Conversely let g=I4+uDb, be a 8-
stable parabolic subalgebra of g with (A+38—38, A(l))=0, let z=n(q)=
RiCpps_sm, s=dim u Nk, and let p=p(g). Then z& G such that z(Q)=(A, A
+28) 1 by Theorem 1.8, and by that same theorem g occurs in z. It suffices
therefore to show that p occurs in S*QV p4s,, at least if p—38%™ is Aj-dominant.

Define Q=P$1A)_qu,n CPﬁA) so that M<2A+8~8(A)+<qu,n>:A+8n’"B;A)+<qu.n>
=A+8,+8—<O0>=A+8+8M—0>—8§;. Thatis, =, u, Q satisfy the con-
ditions of Theorem 2.6 of [15]. By that theorem 3I(w, 7)€ WX W, therefore
such that @ P=0U®,, r'wP®DA;, w(A+8—8M)=A+5—8®. Let P=
77 IwP® so that §,(P)=7"'wd®™—3§, by the same argument preceding (2.4).
Note also that for a€Aj Cr7'wP®, w™lra € PW=>(A+8—8™, wlra)>0; i.e.
0L (77w (A+8—8W), @)=(r"(A+8—8W), a); i.e. both A+86—8™ and 7

(A+8—8™) are Ajf-dominant %A—FS—S(A):T—I(A—*—S—S(A)) (since TEW,).
Now §®—wd®={DM>=L0>+8,—78,=>7"KO>=7""18P — 771§ M |- §,=7""
M —8,(P)=>p=A~+8—8" 26V —LO>=7[A+8—8® + 778 —LO>)]+8»
by (iv), (v)=7[A+8—8®+8,(P)] 8= p—8P=r[A+5— 8D 135,(P)],
where §,(P) is Af-dominant since PDA}. If we assume that p—8&® is Af-
dominant then we see that both A+48—8®™+-§,(P) and 7[A+8—8™+§,(P)]

are both Af-dominant with r&W,. Hence A+8—S(A)—}—S,,(P)(v:u'r[A—[—S—S(A)—i—
8,(P)=> p—8=A+8—8M+8,(P)=A+8,— 8P +8,(P)=> p=A~+38,+38,(P).
But (v) and (vi) imply that 8,(P)=178,(P)=wd®™ —1§,; i.e., 77'wd® —§,=wd™
BB =B — (B S=( O B, O PP g, As ATCP=r"
waA*, 8,(P) is a k-type of S* for det 7"'wo=+-1; i.e. u=A+8,+3,(P) is a K-
type of SEQV p4s, for deta(—1)IP% ~dusl (=deto detr™'w by a.)=+1, which
concludes the proof of Lemma 2.2.

ReEMARKS. Lemma 2.2 refines and completes the results in [11], [13]. In
the converse statement in Lemma 2.2 the preceding proof shows that P{¥—g, ,—
DD for some we W such that Ay CwP™. Also since the K-type u(g) occurs
exactly once in 7(g) one has
(2.7) dim Homg(H ¢, S*@V p4s,) = 1

for detd'(—l)lP(nA)-'Qu,nI = +41.

3. Proof of Theorem 1.9.

Assume now, as above, G/K has a G-invariant complex structure com-
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patible with the positive system A*. Then (see 1.1)

3.7) SOA Pt = S*QV;,
(—1y = &1

for n=|A;|. Here dim V, =1 by Weyl’s dimension formula (since (,, A})=

0) and for (—1)*"=+1 we have r=n—(n—r)=> A P*@V,C S @V, @V,=S*
@V ss,- Suppose Homy (H,, A"P*@V,)#0 as in the statement of Theorem
1.9. Then there is a common K-type u of 7|g, A'P*QV,. Since A is the
highest weight of 7, u=A-+{T», where TCA}, |T|=r, and since A'P*QV,.C
S*QV p+s, (by (1)) Lemma 2.2 gives p=pu(q), 7=R;Cps-s», s=dim u Nk, for
some @-stable parabolic g=I4+uDb, with (A+8—8™, A(l))=0. We claim that

(3-8) 7 =2[qu,sNOnl+ 104 —quul-
To see this we use the following set-theoretic observation.

Lemma 3.9. There is a bijection b of the subsets of P{™ onto the subsets
of A; given by b60=(04AN —0)U(Q,—Q)CA; for QCP®, b 'T=(Q,—T)U
[—(TNQLN]ICPP for TCA;. b satisfies <bQ>=<0,>—<0> and |Q|= 50|
—2|(bQ)N O] 4|04l for QcPE™.

In the following application we need only to know that 4 is onto. Namely,
we can write T=>5bQ, for some Q,C PP with {T>={Q,>—<0,>, and

(3.10) [O1l=IT|=2]TN O+ 1Qal.

[¢3)]
By Lemma 2.2 we may also assume that (P{»—gq, ,) U ®,-1=®'*), for a suitable
y q » T w
def.

(w, 7)EWXW,;. As p=A+<T> and p=p(q)=A+8—8®+<g, o=A+8,—
8V +<gy,>, we have {T»=38,—8"+<g,,». But also {T>=<0>—<0,>=3,
+8M—<0,> and hence <Q;>=28"—<g, > =<P>—<g, =<0, UD,.>=
BN, (by (i0)=>0, U D, 1= BB, —(PP—g, ) U, (again by (ii))=> 0= PP
—¢,.o Finally since T=50Q,, TN Q,=0,—0, by definition of b; i.e. TNQ =
0N gun by (i), 50 that 7= | T'| = | Oy 121 OaNgunl — | Oa] (by (3.10))=] 4]
1 ual +210aNgu,l, by (1.5) and (iii), which proves (3.8) and which proves
the first half of Theorem 1.9. Conversely let g=I+uDb, be a §-stable parabolic
subalgebra of g with (A4+8—38®, A(l))=0, let #=n(q)=RjCrys_s», s=dim
uNk, and let 7, a=|0%| —1qu,sl +2|OxNQ,..|. As observed in Lemma 2.2,
7 G such that z(Q)=(A, A+28) 1 and for deto (—1)IPP gl =41, w=pu(q)
is a common K-type of 7| g, S*@V 4, at least if p—8® is Af-dominant, which
we assume. The point therefore is to show that x is a K-type of A"P*QV, for
r=r, . Since Vy occurs in S*@V s, Vi occurs in A*7P*@V, for some j
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with (—1Y=+1 (by (3.7)) according as (—1)IP¥™—qux| dete=+41. Write
u=A-+<T> where TCA;, |T|=n—j. Also write T=bQ by Lemma 3.9,

whete QCP®, Q= |T|—2|Qs—Ql+1Qal (since 50N Qx—0s—0), and
{T>=LQ,>—<0>. By the remarks following the proof of Lemma 2.2 we can
write P —gq, ,=®@ for a suitable we W. Since p=pu(g)=A+8,—8*+<q, >
we have (TS =8, 88 +(g, =38, +- 88— (25D (g, >)=<0 > —<@D>; ic.
(O —(BBS=L0 > Q> KOO DB => Q= DBI > (by (vii)) 71— |g, | =
0| = | T | —2| Qa— @ | +| Onl =1—j—2| Qu N gunl 4 Qal>n—j=2] Qs
NGuwl+ 10 —1Gunl =74 a5 1€, VuCALAPT@V,, as desired. By (2.7) dim
Homy(H ), A'4sPT @V ,)=1, which completes the proof of Theorem 1.9.
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