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Introduction. Let F, be a finite field with ¢ elements, of characteristic
p. Let G be a connected, reductive linear algebraic group defined over F,
with Frobenius endomorphism F, and let GF denote the group of F-fixed points
of G. In [13], we investigated, under the assumption that the centre Z of G
is connected, the rationality-properties of the characters A" of G¥ induced by
certain linear characters A of a Sylow p-subgroup of G¥ and, using the results
obtained there, proved some propositions concerning the Schur indices of the
semisimple or regular irreducible characters of GF. In this paper, we shall
treat the general case, that is, the case that Z is not necessarily connected. The
main results are stated and proved in § 2. In particular, we get the following
(see Corollary 1 to Proposition 1, § 2):

Theorem. Any irreducible Deligne-Lusztig character +R% of GT ([4]) has
the Schur index at most two over the field Q of rational numbers.

I wish to thank Profesosr N. Iwahori who kindly taught me properties of
the Cartan matrices. I also thank Professor S. Endo for his kind advices during
the preparation of the paper. The referee gave me valuable comments for the
old version of the paper. Finally, I wish to dedicate this paper to the late
Professor T. Miyata.

1. Some lemmas. Let G and F be as above. Let B be an F-stable
Borel subgroup of G with the unipotent radical U and T an F-stable maximal
torus of B. For a root @ of G (with respect to T'), let U, denote the root sub-
group of G associated with @. Let U. be the subgroup of U generated by the
non-simple positive root subgroups U, (the ordering on the roots is the one
determined by B). Then U/U. is commutative and can be regarded as the
direct product IT U,, where A is the set of simple roots. As FU.=U., F acts

aEA

on UJU.=]1] U, and this action is the one induced by the maps F: U,— FU,,
xEA

acA. Let p be the permutation on the roots ¢ given by FU,=U,, and let I
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be the set of orbits of p on A. For i€, put U;=TI] U,. Then U/U.=T] U;
aEs i€l

and, as each U; is F-stable, we have UF/UF=]JJ] Uf. For each i1, put
il

¢;=¢"! and take one simple root ; in 7. Then, for each i, there is an isomor-
phism ¢; of U¥ with the additive group of F,, such that ¢;(tut™")="7,(¢)p:(»)
for ue UY and tT7F (cf. Proof of 11.8 of Steinberg [17] and Carter [3], pp.
76-77). 'Thus the family ¢=(¢,);e; defines an isomorphism

(1) ¢: UUF =TLUS 3 TLF,

so that, for u=1] u; with ;e U¥ for i<l and t & TF, we have
iel

(2) P(tut™) = .,g Ni(t)pi(w;) -

Now let A be the set of characters A of U such that A| U.=1 and A, the
set of characters A in A such that A|Uf =1 for all i&]. Then we have

Lemma 1. Let A& A, Then N\ is multiplicity-free (Gel’fand-Graev,
Yokonuma, Steinberg) and any irreducible Deligne-Lusztig character +R% of G¥
occurs in \S" (Deligne-Lusztig).

By embedding G in the connected, reductive group G,=(GX T)/{(z, 27")|
2eZ} (Z is the centre of G) with connected centre and the same derived group
([4], 5.18) and (as to the second assertion) using properties of Green functions
(cf. [3], 7.2.8 and 7.7), we are reduced to the case that Z is connected. In this
case the lemma is proved in [4], Theorem 10.7 (or in [3], 8.1.3 and 8.4.5).

Our purpose is to study the rationality of the characters A", A& A. Suppose
p=2. Then, by (1), UF/U.F is an elementary abelian 2-group, so that, for any
AEA, A, hence A" is realiazable in @. Therefore, from now on, we shall
assume that p==2.

Lemma 2. Let v be a primitive element of F, (i.e. F5=<v)). Then there
exists an element t in TT such that t*~'=1 (possibly t*~Y*=1) and a(t)=1* for all
simple roots a.

