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An abelian variety defined over an algebraic number field K naturally yields
a formal group of the same dimension over K, whose coefficients are integral at
almost all primes of K. Let us see how this is obtained in case of dimension
one. Let E be an elliptic curve, namely an abelian variety of dimension one,
over K and w(=0) be a differential of the first kind on E. If an element x of
K(E) is a local parameter at the origin of E, » has a power seties expansion of
the form gg(x)dx, where gg(x) is an algebraic function in K[[x]] with gg(0)=0.
By replacing by its constant multiple if necessary, we may assume gg(0)=1.
Thus we can write w=dfg(x) where f'g(¥)=gg(x) and fg(x)=x+---K[[x]].
Let Fg(x, y)=fz'(fe(x)+ fe(y)). Then the (commutative) formal group Fg is
nothing other than the completion of the group law of E relative to the
parameter x. To see it one has only to note that dfg(x) is an invariant
differential on the formal group Fy as is easily verified.

Now we ask if one can find non-algebraic formal groups (of dimension one)
over K, whose coefficients are integral at almost all primes of K, by some analytic
means. In that case we require that formal groups should be constructed
globally and finitely. To do this one of the most natural ideas would be to
replace an algebraic function gz(x) by a solution of a suitable algebraic differential
equation with coefficients in K[x]. Since gz(x) is a solution of a linear algebraic
differential equation of the first order under a suitable choice of x, we should
primarily be concerned with linear equations. Moreover equations should be
of Fuchsian type in view of a recent work [7] of Katz.

In this paper we study a formal group F(x, y) whose invariant differential
is g(x)dx with a generalized hypergeometric function g(x). Let N =2 be a natural
number and S a subset of {1/N, 2/N, ---, (N—1)/N}. Put

(Ae(0) = 1
Wdy(n) = 000 +1)-(0+n—1)jn!  for n=1

and A(n)= I Aofn). Let g(x)= SIAmY", fx)= S:g(t)dt and F(x, y)=f(f(x)



448 T. HoNDA

+f())- The power series F is a formal group over @ Our first aim is to
study when F is integral at a prime p with p>N. Put

A((n—1)/N) if(n—1)/NeZ
0 otherwise.

a(n) = {

Then f(x)=uzfl-(h@x”. It turns out that whether F is p-integral or not depends

only on the residue class of p mod N, and we get an explicit condition for p-
integrality of F (Theorem 1 and Theorem 2). Let d be the smallest positive
integer such that p?=1 (mod N) and put ¢g=p. Then lim a(q")/a(¢""") has a

limit £ ,in Z, Assume that F is p-integral. Then ord,&,=d—1. If ord,
£,=d, F is of infinite height at p, namely isomorphic to the additive group
over Z,. Butif ord,&,=d—1, F is of Lubin-Tate type as a formal group over
Z, and the g-th power endomorphism of its r~eduction Fis the image of g/,
under the natural imbedding of Z, into End F'.

Now by examining the condition for p-integrality of F, one can prove that
if the set {N8|6< S} contains all reduced residues mod N, then F is p-integral
for every p>N(Theorem 3). For N=3, 4, 6, for example, we get formal
groups over Z[1/N] which are isomorphic to completions of elliptic curves over
Z[1/N]. But in most cases we get formal groups which are not isomorphic to
completions of algebraic formal groups over rings of finite type over Z. It
would be an interesting problem to ask if our formal group can be simultaneously
non-algebraic and of finite height at almost all p.

An important question is left behind: What is the p-adic integer £,? In
studying £, we may assume S consists of a single number ¢/N. For i=1 itis
not hard to see £=(—1)""/¥, For 2<{<N—1 we can prove that £, is one
of the eigenvalues of the ¢g-th power endomorphism of the Jacobian variety of
the Fermat curve ¥ +y¥ =1 over GF(g), at least for almost all p. Hence £, is
some Jacobi sum by Davenport-Hasse [1] (at least for almost all p). We do not
give the proof of this fact here, since it needs a detailed study of the completion
of the Jacobian of the Fermat curve over Z,. The detailed account on &, will
be published elsewhere.

Our method in this paper is essentially elementary. In many cases the
proof consists of a series of congruences modulo a power of p. Our basic con-
gruences are those on binomial type numbers, in Lemma 1 of Dwork [2]. Of
course the general theory of commutative formal groups is indispensable (cf.
Honda [5]). A brief survey of our results in this paper appeared in [6].

