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0. Introduction.

In the “Troisiéme Partie: La notion de moyenne dans ’espace fonctionnel
et ’équation de Laplace généralisée” of his book “Problémes concrets d’analyse
fonctionnelle”, Paul Lévy has extensively developed a potential theory on an
infinite dimensional space. About this work he says in his autobiography
(Lévy [2], p. 63): “Aussi la troisiéme partie de mon lirve est-elle une esquisse
a grands traits.”.

The purpose of this paper is to give a rigorous formulation of some aspects
of “une esquisse a grands traits”. That is, we shall construct an infinite dimen-
sional space E and an infinite dimensional Brownian motion B with state
space E. Then we shall describe some results of his potential theory in terms
of the infinite dimensional Brownian motion B.

We shall now explain the noticeably different features of Lévy’s theory
from the ones of recent works (e.g., Daletskii [3], Gross [8], Hida [11]). In his
potential theory, such objects as his infinite dimensional Laplacian and harmonic
functions are regarded as limits of sequences of the corresponding ones in the
finite dimensional Euclidean spaces R", as N—>co. He calls this finite dimen-
sional construction method “la méthode du passage du fini a4 I'infini”. In the
potential theory on the space RY, the volume element, surface elements, the
Laplacian Ay, Poisson kernels on the balls and so forth are determined in terms
of the Riemannian metric dsi=dx?-}.--+dx%. As is seen in Green-Stokes’
formula, these objects are compatible with each other. Hence the mutual
compatibility could be inherited through his finite dimensional constiuction
method by the various objects in Lévy’s potential theory. In particular, the
coordinates in his infinite dimensional space could be regarded as equally weight-
ed. On the other hand, in Lévy’s theory harmonic functions can be discontin-
uous (see Lévy [1], pp. 305-306). Hence the Laplacian as a differential operator
would be rather inconvenient in treating such pathological phenomena.

Now we shall reformulate Lévy’s potential theory according to his finite
dimensional construction method. Motivated by Gateaux and Lévy’s derivation
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(see Lévy[1], p. 230) of a mean value formaula (the Gateaux formula) of func-
tionals on balls in a real Hilbert space L?([0,1]), (cf. Hida and Nomoto [10]), we
shall choose the following space E of sequences (see §§1.1):

b4
E = {x = (x,, -+, Xy, **)ER”; sup L2x3<oo}
¥ N #=1

and introduce the following sequence of semi-norms {||+||y; 1<N< o} to the

space K

N 1/2 —
bl = (y 22) and lsll = I sl

for an element x=(x,, -+, xy, ---)EE. We shall a priori introduce an infinite
dimensional Brownian motion B=(Q, B(t), P*) as follows (see §§1.2):

B([’ w) = (bl(t) ®), bn(t’ “’)’ 1)

where {b,(¢, »); n>1} are mutually independent 1-dimensional Brownian moti-
ons. Then under the identification of Lévy’s infinite dimensional Laplacian
and our infinite dimensional Laplacian A,, which is defined as twice the infini-
tesimal generator of the process B, we shall describe such pathological pheno-
mena in his potential theory through the behaviour of the sample paths on the
space E.

From our standpoint, even the above-mentioned pathological phenomena
in Lévy’s potential theory must be described by a limiting procedure of the
finite dimensional potential theory. For example, as is emphasized by P. Lévy
(Lévy [1], p. 305) and seen in Section 2 of the present paper, the Laplacian A,
often behaves like a first order differential operator. But solutions of the Diri-
chlet problems on a unit ball D.={x&E; ||x||..<1} with tame boundary func-
tion satisfying some integrability conditions can be reconstructed by means of
sequences of the corresponding solutions of the Dirichlet problems on the finite
dimensional balls with the corresponding boundary functions (see Hasegawa
[9], 11, Th. 4.1).

Next we shall show our main results.

In Section 1, we shall construct the process B=(Q, B(t), P*) with state
space E and show the equality:

IB(t, @)—B(s, 0|2 = |t—s|  forall ¢,5>0, 0vEQ.

Consequently B is a diffusion process on the space E.
In Section 2, we shall define a process £(f, ) on a sphere S.={xEE;
ll%|l.=1} by the following formula

E@t, 0) = e '?B(e'—1, ),  (¢20)
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for elements w & such that B(0, w)ES.., and it will be called the spherical
Brownian motion on the sphere S... Then the process B can be factored as the
skew product of its radial part 7(¢, w)=||B(¢, w)||.. and the independent spherical
Brownian motion £(¢, w) run with a random clock 7,:

B(t, o) = 7(£)-E(7)) -

This skew product formula could be identified with Lévy’s formula (Lévy[1],
p. 305, (5)) for a unit sphere. We notice that the spherical Brownian motion is
an infinite dimensional Ornstein-Uhlenbeck process with the Gaussian white
noise y as its unique invariant probability measure and is homogeneous under a
transformation group G (see Def. 8).

In Section 3, we shall reformulate the Dirichlet problems discussed in
Lévy[1] in terms of our Brownian motion B. We shall give an interpretation
(see Th. 3.1) to a mean value formula (Lévy [1], p. 316, (24)) in the case of a unit
ball D.={x<E;||x||.<1}. Then we shall discuss the properties of the family
®={p,;x=D.} of harmonic measures. The Dirichlet problems with discon-
tinuous boundary functions of certain types can be formulated as stochastic
Dirichlet problems. This is worth noticing, for discontinuous harmonic func-
tions play essential roles in describing the peculiarities of Lévy’s theory.

Now, we shall mention other works, in particular, Daletskii [3], Gross [8]
and Hida [11].

Hida’s ideal measure around the origin of his space X might be thought of
as a system of probability measures {u,;7>0}, where u,(4)=P%B(", w)EA)
for AcS.(r)= {xE;||x||l.=7r}. He defines his Laplacian operator on the
space X which seems to agree with our infinite dimensional Laplacian. In parti-
cular, our Proposition 1.8 corresponds with Proposition 2 in Hida [11] under the
identification 7(x)=||x||... Moreover his definition of harmonic functions on the
space X is similar to ours.