It suffices to prove the lemma for the derived group G’ of G, hence for
the simply-connected covering of G’. If G is a simply-connected semisimple
group, then we have G=G,X -+ X G, where, for 1<i<m, G, is an F-stable
simply-connected semisimple closed subgroup of G whose simple components
are permuted by F cyclically, and the truth of the lemma for each G; will imply
that for G. If G=G,XFG,X:-- X F*"'G,, where G, is an F"-stable simply-
connected simple closed subgroup of G for some n=1, then T and B, hence
the set of simple roots has the corresponding decomposition, and it is easy to
see that the truth of the lemma for G, with Frobenius map F” implies that for
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G (cf. [17], 11.2 (b)). Thus we are reduced to the case that G is a simply-con-
nected simple group.

Suppose therefore that G is such a group. Let X(T)=Hom(7, G,) and
Y(T)=Hom(G,, T), and let {, >: X(T)X Y(T)—>Z be the natural pairing
given by <X, X">=degree of XoX" for X X(T)and X" Y(T). Letay, -, a;
be the simple roots (as to the numbering of the simple roots, we follow that of
Bourbaki [2]) and let «,) -+, &) be the corresponding simple coroots. Then,
as G is simply-connected, we have Y(T)=<ay, **+, &)>z, so that the mapping

R (%, oo, x,)—>]_’I a;(x;) defines an isomorphism of (G,)" with 7. Then, for

1=<7<1, we have
1
ai(h(xl’ ) xl)) = H xi@"'a}l) ’
j=1

where (a;, at})),s4,;=; is the Cartan matrix of G. We define an action of F on
Y(T) by F(x')=FoX" for XY Y(T). Then we have

Fai) = q(pas)”
for 1=i=<I (see [15], 11.4.7). It readily follows that, for s& T, s=h(xy, --+, x;),
we have Fs=s if and only if »;=x? if pa;=a;. Thus the proof of the lemma
has been reduced to solving the following problem:

! v
Find an element t=~A(x;, -+, x;) with x;€ F§ for 1<i<[ such taht [ x;¢%%?=p*
is1
for 1<i<!and that x;=x? (hence x;,=x,) if pat;=«r;.

When G is adjoint, by the proof of Theorem 1 of [13], there is an element
s in TF of order p—1 such that a(s)=w» for all simple roots a. Hence it
suffices to take t=s°. Suppose therefore that G is not adjoint. Then, as p=2,
G is any one of the following types (Steinberg [17], 11.6; also see [3], 1.19):
4, (121), B, (122), C, (122), D, (123), B, E,, *4, (I121), *D, (123), *D,,
’Es. In each case, an element ¢ of 77 having the property of the lemma (i.e. an
solution ¢ of the problem above) can be given as follows (the Cartan matrices
are listed up in the appendices of [2]):

Type t

4, 4, h(xy, ++-, x;) x;=p 7Y (1<4<)
Bl k(xv R T DI(I+1)/2) x‘_:vi(zl—i+l) (lgigl—l)
G h(x, +++, %) x;=p @D (1=:=])

D, D, Ry, o+, ,_g p107D/2) yU=DI2) x=p @i (1<i<]—2)
E, *E, h(p, v, p®, 12, p®, 1)

E, h(v®, 0%, p%, p%, 75, p52, p27)

3D, h(s5, ¥, 15, 1°)

This completes the proof of Lemma 2.
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Lemma 3. Assume that q is an even power of p. Then there exists an
element t in TT such that #®~V=1 (possibly ##7'=1) and a(t)=v for all simple
roots a.

