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Introduction. Let (Q, A, n) be a probability space, (S, X, A) a measure
space and E a Banach space. We consider constant-preserving contractive
projections of L,(Q, A, uE) into itself. If E=R or E is a strictlyconvex
Banach space, then it is known (Ando [1], Douglas [2] and Landers and Rogge
[4]) that such operators coincide precisely with the conditional expectation oper-
ators. If E=L(X, S, \), the author [5] proved that such operators which
are translation invariant coincide with the conditional expectation operators. In
this paper we deal with the case when E=L.(X, S, A). If E=R? with the norm
[I(z, ¥)llzz= %]V | ¥|, then such operators can be expressed as a linear combi-
nation of two conditional expectation operators. On the other hand if E=L.,
(X, S, A) and E2£R? with the norm ||(x, ¥)|[zz=]x|V | y|, then such operators
coincides with the conditional expectation given some o-subalgebra.

1. Definitions and lemmas. Let (Q, J, u) be a probability space
and (X, S, ) a measure space. Let S*={K: K&S and A(K)>0} and
L.(X, S, \) the class of essentially bounded measurable functions on (X, S, A).
Let E=L.(X, S, A), then E is a Banach space with the norm defined by ||a||z=
esssup la(x)| for each acL.(X, S, ). Let L (Q, J, u, E) be the class of

E-valued Bochner integrable functions on (Q, 4, p) with the norm defined by

171l = { 1f@)lsdu@) ~ forcach fEL(@, A, y B).

For the definitions and properties of Bochner integral, see Hille and
Phillips [3].

DerFiNITION 1. For a o-subalgebra B of A, a function g is called the
conditional expectation of f given B if g is weakly measurable with respect to

B, and
Sgd,;,:g fdu  foreach BeB,
B B

where the integral is the Bochner integral. We denote by /2 the conditional
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expectation of f given B. We shall denote by R the class of real numbers. For
each o L(Q, A, u, R) we define (p-a)=gp(w)-a for each 0 2Q.

DEerINITION 2. Let P be a linear operator of L,(Q, A, u, E) into itself. P
is said to be contractive if

1P|l = sup{|IP(f)ll.: fEL(Q, A, p, E) and ||fll.=1}=1,

P is constant-preserving if P(lg-a)=Igy-a for each acE and P is called a projec-
tion if PoP=P, where I is the characteristic function of E.

Lemma 1.1. For each f€L(Q, A, p, E) the conditional expectation {2 of
f given B exists uniquely up to almost every-where and the conditional expectation
operator (-)"B 1S a constant-preserving contractive projection for each o-subalgebra

Bof A.
For the proof see Schwartz [6].

By the definition of conditional expectation (¢>-a)‘q3 =(p$ -a for each
psL(Q, A, p, R) and a€E.

Lemma 12. If O is a constant-preserving contractive projection of
L(Q, A, u, E) into itself, then for each pEL,(Q, A, p, R) with0=p=1 and
aE E there exists a py-null set N such that

llallz—11Q(p - a)(o)llz = lla—Q(p-a)(o)ll:  for each w€Q—N.
For the proof see Miyadera [5].

Lemma 1.3. Let Q be a constant-preserving contractive projection of
L(Q, A, u, E) into itself. If, for each p = L\(Q, A, p, R) and for each nonzero
element a of E, there exists @' €L (Q, A, w, R) such that Q(p-a)=g¢'-a, then
there exists a o-subalgebra B of J such that Q(f) is the conditional expectaiion of
f given B for each feL,(Q, A, u, E). In particular each constant-preserving
contractive projectior. of L,(Q, A, u, R) into itself is the conditional expectation
given some o-subalgebra.

For the proof see Miyadera [5].

Lemma 14. Let TS* and A . Then there exists a u-null set N
such that for each 0€Q—N

100s L)@ S1 (aex)
and
0=0(,+ 1) (@) I;=1 (a.ex.)
Proof. By Lemma 1.2 there exists a g-null set NV such that
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Wlle—1QUa 1) (@)llz = Nlr—Qla+Ir)(@)ll&

for each o= Q— N, and hence for each w=Q—N,

Q4+ 1) (@)ll:=1

and
“lT_Q(lA'lT)(w)Hsél .
Therefore by the definition of ||+||; we have for each wEQ—N,

10Us-I)(0)| =1 (aex)
and

0=0(4+ 1) (w)-I:=1 (a.ex).
Lemmals. Let A Aand T, T'eS*and TNT'=¢. Then
S Ol lpldu =0  (aex).
Proof. Since Q is constant-preserving and contractive,
1= Waetrt la-Lellsd w2 | 19U It la L)l sde
=10t +a-tellsdi = 10U 1)Ll Ll
21 [ QU 12) LotHa- 1) uls
Similarly
1= 1 aeLr—la- Lllsds
2 {100 lr—la-L)llsdis = § 10U 1) ~la- Tl d s
2 100 1) b —laLplledi 211 § (QUarle) - le—Tla+Lr)dulls -
Therefore we have proved that

1211 { QU+ In)-Lo+la- Lr)dplle

and

1211 { (QUa+ta) L~ L)l

Since

[otu =0 on (17
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and
[ Catmrdp =1,
we have

S OUylp)-lppdp=0  (aex).