The framework of this paper is adequate to describe phenomena indicated
in Lévy’s book [1] and considered to be “paradoxical” in Daletskii’s paper [3].
For example, in our framework each component of our Brownian motion could
be thought to be equally weighted.

Let {£,(u);n>1} be a C.O.N.S. in the real Hilbert space L? ([0, 1]).
Then a theorem of Ito and Nisio [13] can be applied to show that the random
Fourier series

Blt,s, o) = 53b.(4, o) || Ew)du

converges uniformly in (¢, s)&[0, T] X [0, 1] for any fixed positive number T a.s.
(P°. Thus we obtain a Brownian motion in the sense of Gross [8].
Concluding the introduction, we shall prove in a forthcoming paper that
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Dirichlet solutions on the unit ball D, with tame boundary functions can be
reconstructed from Dirichlet solutions on finite dimensional balls, which reflects
Lévy’s “la méthode du passage du fini & I'infini”’ (see Hasegawa [9], II, Th. 4.1).

1. Infinite dimensional space E and Infinite dimensional Brownian
motion B

1.1. Infinite dimensional space E.

In this subsection we shall construct an infinite dimensional sequence
space E on which we shall reformulate Lévy’s infinite dimensional potential
theory according to the one on the finite dimensional Euclidean spaces RY.

R. Gateaux and P. Lévy have established a mean value formula (the Gateaux
formula, see Lévy [1], p. 230) of the real Hilbert space L?([0,1]) by the finite
dimensional construction method. In their derivations of the Gateaux formula,
the following projections py, play essential roles:

(Ba)() = 3wt Koy (1) for a(-)EL2([0,1]),
where
= NS,N 2(s)ds, Iy,=[n—1)/N,n/N), (n=1,,N).D
Then they have identified the function f}x{," “X1y,(t) with a point &V =(af', -+, )
of the N-dimensional Euclidean space };’ . Since
(L1)  [Byw—al>0 as N—co for a(-)€IX[0,1]),
the quantity

(1.2) [[Byal] = (]% g;l(x,ly)z)m

can be thought of the N-tk approximate semi-norm of the L?-norm |[|-||.
Consequently, motivated by the formula (1.2) we introduce to the space R
the following norm 7,:

1 N 1/2
(13)  ra(x) = (ﬁ 16)" for x=(u xR,

By lifting it to the space E we have the following semi-norm ||+||y on the
space E:

(1.4‘) ”x”N == (1\7l 2“’3)1/2 fOI' x = (xl! vy Xy "')EE,

1) The notation y4 denotes the indicator function of a set 4.
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and also the following semi-norm [|-||.. according to the formula (1.1):

(1.5) Il = Bm |lxlly  for x<€E.
N4ge

We are now ready to obtain the following

DerFiNITION 1. We denote by E the space of sequences:
N
(1.6)  E—= {x—(m -, ay, ) ER"; sup L 3147 < oo}
¥ N =1

with the semi-norms {[]-||..; ISN< o}.

Thus we have constructed the space E and the semi-norms {||+|[y;
1< N< oo} according to “la méthode du passage du fini a I'infini”. In par-
ticular the semi-norm |||, would play the corresponding role in our potential
theory to the one of L*norm ||+|| in Lévy’s theory.

DEeriNITION 2. O, and O, denote the topologies induced from the semi-
norms {||+||y; ISN< oo} and the semi-norms {||+||y; 1<N < oo}, respectively.
Then we have the following

Proposition 1.1. 1) The topological space (E,O,) is non-separable and
non-complete, and the space (E, O,) is separable metrizable.

2) For any positive number «, it holds that

(1.7) SV for x=(xy e ay )EE.

"=1n(log n)!**

Proof. Denoting by 7(t), (0<<t<1) the following sequences: 7n(¢)=(1,/2
cos (2zt), \/2 sin (2zt), --+,\/2 cos (2nxt),~/2 sin(2nxt),---). Then itis im-
mediate that |[7(¢)||l.=1 for all ¢&[0, 1], and [[7(t)—7(s)|l.=+/2 for distinct
numbers s and ¢, which shows the non-separability of the space (E, O,). The
other part of this proposition is now clear. (Q.E.D.)

Next we shall introduce to the space E the o-algebra £ generated by
cylinder sets of the space E:

(1.8) E=a(ps;n=123, ),
where {p,} are projections of the space E such that
(1.9) an = X, for x = (xly ceey Xy "')EE.

Since the topological space (E, O,) is separable and metrizable, the o-algebra
& agrees with the o-algebra generated by open subsets in the O,-topology.
In the sequel we shall use the O,-topology only without special mentions.

1.2. Infinite dimensional Brownian motion B.

In this subsection, we shall introduce an infinite dimensional Brownian
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motion B on the space E in terms of which we shall reformulate the results of
Lévy’s infinite dimensional potential theory. He has constructed his theory on
the real Hilbert space (/% ||+|]) according to the one on the N-dimensional
Euclidean spaces R with respect to the Laplacians Ay, (cf. Lévy [1], p. 248,

)

(1.10) Ay = P[0xi+ -+ 0%0x} .

Now we shall construct our infinite dimensional Laplacian A, on E. From
our derivation of the semi-norms {||+||y; I <N <0}, it is reasonable to regard
the sphere Sy_;={x&R";ry(x)=1} in the space R¥ as the corresponding one
of the sphere S.= {*x&E; ||x||.=1} in the space E. Moreover for a real
smooth function fy(x) on RY it holds that

(L11) Anfy) = lim 2 ([ futet phun @) —1u(®), <R,

where py_, denotes the uniform probability measure on S,_,. On the other
hand, the standard Gaussian white noise x on the sphere S.. (see Def. 6) can be
regarded as the projective limit of the system {(Sy_;, uy_1)} (cf. Hida and
Nomoto [10] and Hasegawa [9], I, §1):

(1'12) (Sm: IL) = 11111 (SN—I» I‘I/N—l) .