As in the proof of Lemma 2, we can be reduced to the case that G is a
simply-connected simple group. When G is adjoint Lemma 3 is proved in the
proof of Theorem 1 of [13]. When G is not adjoint # can be given by replacing
each v in the above table with an element e=F, such that e®=p. (We note
that, when G is a simply-connected simple group, an element s=A(x,, --+, x;) of
T has the property of Lemma 3 if and only if the x; satisfy: (i) #}*~P=1 for

! v . oo .
1=<i<, (if) I #<%% >=v for 1 =i, and (iii) ;={ if pa;=a;.)
=1

In the following, for an integer m and a prime number 7, ord, m denotes
the exponent of the r-part of m.

Lemma 4. Assume that G is a (non-adjoint) simply-connected simple group
of any one of the following types: A, with 2|l or ord,(I+1)>ord,(p—1); 24, with
2|1; B, with 4|I(l-+1); D, with either (a) 4]|1(I—1) or (b) ord,(I—1)=1 and
p=—1 (mod 4); D, with 4|1(I—1);3D,; Eq; *Es. Then there exists an element
teT7 such that t*7'=1 and a(t)=v for all simple roots a.

In fact, for an element s=A(x, --+,x;) of T, s satisfies the property of
Lemma 4 if and only if the x; satisfy: (i) x, & F5, (i) IJ %,$%*/>=v for 1<i<],
and (iii) x;=x¢ (hence x;=x;) if pa;=a;. By solving these equations, we find
that an element ¢ having the property of the lemma can be given as follows:

Type t
A, 24, 2|1 h(xgy =+, %) Xm0 (1<i<])
A, ord,(I4-1)>ord, (p—1)

A%y, oo, %) xl=v(el+p-—1)/z¢ (e= (l-lz—l ’ P_1>)

x=p D (2<0Z)
B, 4|l(l—[—1) h(xl, e X y'(“'l)”) x,-=y“21-i+1)/2 (1§i§l—l)
D, 2D, 4|II—1) h(xy, -+, x,_,, p'¢-D/ HHI-D/)

xizyi(zl—i—l)lz (1 glél—Z)
D, ord,(I—1)=1 h(x,, -+, %;_,, pP=1+s-D (2=i+3p-3)/)

=—1 (mod 4) xy=piErimal (1<i<]—2)

3D, h(v3, v, V4, 1P)
Es 2 EG h(vs, yu’ vls’ D'-’l, vls’ Ds)

RemARk. If (at least) G is split over F,, then Lemmas 2, 4 above are im-
plicit in Lehrer’s work [12] where he showed a method to calculate the image

a(T¥F) of TF under the morphism a: T'—(@,,)" given by a(s =1£[a,- s) when G
g y i=1
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is a simply-connected simple group (he has carried out the calculation when G
is a classical group). For our purpose, it is essential to know the order of ¢

(cf. § 2 below).

2. The main results. We recall that p3=2. Let {, be a primitive p-th
root of unity in the field C' of complex numbers. Let F ,=Hom (F,, C*) (we
consider F, as an additive group) and fix xeF » X*1. For acF,, define
X,,EI'% by X,(x)=X(ax) for x&F,. Then we have ﬁq= {X;|lacF} and
X' |7=Gal(Q(L,)/Q); = X, | ac F}} .

In the following, if X is a character of a finite group and L is a field of
characteristic zero, L(X) is the field generated over L by the values of X. If X is
irreducible, then m;(X) denotes the Schur index of X with respect to L. If L
is an algebraic number field and o is a place of L, then L, is the completion of L
at v. Now let & be the quadratic subfield Q(\/ep), e=(—1)®"D%2, of Q(&,).

Proposition 1. Let G, F be as in Introduction. Let A& A, A=£1. Then
we have the following :

(i) A" takes all its values in k; if p=—1 (mod 4), A is realizable in k;
if p=1 (mod 4), then, for any finite place v of k, A" is realizable in k,.

(i) Assume that q is an even power of p. Then N takes all its values in
Q and, for any prime number r == p, AT is realizable in Q,.

(i) If G is an adjoint semisimple group or amy ome of the groups described
in Lemma 4, then \S” is realizable in Q,.