1. Congruences on binomial type numbers

First we prove a number of congruences on binomial type numbers. Let p
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be a fixed prime number. We shall use “mod p*”’ (resp. ‘“mod*p*”’) to denote
an additive (resp. a multiplicative) congruence modulo p*. Let 6 be a positive
rational number integral at p. Put for each non-negative integer =

1 forn =0
Co(”) = {n—l
II (0+v) for n>0.

We define ¢ to be that unique rational number, integral at p, such that pd'—§
is an ordinary integer in [0, p—1], and #* by induction: §**P=(§*). For
each real x put

0 ifx<0

p(‘”):{1 if £>0.

Our basic lemma in this section is the following one due to Dwork [2].

Lemma 1. If a, p, s are non-negative ordinary integers, 0=<a <p, then

Cofat up+mp*™) _ Calmp**)Cola+up)( | mp’ >P<a+o—ﬂe'>

AN =G+ mp) Co(mp®) Co(p) \\T@ 1) modipe+.
Furthermore

C (mps‘H) S, m X pS+1
(1.2) Cyompy =(—9)7uw)”  mod*p™

where u,= + 1 unless both p=2, s=1, in which case u,=—1. Finally

(1.3) ord, C—"(C%lsmz p+(1+ord,(u+0))p(a+0— po).

Proof. See [2, p. 31].

Let N=2 be a natural number and S a non-empty subset of {i{/N|1=<i<

N—1}. From now on we assume that the fixed prime number p is (strictly)
larger than N. We define S’'= {#'| = S} and S® by induction: S**P=(SPY,
Put

A(n) = 0£IS(Ce(n)/n!) =1 (Co(m)|Cy(m))  forn=0
and for n>1

_ {A((n—l)/N) if(m—1)/NeZ
a(n) = 0 otherwise,
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By replacing S by S® we define AM(n), a®(n) similarly.
Applying Lemma 1 to A(n), we get
Lemma 2. Let a, u, s be as in Lemma 1. Then

A(a+Mp+mps+1) _ A(a+pp) mps >p<a ro— 26>

(1.4) - A/([L+mps) = AI(M) }gs( 1+0,+[L modxps+l'
Moreover
(1.5) ord ,A(a+ up)/A'(n) = ‘%‘,‘,(1 +ordp(p+0’))p(a+¢9—p6’).

Proof. If =1, then =1 and p(a+6—p@)=0. Furthermore the right
side of (1.2) is independent of §. Hence our lemma follows from Lemma 1 and
the definition of A(n).

For a rational number  whose denominator is prime to N we denote by (7)x
the least non-negative integer congruent to r mod N. Let d be the smallest
positive integer such that (p?)y =1 and put g=p*.

Lemma 3. Let m, [ be positive ordinary integers such that m=I (mod N)
and (m, N)=1. Let o be an ordinary integer in [0, d — 1] and put k= (mp®), and
h=(mp® ") y. Then we have for vd+oa=1"

a(mp*?**—k+1) a(lp***—k+1) a1 -
(1-6) a’(mp‘“‘”""—k-&— 1) = AT —h+ 1)(1 +Cpre+e™) mod*p*¢*®,
where C is a rational number integral at p. We may take C=0if h=1.

Proof. It suffices to consider the case S consists of a single number 0=
{/N. Furthermore we may assume /=(m)y. Put & =j/N and m=nN+1(1=!
<N-1). Since

(mp4+2— YN = mpt+2+ (1p"4+*~*— B N p+ (bp— R)IN
and
p((hp—FK)|N +i|N—ip|N) = p(h—j),
we get by Lemma 2

_ A((mp*@**—Ek)|N) _ A((p"—k)IN)
A/(npvd+a-x+ (lpvd+u—1_h)/N) = A/((lp”dﬂ'_l——h)/N

(1.7)

1) 'This lemma does not hold for vd+a=1 since we may not assume [/=(m)y in this case.
(The author thanks to the referee for pointing out this fact.) But it always holds if
l=(m)x, and this is sufficient to obtain the subsequent lemmas. For example Lemma 4 is
true since it is proved for | =(m)x.
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an’“4+ﬂ"l )P(h'j)

X (1 + AL mod*p*d*®,

Suppose first that vd+a=1. Because a=1 or d=1 in this case, m=h (mod
N) and hence I=h. Therefore p*#**'—h+j=i is a p-unit. If vd+a=1,
then

Iprare—h+j=j—h mod p.