Therefore we define our LaplacianA.. so as to hold

(113) mf(x)-llm—(Sf(x+pE)p(d£) ~f®), *€E,

for a tame function f(x)=f(x,, ---, x,), X=(xy, =+, X, ) E E, where Sy, -+, x,)
is a real smooth function on R?, (p>1). Then we have the following

(1.14)  A.f(x)= f(xl, X)), x= (% e, &, ) EE.

Therefore we shall define our Brownian motion B=(Q, B(f), P*) on the space
E with the infinitesimal generator (1/2)A., as follows:

(1.15) B(t) = (b(2), -+, bu(t), -+,

where {b,(t); n>1} are mutually independent 1-dimensional Brownian motions.
We have to show that the process B can be actually constructed on the space E.

Now, we introduce a family {w,(7, #); n>1} of mutually 1ndependent 1-
dimensional standard Wiener processes on a complete probability space ( , B, 15)
Then we have the following

Proposition 1.2. For a given element x=(x,, -+, X,, ---)E E, the sample
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paths of the processes
N

{% gw,.(t, &) N> 1} and {ziv 2 xw(t, 0); N> 1}

converge to the function t and to the function zero, respectively, uniformly on com-
pact subsets of the interval [0, co) almost surely.

N N
Proof. Since the processes ]% Slw,(t, &)°—¢t and % Sx,w,(t, &) are
n=1 n=1

N
{\/ a(w,(s); 0<s<t), 15} -martingales, the submartingale inequality shows the
n=1

following ones:

Is(sup

o<¢<T

Is(sup

0<t<T

N Tt (12 48
Ew(”"")z—t|>5><§‘(ﬁz 2)

x T (ai o)
N;;xw(t,A),>e)<84Nz< ~ )

1
N

for any positive numbers & T. Then the Borel-Cantelli’s lemma completes
the proof.

Proposition 1.3. 1) For a given element x=(x,, ---, x,, ---)E E, we have

gm_ z(x +w,(t, &)=t ||x||2 for all =0, a.s. (P).

2) For a non-negative number s, the sample paths of the processes
{jlv,ﬁ:l(w,,(t, d)—w,(s, )% N 21} converge to the function |t—s| uniformly on
compact subsets of the interval [0, o) almost surely as N —co.

Proposition 1.3 comes easily from Proposition 1.2. Hence we have the
following E-valued process

(116) W(t’ (b) = (wl(t’ (b)» Tty wn(’: &): )

on the probability space (Q, 3, 15), which is called the infinite dimensional Wiener
process or simply the Wiener process.

Then the following theorem shows the Holder continuity of the sample paths
of the Wiener process.

Theorem 1.4. Let W(t, &) be the infinite dimensional Wiener process.
Then it holds that:

(1.17) k?‘l]lv }Z;‘,l(w,,(t, O)—w,(s, &)Y = |t—s]|

for any pair of non-negative numbers s, t almost surely.
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Proof. We denote by A the totality of the elements 6€Q such that for
N
every non-negative rational number 7, the processes {]LV ”Z_I(w,,(t, &) —w,(r, &)

N >1} converge to the function |f—r| uniformly on compact subsets of the

half line [0, o0) as N—>oo. Then Proposition 1.3 shows P(A)zl. Now for
any element & €A, any pair (¢, 5), (¢, s>0) and any rational number 7,
(0<r<tAs), it holds that

1‘_ 1 N & 2 1/2
;l;ll (ﬁ El (wn(t: &)—wn(s) )) )
— /2
< lim (
N 4o

b S vt o

1/2)

where Vs and # A5 denote the maximum and the minimum of the pair of the
numbers ¢ and s, respectively. Hence, by increasing the rational number 7 to
the number ¢ 5, we have the following inequality:

+ ‘]%f é‘ (wa(t A S, &)—w, (7, &))

=\VtVs—r+Vips—r,

(118 Im (]lv ﬁl(w”(t, &)—w,(s, &))z)uzg Vi=s|-

For the above pair (2, 5) and an element 6€ A, we have also the following in-
equality:

N 1/2
lim (- 2 (e, 6) (s, 0)7) >/ [es1,
which completes the proof together with (1.18).

Now we shall construct the infinite dimensional Brownian motion B by
means of the infinite dimensional Wiener process. We denote by & the space
of O;-continuous maps w; [0, co)—E and by B,, t&[0, o) the coordinate maps
By(w) = w(t), respectively, and introduce to the space  a o-algebra F°=
a(B;; t€[0, 0)). Now we define maps @, ; 00, (x= E) as follows:

(1.19)  (@,(0))(f) = x+&(F) for t[0, ), s,

Then for each point x& E, the map ®,; (, $)—(Q, F°) is measurable. Hence
we have probability measures {P*; x€E} on the measurable space (2, F°):

(1.20) P*(A) = P(@;'(A))  for elements AT,

The following subset £ belongs to &° by the O,-continuity of sample paths and
satisfies P*(2)=1 for all x& E by Proposition 1.3 and Theorem 1.4:
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~_|IB(t, @)—B(s, 0)ll2 = [t—s] for all ¢, s€[0, o))

o= " ||B(t, w)l|2 = t+]1B(0, w)l[% for all tE[0, =) j .

Therefore, we can restrict the process B, and the o-algebra &° to the space
Q, and the restricted process and the restricted o-algebra will be also denoted
by B, and &° respectively. Next we shall introduce the following two o-
algebras to the space Q:

F? = o(B(s); s<t) and F?, = (| F? forall £>0.
S>t
Then we have the following

Proposition 1.5. The collection B=(Q, F°, F?., P*, B,) is a Markov process
with state space (E, E). Moreover it is of Feller property in the following sense:
For a bounded O,-continuous function f on the space E the function E’[f(B,)],
(0<t < o0) is O,-continuous on the space E.