Proof of (i). Let ¢ be an element of T'F having the property of Lemma 2.
Then 2=t?"Y” lies in the centre Z¥ of G since a(z)=1 for all simple roots
a. Putc=|<{D| (c=1o0r2). Let M=HUF. Then M acts on A by N"(u)=
Amum™) (AEA, meM, uc UF). Let €A, A=#1. Then, by (1), A can be
expressed as A=(\;);e; With xieﬁ'ﬁ for iel. And, by (2), we have

A= (()’i)'v,-(t))iel = (O\«i)vz)iel = (7\:?2);51 =7\" s

where o is a suitable generator of Gal(Q(£,)/@). Thus, on U¥, we have

MM — C(p—zl)lzhd _ c(p_zli/z)."zj ’
j=1 j=1
hence QAY)=Q(£,)<*?=Fk. Therefore the values of A" =(\¥)¢" lie in k.
Suppose #*~b/2=1. Then AM is irreducible. By Gow’s argument [7],
p. 104, we have m,(A™)=1: A |<{t>=the character of the regular representation
of <£>, hence Q\M, 1,5>¢»=1; hence, by Schur’s theorem (see e.g. Feit [5], 11.4),
my(Ay)=1. Thus A¥, hence A" =(A\")" is realizable in k.
Assume that #9221, Then A is reducible and is equal to the sum
o+ u, where, for =0, 1, u; is the irreducible character of M induced by the
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linear character of {z>UT given by 2/u—(—1)"\(u) (j=0, 1). We have Q(uo)=
Q(p,)=k. For =0, 1, the simple direct summand 4; of the group algebra k[}]
of M over k corresponding to u; is isomorphic over k to the cyclic algebra
((kR(&,)|k, a* (—1)!) over k (cf. Proof of Proposition 3.5 of Yamada [18]). 4,
clearly splits over &, hence my(us)=1 and g, is realizable in k. If p=—1
(mod 4), then —1 is a norm in k({,)/k, hence A4, splits over k. Thus, in this
case, u,, hence A=y~ u, is realizable in k. Suppose p=1 (mod 4). Then 4,
has non-zero invariants only at two real places of k (see Janusz [10], Proposition
3). Thus, for any finite place v of &, u,, hence AM=py,+ u, is realizable in &,.

Proof of (ii). Let ¢ be an element of TF having the property of Lemma
3, and put M=,t>UF. Then, as A'=A" (A==1), on UF, we have

M -1 ", p-1 o p-1
by =c’§7x =cj§17» (c=|<71D).

Thus Q(A\")=Q(L,)"”=Q.

If ##'=1, then A is irreducible and Gow’s argument shows that me(A¥)=
1, hence AS” is realizable in @. Suppose ##*~'#=1. Then A¥ is reducible and is
equal to the sum y,+p,, where, for i=0, 1, y; is the irreducible character of M
induced by the linear character of {##")U¥ given by (¢~ !y u—su(—1)A(u). We
have Q(u)=@Q(u;)=@Q. For i=0, 1, the simple direct summand 4; of Q[M]
corresponding to w; is isomorphic over @ to (Q(£,)/@Q, o, (—1)'). A4, splits,

hence p, is realizable in @. A4, has the invariants —;— mod 1 at oo, p and O mod 1

at any other place of @ Thus, for any prime number 7= p, u,;, hence A=
Mo+, s realizable in @,.

Proof of (iii). When G is adjoint the assertion is contained in Theorem
1 of [13]. Assume that G is not adjoint. Let ¢ be an element of T'F having
the property of Lemma 4 and put M=<{)HUF. Then A is irreducible and
Q(\¥)=Q. And, by Gow’s argument, we have mg(A¥)=1. Thus A¥, hence
AT =(AM)S" is realizable in Q.

We note that, for G=SL,, Sp,,, Proposition 1 is proved by Gow [7], [8].