Lemma1.6. Let A= A and T S*. Suppose that there exists T', T” =S+
such that T'"NT"=¢ and T'UT"=T", then there exists a u-nullset N such that
Ol 4+ 1) (@) 17=0 (a.e.x) for each = Q—N.

Proof. Since ( is constant-preserving and contractive,
= [ Ma bt lae Lot (— o Ll

= “Q(l lT+lQ T”+( l)kln lT’)“EdF'

S (l ) Hlolprt+ (=1 g I|lzdp
2 100U 1) Lol Ll VIO 1) Lo (= Vo L)
[ 1001 Lzt o Lrllsdn A 1100 4o 1) (= V¥l Ll s

2” S (Q(IA'lT)'lT”—}_lQ'lT”)d#’“E/\” S (Q(IA’[T)'lr"i'(*l)kln'lr’)dlll”x
1.

Here we also used Lemma 1.5 that

[ QUarta)-tredu = 0

and
f o, t-tmdn=o0.
We have proved that
1= QU+ 1) Lo la Lol VIIQU- 1) - LyrH(—= Dl Ll )
and

NOWLyelg) lptla-lpille = 11Q(a17) s lpr-(—1) g Lpv||& (a.e.x).

Therefore we have

1=S (19U 4+17) I+l Iz V1QU4I7) Ly — o+ Ll )
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Since
”Q(IA'lT)'lT’+lﬂ'lT’llEv”Q(IA'IT)'lT'_lD'IT’”Egl ’
QU4+ Ir)(@) I +-1plle = QU4+ Ir)(@) I —Ip|ls = 1 (aex).

Similarly we can prove that

O 4+ 1)(@)+ Lyt 1|l g = |Q(Ua+ L) (@)  Lprr— 17| |[p = 1 (aex).

Therefore there exists a g-unllset N such that
Q(IA'IT)(w)'lT’UT” =0 (a.e.x) .

2. A characterization of conditional expectation for L.(X)-valued
function

Theorem 1. If there exist pairwise disjoint elements X,, X, and X, of S*
such that X,U X,UX,=X, then a constant-preserving contractive projection Q of
L(Q, A u, E) into itself is a conditional expectation operator given some o-sub-
algebra.

Proof. Let A=A and T&S™* and TcX;. Then by Lemma 1.6 there
exists a g-nullset V such that for each 0€Q—N

(1) 04 l)(@)-lpe =0 (aex)

and

(2) O(l e lp)(@)lpe =0 (a.e.x).
Since Q is constant-preserving

(3) Os+ 1)+ QlUae17) = Olla 1) = Lo+l

Since Q is constant-preserving and contractive
t=p(A) (4% = § (W alls e Lell )
2 (1004 I)lls+ 190 e L))

2 [ 1004 1)+-00e-1llsdn = | o Lllsdn = 1.
Therefore there exists a g-nullset N’ such that for each 0O —N’

QU4+ Lr)(@)ll+11QUae - Ir)(@)l|z = 1.

This together with (1), (2) and (3), implies that for each 0€Q—(N UN’) there
exists a real number k(w) such that O(l,+I;)(w)=Fk(w):l;. Obviously k(.)€
L(Q, A, u, R). Since Q is linear, k() is independent of the choice of 7. Let
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E,={a: a€E, a(x)=0 for each x€X¢} (i=1, 2 and 3). QO is linear and
continuous, and hence for each p&L,(Q, A, u, R) and a€E;, there exists
o' €L,(Q, A, u, E;) such that Q(p-a)=¢’-a. Therefore by Lemma 1.3 there
exists a g-subalgebra B; of _ such that O(f )=f'B" for each feL,(Q, A, u, E)).
We shall prove that B,=3,=%B,. Let B€$,. Then

{10 = [ 1oyt Ll = [ Mpe Ll lsdi
2 [ 10Uy L+ Lol ds = { 10Us-Le)+ Qs T2, ds
= (1022 1+ 0P Lilsdis = | g+ Ly, )P Ll
= [t v ).