Proof. Noticing the O,-continuity of sample paths wEQ, we can see the
o-algebras G, and o(B,—B,; s<t< o) are mutually P*-independent, (x& E).
The Feller property is evident because of the spatial homogeneity of the process
B. (Q.E.D.)

As usual we denote by & and &,, (1>0) the completion of the o-algebra
%F° and the one of &7}, respectively. We are now in position to state the strong
Markov property of the process B.

Theorem 1.6. The collection B=(Q, F, & ,, P*, B,) is a strong Markov pro-
cess with state space (E, &) and the o-algebras {F,; 0<t< oo} is right continuous.
Moreover it holds that

(1.21)  |IBX, o)—B(s, o)ll2 = [t—s|  forall t,5>0, wEQ,
(1.22)  |IB@, o)ll2 = t+[BO, 0)|lZ  forall t>0, wEQ.

Proof. The proof of this theorem is immediate because of the Feller
property of the process B. (Q.E.D.)

DEerFINITION 3. We call the process B the infinite dimensional Brownian
motion or simply the Brownian motion.

Now we proceed to the measurability of the hitting times and the entrance
times of subsets of the space E.
For a subset A4 of the space E, we define three functions

(1.23) D (w) = inf {t>0; B(t, w)= 4} ,
(1.24) T (o) = inf {t>0; B(t, 0)€ 4} ,
(1.25) 74(w) = inf {t>0; B(t, w)eEA} .

1) The infimum of the empty set is understood to be the infinity.
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We call D, the first entrance time of 4, T, the first hitting time of 4 and 7, the
first exit time from A4, respectively.

Proposition 1.7. 1) If a subset ACE is O,-open or O,closed, the first
entrance time D , of A and the first hitting time T, of A are {F}.,} stopping times.

2) If a subset GCE is O,-open and O,-measurable, the first entrance time D
of G and the first hitting time T of G are {F}.} stopping times and agree with each
other.

3) Suppose that for an O,-closed subset AC E, there exists a sequence {G,}
of O,-open and O,-measurable subsets G,C E which satisfy the following conditions:

(1.26) G,2G,2-+2G,2G, DG, DDA, and | G,=4,
n=1
where each G, denotes the closure of the set G, in the O,-topology. Then the
first entrance time D, of A and the first hitting time T , of A are {F?.} stopping
times.

Proof. Notice that the g-algebra & of the space E is generated by O,-
open sets, not by O;-open sets.

1.3. Infinitesimal generator of the infinite dimensional Brownian motion
B.

First of all, we denote by B(E, &) the space of bounded O,-measurable fun-
ctions on the space E and we introduce the uniform convergence topology to
the space B(E, ). Second we denote by {7,;¢>0} the semi-group induced
from the Brownian motion B on the Banach space B(E, &) as follows:

(1.27)  T.f(x) = E*[f(B))]  for clements fEB(E, £).

In the first step of investigations of the infinitesimal generator of the semi-
group {T,; >0}, the function space under our considerations will be restricted
to the one of rather special type. Some of the phenomena occuring in a less
restrictive function space are too pathological to treat analytically. We denote
by 9 the space of functions ¢(7, x), (rE[0, o), x=(x,, --+, x,,) €R™) which satisfy
the following conditions:

1) Each function ¢(7, x) is bounded on the space [0, o)X R™ and deriva-
tives (0%¢p/0x,0x,)(r, ), (i,j=1, ---, m) are bounded continuous in (r, x) €[0, o)
X R".

2) For a given positive number &, there exists such a positive number 8
that inequalities

o 0 .
1.28 L X)— : g, (Gj=1, -,
A2) 79— T )| <e, (=1 m)
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hold for any r€[0, o), x, y=R" with |x—y| <8.

3) If we set
l-a_‘i’(r, x)  for r>0,
(1.29) Hr, ) 2r Or
. 7, x) =
1imﬁ’:_x)—2f(w for r=0,
730 r

the function A(\/ 7, x) is bounded and uniformly continuous in (7, x)E€[0, )
X R".
Then from the formula (1.22) we have the following

Proposition 1.8. If a function f(x) on the space E is of the form
(1.30) J(®) = p(l1xllay 21 =+, ), (2= (1, =%, Xy =) EE)
with the aid of a function ¢ of the space 9, it holds that

(1.31) lim T_f@_)t*_f(x) - %2 TP (Hrlloy 1y s ) +A(l12] o 1y -+, 20)

t40 fo,

on the space E, where the convergence is understood to be the uniform convergence
on the space E.

2. Infinite dimensional spherical Brownian motion E

2.1. Infinite dimensional spherical Brownian motion E.

As is well known, we have the following polar expression of the N-dimen-
sional Laplacian Ay on the space R¥:

2.1) Ay = (1/N)-82f3rk+(N—1)/(Nry))-0/0ry+(1/rk) - Bn_s »

where Ay_, denotes the spherical Laplacian on the (N—1)-dimensional sphere
Sy.1={xER¥;ry(x)=1}. Denoting by the same notation A,_, the lift-up of
the spherical Laplacian Ay _, to the space E, we shall formally define an in-
finite dimensional spherical Laplacian A., on the sphere S.={x€ E}; ||x||..=1}
as follows (cf. Umemura [17]):

(2.2) A.=IlimA,.
On the other hand, from the derivation of the infinite dimensional Laplacian
A, on E we have the following:

(2.3) A.=1limAy.