Corollary 1. Let G, F be as in Proposition 1. Recall that p==2. Let be X
an irreducible character of GT such that <X, NS >er=1 for some NE A (any irredu-
cible component of " for A& A, has this property (see Lemma 1)). Then we have
mo(X)<2. Thus, in particular, we have mg(X)<2 for any irreducible Deligne-
Lusxztig character X=+R%: of G¥. If A=1, then AS¥ is realizable in @, hence we
have mqg(X)=1. Assume that A=3=1. Let 7 be any prime number and v a place
of klying abover. 'Then, by Proposition 1, we have m, (X)=1, hence mq (X)<2
as [k,(X): @,(X)]=2. We also have mg(X)=2. Thus, my(X), being the least
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common multiple of the mq (X) with w running over all places of @, is at most
two. The last assertion follows from this fact and Lemma 1.

Corollary 2. Assume that q is an even power of p. Let X be an irreducible
character of G* such that {X, N®>gr=1 for some n& A. Then, for any prime
number r= p, we have mq (X)=1.

This follows at once from Proposition 1, (ii).

Corollary 3. Assume that G is an adjoint semisimple group or any one of
the groups described in Lemma 4. Let X be an irreducible character of GF such
that <X, NS >er=1 for some NEA. Then we have mo(X)=1.

This follows from Proposition 1, (iii).

Corollary 4. Let G, F be as in Proposition 1. Assume that p is a good
prime for G ([16], I, 4.1). Let X be an irreducible character of G* and let u be
a regular unipotent element in G¥. Then X(u) is an algebraic integer in k, and

if pAX(1), we have mg(X)=<2.

We first note that, as p is good for G, U. is equal to the derived group of
UF, hence A is the set of linear characters of UF (Howlett [9], Lehrer [11]),
and that, if ue U¥, then p(4)=0 for any non-linear irreducible character u of
UF (Lehrer [11]).

Let @, be the ring of integers in k. We show that X(u) belongs to ©,. We
may assume that u UF as u is conjugate to an element of UF. Let ¢ be an
element of T'F having the property of Lemma 2, and let A,, -+, A, be the orbits
of {t>on A. Thus, as X'=X, if we put a,=<X, ADyr for AEA, a, is constant
on each A;. Hence we have

X(w) = 3 anw) = 33 a Z ),

where a¢;=a, on A;. EachAE A(u) is stable under the action of {¢>, hence under
=¥V

the action of <c®>. Thus X(u)=0;.

To prove the second assertion, we embed G in G, as in the proof of
Lemma 1. Assume that p /'X(1) and take an irreducible character X, of G{
such that <X, X,|G">¢r=£0. Then, by the Clifford theory, we have X,;|GF=
e(XV+X®+ .- +X©), where e is a positive integer dividing (Gf: GF) and
XD, X®, ..o X are the Gf-conjugates of X=XWV(s|(GT: GF)). Let r be any
prime number and v a place of & lying above . Put m,=m, (X)="--=m, (X).
For 1<i<s and for A€ A, put a{?=<{XD, A>yr. Then, by Proposition 1. (i),
m, divides the a{’, 1<i<s, x€A. As p Y (GT: GF), p A X,(1), so that, by a
theorem of Green-Lehrer-Lusztig (see [3], 8.3.6), we have X,(#)=-4-1. There-
fore we have the expression
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1, = X(w)fm, = {e- SIXO@} Jm, = e-33 5 (&fmy)-\(w)

where the right-hand side is an algebraic integer and the left-hand side is a
rational number. Hence m,=1, and mq (X)<2. As 7 is an arbitrary prime
number, we hence have mg(X)<2. This completes the proof of Corollary 4.

Corollary 5. Assume that q is an even power of p and that p is good for G.
Let u be a regular unipotent element in G¥. Then, for any irreducible character X
of G¥, X(u) is a rational integer, and if p N X(u), we have mq (X)=1 for any
prime number r == p.