Hence [4(w)= B(w)v(lg)gz(w), which implies that lB(m)z(lB)Qz(m). Since
II(lB)QZHLzlllBHL, lB=(lB)$2. Since B is an arbitrary element of B, we have
proved that B,C B, Similarly we can prove that $,C B; and B;C B,, which
imply that B,=B,= B, Write B=B,=B,=B,, then Q(f)=f2 for each
feLQ, 4, u, E).

3. A characterization of a constant-preserving contractive projec-
tion of for R’-valued functions. If there do not exist pairwise disjoint
element X, X, and X, such that X, UX,U X,=X and X, X, and X,€S*, then
E=R? with the norm ||(x, ¥)||z=|*| V| y| or E =R with the norm [|x||z=|x].
Douglas [2] showed that a constant-preserving contractive projection of Ly(Q, A,
©, R) into itself is a conditional expectation given some o-subalgebra. Therefore
our next aim is to consider the case that E=R? with the norm ||(x, ¥)|lz=
[¢]V |y]. Note that for each feL,(Q, A, u, R?) there exist f,, f,eL,(Q, A,

#, R) such that f(w)=(f(w), fy(w))-

Lemma 3.1. Suppose that E=R? and Q is a constant-preserving contrac-
tive projection of L\(Q, A, u, E) into itself. If feL(Q, A, p, R) with 0=
flo)=1 (ae. w) and Q((f, =1, f) and Q((f, —f))=(8y &), then fo=f, and
51=— &

Proof. By Lemma 1.2 there exists p-nullsets N, and N, such that for
each wEQ—N,

13, Dil=— N, N)lle = (1, =S, /)l

and for each wEQ—N,

(1, =Dle—NQ((f, = N)llz = 1I(1, =D)—Q((f, =)l -



CoNDITIONAL EXPECTATION FOR L..(X)-VALUED FUNCTIONS 111

Therefore we hv have for each 0 €Q—N,

I=(1 @)V | fi)) = [1=f(@) | V [1—f(w)]

and for each 0O —N,

1—(lg(@) | V[ £() ) = [1—g() | V | 1+g,(w)|
and hence f,(w)=f,(w) for each w=Q— N, and g,(0)=—g,(w) for each v€Q—N.,

Theorem 2. Let E=R? with the norm ||(x, y)|lz=|x|V |y|. Then Q isa
constant-preserving contractive projection if and only if there exist o-subalgebras B
and C of A such that

O(f, &) = (1/2(fP+g2+1C—£°), 1/2(f2+£%+55—1©)).

Proof. Suppose that Q is a constant-preserving contractive projection.
Then by Lemma 3.1 we can get two operators O, and O, of L,(Q, A, u, R) into
itself such that for each feL,(Q, A, u, R),

O£, ) = (), A(f) and  O((f, =) = (Q:(f), —0OLS)) -

Since Q is a constant-preserving contractive projection, Q, and Q, are constant-
preservnig contractive projections. Therefore by Lemma 1.3 there exist o-

subalgebra B and C such that

0,=(+)% and Q,=(-)°.
Then
O((f, 8) = O(1/2(f+£)+1/2(f—g), 1/2(f+g)—1/2(f—g))
= (Q\(1/2(f+£))+0u(1/2(f—g)), Ou(1/2(f+£))—Ou(1/2(f—)))
= ((1/2(f2+&2))+(1/2(C—£%), (1/2(fZ+¢P)—(1/2(fC—£°)))
= (112(f2+g%+1 =), 112(f2+g%+£5—1%)) .
On the other hand let B and C be o-subalgebras of 4 and

O(f, &) = (1/2(f2+&2+1 £, 12(f2+22+55—f)) .

Since (-)“B and (-)C are constant-preserving projections, Q is a constant-preserv-
ing projection. In the following we denote

{o: f2+£%20; by {f24+£%20

and
{o: fC—gC<0} by {fC—g<0}, etc.
It holds that
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O oMl = | IO eNllsd i

L2 2 +-g2 4+ C—gO) IV 1112(fB 1 g8 4 o€ £C) | dp
1727+ g%/~ + (112(f1g%+¢"—f )
(9 1g9<0y 0 - gE20) (9190} 0 (fE gt <0y

|
=|
=|

+{ir2—r2 ¢/ O +(112(—f 25 +¢ /)
{r2+g%<0p n {f¢ gczm {2 +g2<0p n {fC—gC<0}
=|
=|
=

1/2(f$+g$)dn+gl/2( /2 —¢”)du
(1P16%220p  {rP4g%<0}

R L L
{fC—g"20y  {gf—rC20)

112(£2+¢?) dn+ {1126 65 1 dp

(112 +8) 1t [ 11/2(7—g) g
= [f1vignds = I7 e)ledn

Therefore Q is contractive.
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