P e
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Observing the polar expression (2.1), we have therefore the following formal
polar expression of the Laplacian A_.:
(2.4) A. = (1/r)dfor+(1/rHA. ,

where 7(x)=||x||.. for x& E. This polar expression of the Laplacian A., could
be identified with Lévy’s formula (Lévy [1], p. 305, (5)). On the other hand,
the polar expression (2.1) of the Laplacian Ay can be expressed by the factoriza-
tion of the finite dimensional Brownian motion as the skew product of its radial
part and an independent spherical Brownian motion run with the random clock
(cf. Ito and McKean [12], p. 270).

In this subsection, in order to interpret Lévy’s formula we shall intro-

et

duce an infinite dimensional spherical Brownian motion E on the sphere S,
with the infinitesimal generator (1/2) A. and factor the infinite dimensional
Brownian motion B as the skew product of its radial part and the infinite dimen-
sional spherical Brownian motion E.

Now we set E— {*= E; ||x||..>0} and associate with it the restriction & of
the g-algebra & to the O,-open set E. Moreover, we introduce a strong Markov
process IA?=(.QO, B, 15") with state space (EA', é’) which is equivalent to the part
of the process B on the set 137, (see Fukushima [7], pp. 149-152), and the process
B is called the Brownian motion on the space E. Here we sct

25) Q= {0=Q; 0(0)EE}, B(w)=Bjw) forall t>0, weQ,

and P*, (er’) is the restriction of P* to the space QyCQ).

DEerFINITION 4. A subset {er‘; [|%||.=1} of the space E is denoted by
S.. and called the infinite dimensional unit sphere or simply the unit sphere.
We associate with it the restriction S., of the o-algebra & to the set S...

Now we define the radial process 7, of the process B as follows:

(2.6) r(w) = [|B(t, )|]..  forall >0, weQ,.

Next the radial process 7, is associated with the following continuous ad-
ditive functional (random clock) 7, of the process B:

t
27 = E forall 120 ad wcq,.
07(s, w)?

Then, from (1.22), we have the following equality:
(2.8) 7o) = log (1+4(t/r(0, w)?)) forall t>0 and weQ,.

Finally we define a process é,(co) on the unit sphere S.. so as to hold
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29) B, o) =r(0)-&r ), w) forall >0 and wEQ,.

Since the radial process 7, is deterministic, the processes 7, and £, are mutually
independent with respect to the probability measures P, (xE). It holds
also that

2.10)  E(w)=

70, 0)%, ) forall >0, wEQ,.

(0)

We assume now that the asked Markov process E on the unit sphere S.,
of the form (&,, pf), (£€S8..). Therefore we define the process &, as follows:

(2.11)  Ef(w)=e 2 Be'—1,0) forall t>0 and weQ,
where

(2.12) Q= {0EQ; [IBO, )|l.= 1} .

Then we are in position to state the following

Proposition 2.1. 1) The collection E=(Q,, &, 155) is a strong Markov
process with state space S.. having the Feller property. It holds that

(213)  lE(0)—E(o)ll% = 2(1—e1*7517)
forall t,s=0, as. (155), (EeS.).

2) For a given function f(E) on S.. of the form

(214) f(g) = 4)(51’ B} Em) for E = (El; °y Em; "')ESoo )

where $(&,, -+, £,,) EC*(R™) of compact support, it holds that in the uniform con-
vergence topology on S..:

(2.15) hméif(f_r)__]—f(f) Lz"’}<_
130 2 =

agz—gna )¢(EI’ R Em) .

p—t

Proof. The Holder continuity of the sample paths of the process E comes
immediately from Proposition 1.3 and Theorem 1.4, and the Markovian proper-
ties of the process = follows from the Brownian scaling property (cf. Ito and
McKean [12], p. 18). Next for the above -mentioned function f(£) on S., it
holds that:

@16)  BUEN = gleErtu, - Etu) 2D
where T=e'—1, E=(&,, -+, &, ') ES.w, *=ui+---+ul. From this expres-
sion we have the last assertion. (Q.E.D))

et

DrerFiNiTION 5. The Markov process E is called the infinite dimensional
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spherical Brownian motion on the unit sphere S.. or simply the spherical Brownian
motion.

We have thus factored the Brownian motion to obtain the spherical Brow-
nian motion E. Conversely we shall now construct the process B as the skew
product of a radial process and the spherical Brownian motion, which are mutu-
ally independent.

To begin with, we shall introduce a radial process and a random clock ac-
cording to the preceding ones. First we introduce a family of probability
measures {P’;0<r<co} on a space R,=(0, ) such that P’ (4)=X,(r) for
measurable subsets 4(CR,) and also introduce a process 7,(w)=(o>+?)"? for
elements o=R,. Next we associate with the radial process 7, a random clock
7(w) as follows: '

(2.17) (6) = S' ds

—(‘—.72 fOI‘ all 120, (.Q)ER,*_ .
or(s, o

Then by the Brownian scaling property we have the following

Theorem 2.2. The skew product process ﬁ:(?),, §,, ﬁ”):
(2.18) B(t, (i, @) = (6)-E(7(), )

forall t>0, (&, 0)EQ=R,xQ,,
(2.19) P = Plley Ppivie  (xe E),

is a Markov process with state space (E’, é’) and is equivalent to the part of the
Brownian motion B on the O,-open set E.

We notice that the spherical Brownian motion E on the unit sphere S., is an
infinite dimensional Ornstein-Uhlenbeck process. Thus Theorem 2.2 gives a
new approach to investigation of infinite dimensional Brownian motions and
Ornstein-Uhlenbeck processes (cf. Malliavin [15]).

2.2. Properties of the spherical Brownian motion E.

In this subsection, we shall investigate further properties of the spherical
Brownian motion E.

DEerINITION 6. We call the following probability measure g on the unit
sphere S.. the standard Gaussian white noise or simply the white noise:

(2.20) u(A) = PY(B(1, ) 4) for any element AES...
Then we have the following ergodic theorem.