The proof is similar to the proof of Corollary 4 (we use Proposition 1,
(ii)).

Corollary 6. Let G be an adjoint semisimple group or any one of the groups
described in Lemma 4. Assume that p is good for G. Let u be a regular unipotent
element in G* and let X be an irreducible charactre of G*. Then X(u) is a rational
integer and if p ¥ X(u), we have my(X)=1.

ReMARK. Lehrer [12] has calculated the values of the cuspidal irreducible
characters of GF at the regular unipotent elements of GF when G is a semisimple
group. As to the upper bound of the indices of the characters of related finite
groups, we reffer to Gow [8] for classical finite groups and Benard [1] and Feit
[6] for the sporadic simple groups.

Let G be a connected, reductive algebraic group over an algebraically
closed field K of characteristic p>>0 and F a surjective endomorphism of G
such that G¥ is finite. Then Lemma 2 still holds for such G¥, so that the state-
ments in Proposition 1, (i) and in Corollary 1 (except for the comment for Lemma
1) hold for G¥. Assume that K is an algebraic closure of F, and that some power
of F is the Frobenius endomorphism relative to a rational structure on G over
a finite subfield of K. Then Lemma 1 holds for G¥ (cf. Carter [3], 8.1.3 and
8.4.5), so that all the statements in Corollary 1, hence the theorem in Introduc-
tion holds for G¥. If p is good for G, then the theorem of Green-Lehrer-
Lusztig holds for G (if Z is connected: see [3], 8.3.6), so that Corollary 4 holds

for G*.

3. Example. We calculate all the local indices of the cuspidal irreducible
Deligne-Lusztig characters 4-R%, of SL,(F,) when ¢ is an even power of
b (F2).

Let G be SL, and F the endomorphism (g;;)—>(g?;) (¢ may be any power
of any prime p). Let 7 be a minisotropic maximal torus of G' and let W=
Ng(TF|T'F (T is unique up to GF-con conjugate). Then, taking an element
o of order (¢"—1)/(¢—1) in Fj», we have T'F=<t,>, where t, is G-conjugate to
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diag (v, 9%, -+, fy“"'l), and W=<w,>=Z|nZ, where w, is defined by t§o=1b,t,tb5’
=1t§ (W& Ng(T')F represents w,). (All these statements can be easily checked
by using [16], II, 1.3, 1.10 and 1.14.) W acts on T’F=Hom(T'F, C*) by
0°(s)=0(s") for wes W, = T'F and s€T'F. If 0 is in general position, i.e., no
non-identity element of W fixes 6, then (—1)""'R%, is a cuspidal irreducible
character of GF=SL,(F,) ([4], 7.4, 8.3).

Let 6= T'F. Then, by [4], 4.2, for g&GF, if g=su=us (s semisimple, u
unipotent) is its Jordan decomposition, we have

(3) R (g) = > QhT’h—l,Z.g(s)(u)'a(h—ISh) ,

1
Ze()T| e
b~ lsher’
where the Q,7v-1, 74 are Green functions of Zg(s) (which is connected since G
is simply-connected). It follows that, if s is not conjugate in G* to any element

of T'F, we have R§/(g)=0, and if s& T*’, we have

90 (0N 1 w
(4) RA8) = Or.zqo) 57 SO,
where W(s)={weW |s*=s} (we note that the minisotropic maximal tori of
Z(s) form a single Zg(s)F-conjugacy class (cf. [16], II, 1.3, 1.10 and 1.14)
and that any two elements of 7" that are conjugate in GF are conjugate under
the action of ). Thus, as the Green functions take integeral values, by put-
ting 0(z,)=¢, we get from (4):

(5) ORE) = Q(330%) = Q(E+E4--+147).

Lemma 5. Assume that 0 is in general position. Let g=p”. We further
assume that n is even. Then we have

ord,[@Q,(R%/): Q,] = ord,m .