Since 0= [j—k| <N <p, ord (j—k)>0 if and only if j=4, in which case p(h—
7)=0. Summing up, /p***®**—h+j isa p-unit unless p(h—j)=0. Finally
p(h—j)=0 if h=1. Now our lemma is proved by rewriting (1.7) into a
congruence on the a(s) and a’'(s).

Lemma 4. Let Ogagd—l‘ and v=1: let m, | be positive ordinary
integers such that

mp=pp*=1 (mod N).
Then

a(mp'vd—l—d) _ a(lj)vd+m)

a(mp(‘u—l)d+w) = a(lp(\l—'l)d+d)

(1.8)

mode(v—l)d+w+1

Proof. Put kg=(mp®~P)y. It follows from Lemma 3
CP(mp ket 1) aP(pae Pyt 1)
a(5+1)(mpvd+a—ﬂ—1_kﬂ+1 + 1) = a(ﬂ+1)(lpvd+m—ﬂ—1_kﬂ+l+ 1)
X (1 +Cﬁp\ld+w—ﬁ—1) modeVd+m—ﬂ

(1.9)

for 0<B=<d—1, where the Cj are p-integral. Since k,=(mp*—9)y=1, we may
assume C,;_,=0. Then our lemma immediately follows from d congruences
(1.9) noting a‘“’(n)= a(n).

Put =0, m=g and /=1 in (1.8). Then we get

a@™) _ alg)
a(g”) — alg™)
Therefore a(g")/a(¢""") has a limit in Z, as v—>oco. We denote it by &,.

From now on we shall write ord 7 instead of ord,z for the sake of
simplicity.

(1.10)

mod*pq* .

Lemma 5. Let m, a and v be as in Lemma 4. Then
(1.11) ord a(mp*?*®) = v ord a(q)+ord a(mp”®).

In particular
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(1.12) ord a(¢’) = v ord a(q).

Proof. From Lemma 4 follows

a(mp*+*) _ a(g")
a(mp™ ) = a(q)

mod Xp(\‘—l)d+w+1

and
a(q") a(q) «
(g™ == a(1) mod*p
= a(g).

Our lemma is an immediate consequence of these congruences.
Lemma 6. Let m, o be as in Lemma 4. Put m,=(p~*)n. Then
(1.13) ord a(mp*?+*) = ord a(m,p**+*)  for v = 0.

Proof. In view of Lemma 5 we may assume »=0. By Lemma 3 we get
by working mod*p
a(mp®) _ a/(mp*'—m,+1)
a(myup®) — a'(mup® *—m,+1)

a("’"(m—. m,+1) -
= a(a,)(mw_mw_‘_l)(l +C) = q¢ )(m._mw—|— 1)(1+C),

which proves our lemma.
Lemma 7. Assume d=2. Then

a(myp® *—m,+1) _ ,
(1.14) ord Tmp™ 1) = ;;S‘ p(my.,— N

for 1fa<d—1and 0 =a—1.
Proof. Since
(map® *—m)|N = (myp® "' —my,)p|N + (mr .. p—my)[N,
Lemma 2 shows

g dmep N —mt ) L A((map® = my)[N)
O mup® * —my,+1) ~ ¢ A (mop® "=y ,,)/N)

= 2 {lord((mgp® 7 —my . )[N + 6} p((mrss p— ma) [N + 0 — p6).

Because
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(mA+1P_ m)\)/N‘*_ 9—170’ >0
is equivalent to
My — N > O,

it suffices to prove that m,,> N implies ord (u+¢)=0 where p=(m,p® >
—my,,)/N. Let §=i/N and ¢’=j/N. For A=a—1 we have

ord (u+6) = ord (my—m,+j) = ordj = 0.
But for A>a—1 we have
ord (u+6') = ord (—my,,+1) = 0,

as 0<my,,,— j<N<p. This completes our proof.