Theorem 2.3.
1) For a bounded O,-continuous and O,-measurable function f(E) on the unit
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sphere S.., the following equality holds at each point £ S..,
@21 lim B/ = [ fOu@).

2) The white moise p is the unique invariant probability measure of the
spherical Brownian motion E.

Proof. The Brownian scaling property gives us the following equalities for
the above-mentioned function f(£) at each point £ S..:

BHf(E)] = E[fle " E+e B! 1, )]
— EYf(e-E+/T—e"'B(1, )] .

Hence Lebesgue’s convergence theorem can be applied to show the following
equalities:

lim BAE)] = BB, o)) = | fOu(dr),

which prove the first assertion. Moreover for a bounded O,-measurable func-
tion f(£) on the unit sphere S.., we have the following:

[ BeLrEauE) = BB, )]
— EfB(, o)] = [ [0uar),

which prove the second assertion in combination with (2.21). (Q.E.D))
Consequently we have a contraction semi-group {7}; #>0}, (Yosida [18],
Chap. IX) on the complex Hilbert space LS., 1) as follows:

222)  T.f(§) = EHf(E)]  for elements feLX(S., ).

Here we shall show that the infinitesimal generator of the semi-group is
actually a self-adjoint operator.

DerFINITION 7. For a sequence K=(k,, -+, k,) of non-negative integers we
define a Fourier-Hermite polynomial Hy of degree |K|=Fk,+----+k, as follows:

? _
(2.23) Hi(xy, -+, &,) = ngk"(x")/\/k”!
where H, denote the Hermite polynomials with the generating function
(2.24) SYH,(x)£"n! = exp (t-x—(o2)) .

Proposition 2.4. The infinitesimal generator A of the strongly continuous
semi-group {T,; 1 >0} is a self-adjoint operator with pure-point spectrum
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{—n/2;n>0} and the eigenspace of the eigenvalue —n|2 is spanned by the func-
tions {Hg; |K|=n}: ’

(2.25)  Hg(§) = Hg(&), -, &)  for E= (& Ep)ESa.

Proof. By applying the formula (2.16) to the generating function (2.24)
of the Hermite polynomials, we can easily see

T\Hy = exp (— 1K |tj2)-He  forany K= (hy, -, k).

Since the family {H; K} constitutesa C.O.N.S. of the Hilbert space L*(S.., u),
we have the assertion. (Q.E.D.)

RemaARk. 1) The second assertion of Proposition 2.1 holds also in the
Hilbert space L*(S.., ).

2) 'The infinitesimal generator 4 has been called the infinite dimensional
Laplacian operator and been studied by Y. Umemura [17] and others.

3) Set V={£€S.;||E—a|l.<8}, (6</2,ac8.). Then V is an O;-
open and O,-measurable subset of the unit sphere S, and it holds that p(7)=0.

et

Next we show homogeneity of the spherical Brownian motion E under a
transformation group G.

DeriNITION 8. We denote by G a group of linear O,-homeomorphisms g
of the space FE onto itself such that

1) maps g and g7! are O,-measurable,

2) maps g preserve the probability measure u:

(2.26) w(gA) = u(4)  for elements AeS.,,

3) maps g preserve the semi-norm ||+||..:

(2.27) llgxlle = ||2]- for elements xEB.
Then by the Brownian scaling property we have the following

Proposition 2.5. The spherical Brownian motion E is homogeneous under
the group G : for any set A< S.. and element g =G, it holds that

(2.28)  Pet(t,cgA) = PYE,cA)  on the unit sphere S.., (t=0).

We shall also consider the following transformation group described in
the book (Lévy [1], p. 259). For a given sequence of integers (p;, ***, Py, ***)
such that

2<p1<pe< < p,< e+, and Ei:g?n+1/l’n =1,

we are given a bijection o of the set {1,2,3, ---} onto itself which is also a
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permutation of the set {p,+1, p,+2, -, p,..} for each n=1,2,3, ... Wethen
define a map g, of the space E onto itself as follows:

(2.29) (go%), = Koy for x= (%, +++, %, )EE.
Then we have the following

Proposition 2.6. The maps g, of the above-mentioned type form a subgroup
G, of the group G.

3. The Dirichlet problems on the space E
3.1. 'The Dirichlet problems on the unit ball.

In this subsection, we shall reformulate the results of Paul Lévy [1] on the
Dirichlet problems on his infinite dimensional space in terms of our infinite
dimensional Brownian motion B.

DEFINITION 9. A subset 4 of the space E is said to be semi-bounded, if the
set {||x||,; ¥ A} is bounded for some semi-norm [|+|[,, (1<p< o).

DeFiNITION 10.  For a given domain G(C E), we denote by U(G) a family
of semi-bounded domains U such that the closures U of U in the O,-topology are
included in G and that the first exit times 7, from U are {&,} stopping times.
Then a real-valued O,-measurable function f(x) on G is said to be harmonic on
the domain G, if for any subdomain U&U(G) the following equality holds on
G:

(3.1) E*[f(B(rv))] = f(%) -

DerINITION 11. An O-open subset {x&E; ||x||.<1} of the space E is
is denoted by D., and called the infinite dimensional unit ball or simply the
unit ball. We denote by S.(a,7) a sphere {x€E; ||x—all.=r}, (a€D.,,
0<2r<1—/lal|.), and by T, ,£ the point of S.(a, 7) on the segment between two
points a and £, (EES..):

(32)  T.E=(I—(/lE—all.)-atr-E/llE—all.€Su(a, 7).

Clearly the unit sphere S., is the boundary of the unit ball D., in the O;-
topology and the first exit time 7 from the unit ball D, it an {F},} stopping
time. The map T,,, (ea€D., 0<2r <l1—|la||.) is an O,-bimeasurable O;-
homeomorphism from the unit sphere S.. onto the another sphere S..(a,r).