Let ¢ be the automorphism of @,(¢) defined by {¢=¢?. Then ¢ has order
n (by assumption) and we have Q,({)?*=@Q,(R%-) (cf. (5)). Let f=[Q,({): Q,]
and e=[<&>|. Then fis equal to the least integer A=1 subject for the condi-
tion: p*=1 (mod ¢) (see Serre [14], p. 85). As ¢"=1 and ¢'=1 for 1=Zi=<n—1,
we find that f |mn but f {'mi for 1<i<n-1 [in fact, if f|mi, then p/—1 [p™—1,
hence e| p™—1, hence ¢*=1]. This shows that ord, f=ord, m-}-ord, n for any
prime divisor 7 of #. Thus, in particular, we have ord,f=ord,m+ord,n. As
[Q,(): @,(RF)]=[Q,(%): @,(£)<»]=n, we hence have ord, [@,(R}): Q,]=ord,m,

as desired.

REMARK. Professor K. Iimura showed to the author (by an elementary

proof) that n=f|(m, f) and [Q,(§)**: @,]=(m, f).
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Proposition 2. Let X be any cuspidal irreducible Deligne-Lusztig character
(—=1)*"'R}, of GF=SL,(F,), where we assume that q is an even power of p=2.
Then, if n is odd or ord,n=2, we have mg(X)=1. Assume that ord,n=1. Then
we have mg (X)=1 for any prime number r and mo(X)=mp(X)<2. And we have
mp(X)=2 if an only if X is real and X(—1,)=—X(1,) (¢,.e. 6(—1,)=—1).

REMARK. Let X be as above. Assume that z is even and let n=2m.
Fixing a generator , of 7'F, put = 05 Then the following can be shown:

(1) X is real if and only if "= lz
q9—

(ii) Assume that ord,z=1 and let i= 7 11 i’ with '€ Z (hence X is real).
q__
Then §(—1,)=1 if and only if ¢’ is even, and the latter condition is equivalent
to the condition that §|ZF=1.

Proof of Proposition 2. Let A€ A, Then, by Lemma 1, we have
<X, A" >gr=1. Thus, if z is odd or ord,n>ord,(p—1), by Proposition 1, (iii),
we have mg(X)=1. Assume that 1<ord,n=<ord,(p—1). Let ¢ be an element
of T'F having the property of Lemma 3. Then, under our assumption, we have
t?71=—1, (cf. Proof of Lemma 4 and Proof of Lemma 3.3 (a) of Gow [8]). Let
us use the notation of the proof of Proposition 1, (ii). Then A=+ u,. As
wi(—1,)=(—1)u;1,) for i=0, 1, by Schur’s lemma, we have <X, u =1 if
X(—1,)=%(1,), and <X, ppy=1 if X(—1,)=—%(1,). As u, is realizable in
@, we have mg(X)=1 in the first case. Assume that X(—1,)=—%X(1,). If ris
any prime number ==p, then y, is realizable in @,, hence we have mq (X)=1.
As ¢ is an even power of p, by Lemma 5, we have 2|[Q,(X): @,]. Hence
A,QqQ,(X) splits (see [14], Chap. XIII, § 3, Prop. 7), hence g, is realizable in
Q,(X). Hence we have mq (X)=mq,(X)=1. Thus we have mg(X)=mpg(X).
If X is real, we must have mg(X)=2 since otherwise X will be realizable in R, so
that, by Schur’s theorem, we have (2=)mg(X,)|<X, u>y=1, a contradiction.
If ord,n=2, then X cannot be real since GF contains a central element 2 of
order 4 such that 2’=—1, and X(2)=-++—1%(1,) ([7], p. 107). Finally, we
note that, by [4], 1.22, we have X(—1,)=-—%(1,) if and only if §(—1,)=—1.
This completes the proof of Proposition 2.
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