DerINITION 12. We define a harmonic measure u, relative to the unit ball
D., and a point x& D., by putting

(3.3) pd) = P*(B,€4) for AES..
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The Poisson integral formulas for the finite dimensional balls are of funda-
mental importance in the potential-theoretic sense and also in the group repre-
sentation-theoretic sense (cf. Kashiwara et al., [14]). Accordingly we shall pay
special attention to the Dirichlet problems on the unit ball D... First of all, we
shall give an interpretation to Lévy’s mean value formula (Lévy [1], p. 316, (24))
in the case of the unit ball D...

Theorem 3.1. Let ¢(&) be a real bounded O,-continuous and O,-measurable

function on the unit sphere S...
Then the following function f(x)

(3.4) f(%) = E[$(B)]

on the unit ball D., is the unique one satisfying the following conditions:

1) The function f(x) is bounded, O,-continuous and harmonic on the umit
ball D...

2) For any point EES.., the function f(x) converges to ¢(£) as x(€D..)
tends to & in the O,-topology.

3) We have also the following peculiar equality

(3.5) n{EES.; T, £ A}) = p(A—a)fr)
for any measurable subset A of the sphere S..(a,r), (a€D.., 0<2r<1—||all.).
Proof. Because of the equality
(3.6) () = 7p_(0) = 1—||x]|Z  as. P*, (x€D.)

and the Brownian scaling property, we have the following equalities on the unit
ball D..:

fie) = BB = [p(o-+v/ T2 -E)ldb)

where g denotes the white noise on the unit sphere S... Hence we have the as-
sertions 1,2 of the theorem. By the Brownian scaling property we have the
following equalities for a measurable subset 4 of the sphere S.(a,7):

plTofed) = P(S-ted=t) = ya—ay,
T r

which prove the assertion 3 of the theorem. (Q.E.D))

Here we pause to show the homogeneity of the family ® = {u,; x€D..} of

harmonic measures under the group G (see Def. 8) and the mutual singularity of

@.

Proposition 3.2. For any g€G, x€D., and A€ S.., we have
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3.7) tex(8A) = po(4).
Proof. The proof is immediate by the Brownian scaling property.

ReMARK. The family @ seems to be an intertwining operator between
two representations of the group G on the unit sphere S.. and the unit ball D,
i.e., for the above boundary function ¢ on S. and the associated harmonic
function f on D.,, we have the following equality on D, for any element g=G

(338) fig™s) = | (e )nu(ag)

Proposition 3.3. Harmonic measures p, and p (€ ®), (x,yED..) are mutu-
ally equivalent [resp., mutually singular), if the sequence x—y=(%,—yy, ***, X,— Yy
-++) is square summable [resp., not square summable]. In particular, for an element
x=(%y, ***, X, =) ELCD.., we have the following density formula:

(3.9) p(dE) = exp (x-E—(+"2)) p(dE) .

Here x*=3) x; and x-& denotes the following p-almost surely comvergent random
. n=1
sertes:

(310) x-Ez'Z:lx,,E,, fOT E:(Ely"')gm"')esw'

Proof. The proof is easy (cf. Rozanov [16], pp. 38, 66).

RemARK. For an element x€?CE and an element geG it holds that
gxel? and x’=(gx)?, for we have gxl* by Propositions 3.2, 3.3 and next the
asked equality by using the density formula (3.9).

Next we proceed to the stochastic Dirichlet problems on the unit ball D.,
with discontinuous boundary functions.

Proposition 3.4. For given elements e;, (|le;||.>0, j=1, -+, p) and a given
real bounded measurable function h(u,, -, u,, x,, -+, x,,) on the space [0, ©)? X R",
we define a function (&) on the unit sphere S.. as follows:

(3'11) ¢(£) = h(llg+e1”m1 °tty lls+ep||w1 El) °% Em)
for elements E=(&,, -+, €, ***)ES.. Then the function f(x)
(3.12) f(x) = E*[¢(B)]

on D, is the unique one satisfying the following conditions:

1) The function f(x) is bounded harmonic on D...

2) For any point xE D.., the function f(B(w)) is continuous in t in the interval
[0, 7(w)) a.s. P* and
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(3.13) £i$) f(B(w)) = ¢(B(»)) as. P*.
Proof. By Theorem 1.6 we have the following equalities:

(G.14)  flx) = E7[$(B.)]

- o ) €XP [—(u— £)/(2(1— |Ix]12))]
_SRmh(Xl(x), ) X,(%), gy e, 1) TR P du

on the unit ball D.., where X (x)=+/[[x+e,]Z+1—[[*]]Z, (1<Ek<P), (u—£)*=
(uy—x,)*+ -+ (u,,—x,)* for points x=(xy, ***, ¥, **)ED.. Also by Theorem
1.6 it holds that

Xy(Byw)) = Xi(x) forall >0, asP*, (x&D.), (k=1,--,p).

Hence the function f(B,(w)) in ¢ is continuous in the interval [0, 7(w)) a.s.P%,
(x€D..).

Now we introduce a sequence {7,;n>2} of the first exit times from sub-
domains U,={x€D..; ||¥||l.<1—(1/n)}. Then by the convergence theorem of
martingales we have the following equality:

lim f(B(r,, o)) = E[$(B) \/ F.,]  as. P, (x€D.).

Hence the sample continuity of the process B shows the following:

lim f(B(w)) = ¢(B)) as. P*, (x&D.),

t47(w)

which completes the proof.

Bearing in mind the pathological phenomena of ‘“harmonic” functions
which are described in Lévy [1] (pp. 305-306) and will be shown in Proposition
3.7 partly, it is worth noticing that the stochastic Dirichlet problems can be for-
mulated also for discontinuous boundary functions of the above-mentioned type.

Proposition 3.5. For a function §(xy, -+, x,,)
(3.15)  P=LAR", exp (—(xi+ -+ +%)/2)dx, - dx,)
define a real function $(£) on the unit sphere S... by
(B16)  $E) =FEw B for E=(Eu s Ew )ES..

Then the function f(x)=E*[$(B,)] on the unit ball D., is the unique one satisfying
the following conditions:
1) The function f(x) is O,-continuous and harmonic on the unit ball D..

2) We are given a sequence {U,} of subdomains of D.. such that D U,=D..,
n=1
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U,cU,,, and the first exit times =, from U, are {F,} stopping times. Then the
Sfamily {f(B(z,)); n>1} is uniformly P*-integrable, (x&D..).

Proof. By Holder’s inequality and Jensen’s one we have (z>1)

ETIfBr) IFI<E|$(B(1) 7] <oo, (xED..),

which implies the uniqueness of the function f(x). (Q.E.D.)
In case of ¢(xy, -+, x,)=Hg(x,, -, x,,), (K=(ky, +*-, k,,)), the associated
Dirichlet solution f(x) is the restriction to D,, of the following harmonic function
h(x) on E:
O H (% ++5 % w {xeE; ||x]|..>0
(A7) h(x) = Hfll kK((xl %s)llxll)  on  ix : [|x]|. >0}
afreexinl\ /R e R | on {x&E,;||x||.=0}.
This is of its own interst (cf. Dobrushin and Minlos [4]) and the restriction of

the function A(x) to the domain {x& E; ||x||..>0} is just identical with Hida’s
Fourier-Hermite polynomial, (cf. Hida [11]).

3.2. 'The Dirichlet problems on other domains.

In this subsection we shall consider the Dirichlet problems on some other
domains than the unit ball D...

First we shall consider the following Dirichlet problem on a domain the
first exit time from which is not deterministic.

Proposition 3.6. Let D be a convex domain:

(3.18) D = {x, = (xy, ..., x,, - )EE; ||x]].<1, 0<0, <1},
and $ be a real bounded continuous function on a subset

(3.19) (=0} X {0<r<1})V({0<x<1} X {r=1})Y({x=1} x {0<r<1})
of the space R®. Then, for the function ¢(&)

(3.20)  #(&) = ¢(&w liEll)  for &= (&, -, & )S0D

on the boundary 0D of D, the function f(x)=E*[¢p(B,)], (r=7p) on D is the
unique one satisfying the following conditions:
1)  The function f(x) is bounded O,-continuous and harmonic on the domain D.
2) For any point £ 0D, the function f(x) converges to ¢p(&) as x(E D) tends
to £ in the O-topology.

Proof. By Poisson’s summation formula and calculations of passage times
of 1-dimensional Brownian motion, we have (cf. Ito and McKean [12], pp. 29, 30):

(%) = @21, 1)+ D%y, )+ Dy(1, 7), 7= |Ix]lo

for x=(x,, :*-, %, -*)ED, where



426 Y. Hasecawa

D,(x;, 7) = 2 "2:}1 S: &(u, 1) sin (nzu)du sin (nzx,) exp (—n*z*(1—r?)/2),

oo

Dy, 1) = 23 'E_'z &1, /rPFt)e "2 dt np(—1)* " sin (nzwy) ,

[

Dy(xy, 7) = ”2:1 S 2 H0, /2L t)e” "™ 2dt nrx sin (nzxy) .

1-r
0

Hence we have the first assertion and also the second assertion by the usual way
(cf. Dynkin [5], II, p. 33). (Q.E.D))

Now the unicity principle does not hold, peculiar to our infinite dimensional
potential theory. In fact, by Theorem 1.6 we have the following

Proposition 3.7. For a real bounded continuous function ¢ on the real line
R and an element £ E, (||E||..>0), we define a function f(x) on the space E by

where
(3.22) Kx, >0 = |lx+ElZ—lx—E]I% .

Then the function f(x) is harmonic on the space E.

REMARK. We have another dissimilarity with finite dimensional cases,
i.e., the regularity of a point of a boundary in the probabilistic sense does not
imply the one in the classical potential-theoretic sense in our case. In fact we
have the following example. Let D be a semi-ball: D= {x € E; ||x]|l.<1,
(%, E>.>0}, (E€E, ||E]|l.=1). Then the first exit time 7,(w) from the semi-
ball D satisfies

o(w) = 1—||%||2  as. (P), (x€D).

On the other hand, the first hitting time o(w)=Tp(w) of D° satisfies o(w)=0
a.s. (P%) for 0D with ||¢]]..<1, <, £>..=0.
Finally we have the following

Proposition 3.8. Let f(x) be a tame function on the space E given by
(3.23)  f(x) = Pp(xy, +++, x,) for points x = (x,, -, %, - )EE.

If ¢(xy, +++, x,) is a harmonic polynomial on the space R", the function f(x) is
harmonic on the space E.

Proof. Clearly we have only to show the equality

(3.24) f(x) = E°[f(B,)]

on the space FE for the first exit time 7 from the domain D: D= {x=(%y -+, x,,
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&, o )EE; 0<x;<d, j=1, -, p}, (p<m, d>0). We denote by (b(¢), P*)
the n-dimensional Brownian motion and by o the first exit time from the #n-
dimensional cylinder D=D X R*?, D= {x=(x,, ---, x,) ER?; 0<x,;<d, j=1, -,
p}.

As will be shown separetely (cf. Etienne et Thunus [6]), Green function G(a, b;
%,9), (x,acD;y,b=R*?), and Poisson kernel P(a,b; &, 1), (acD; E€0dD;
b, nER""?) of the cylinder D decay exponentially in y as |y—b|—>cc and in 7
as [7—b|—oo, respectively. Then Dynkin’s formula can be applied to show
the following equality for the harmonic polynomial ¢ for points c=(a, b)ED:

E[p(bo)] = (c) -
Hence it holds that on the space E

Ef(B(m)] =flx). (QE.D.)

From this proposition, it is clear that the totality of the continuous harmonic
functions on the space E separates each point of the space E.
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