2. Construction of formal groups from generalized hypergeometric
functions

We use the same notations as in 1. Define

(2.1) gx) = 2 A(n)xN",

This is a generalized hypergeometric function satisfying the linear algebraic
differential equation
(2.2) (N T1 (8 +N@)— ')y = 0,

s
and is the unique solution up to constant, holomorphic at the origin, where §=
x(d/dx) and | S| means the cardinal of the set.S. It is well known that the

equation (2.2) is of Fuchsian type, namely all its singular points are regular.
Now define

2.3) fix) = [ gyt = 33 atmyain
F(x, y) = f7(f(%) + f(0)-

Then F(x, y) is considered a formal group over Q with the canonical invariant
differential g(x)dx (cf. [4]). Itis well known that the coefficients of g(x) are
integral at each prime not dividing N. But, at what prime is F integral?

Theorem 1. Al coefficients of F are p-integral for p> N, if and only if
24) ‘ ord a(mup®)=a  for 0=a=<d—1.

Assume (2.4) holds. Then ord a(g)=d—1. If ord a(q)=d, F is isomorphic to the
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additive group over Z,. If ord a(q)=d—1, F is of Lubin-Tate type as formal
group over Z, (cf. [8]). F is of height d and attached to the prime element g/, of
Y/

>
Proof. We use the terminology and results of our previous paper [5].
First assume F is p-integral. Then, regarded as power series in Q,[[x]], f(x) is

killed by some special element u=p -+ “2 1" of Z,[[T]]:
V=1

(2.5) Hf@)+ Fef(®) =0 modp.
We will show that we may assume ¢,=---=¢,;_,=0 (if d=2) by replacing « by
another special element, (left) associate to it if necessary. Suppose ¢,=--+=c¢;_,

=0 and ¢;=0 for some i<d—1. Comparing the coefficients of x** on the both
sides of (2.5), we see ord ¢;>0. Therefore the i-th degree coefficient of u is
killed by multiplying # by (1—c¢;/p)T?. This proves our claim by induction.
Putting ¢;=-++=¢,_,=0 in (2.5), we see for 0<a=<d—1

pa(m,p®)[(m,p®) =0 mod p,
namely

ord a(m,p”) = a.
Conversely, assume that (2.4) is satisfied. It follows from Lemma 6
ord a(g)=ord a(m,_,p? ) =d—1.
First we consider the case ord a(¢)=d. Then, by Lemma 5 and Lemma 6,

ord a(mp*?**) = ord a(m,p*+*)
= v ord a(q)+ord a(m,p®)
=vdta

forp fm, 0<a<d—1and v=0. Therefore all coefficients of f(x) are already
p-integral and F is isomorphic to the additive group x+y in this case.

Now, suppose ord a(g)=d—1. Then ord £,=d—1 by (1.10) and = ,=g/E,
is a prime element of Z,. We will prove

(2.6) 7, f(x) = f(x7) mod p,

namely that f is killed by the special element z,—7T¢. Write an arbitrary
positive integer, congruent to 1 mod N, in the form mp*?*® where p f'm, mp®=1
(mod N), v=0 and 0=a=d—1. The coefficients of x™?® on the both sides of
(2.6) are certainly congruent mod p, because
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p a(myp®)/(m,p®) =0 mod p
by (2.4) and a fortiori
7, a(mp®)[/(mp®) = 0 mod p
by Lemma 6. We must still prove

a(mp(‘d+1)d+m) _ a(mpvd+a)

T, mp(v+1)d+m = mpvd+m mod b
which is equivalent to
2.7 a(mp®q"’) = £, a(mp®q’)  mod p¢* ™.

Now we get by Lemma 4

a(mpmqv+1) _ a(q\d+2) _ i1y
a(mpq’) = alg) =Fe  modPTA

namely

2.8) a(mpg) = £, a(mp?)  mod*p**ige,

Since ord a(mp®q***)=(v+1) ord a(qg)+ord a(m,p”)

>(v+1)d—1)+a

by Lemma 5 and Lemma 6, (2.8) implies

2.9) a(mp*¢**") = £, almpg’)  mod p*

where p=vd +a+1+(@w+1)(d—1)+a. But
p—{v+1)d+a} = v(d—1)+a=0.

Therefore the desired congruence (2.7) follows from (2.9). This completes
the proof of (2.6), from which follow the other assertions of our theorem

(cf. [5, § 5.3]).
We now study conditions for p-integrality of F more in detail.

Theorem 2. Ifd=2and 0=<a<d—1, then
(2.10) ord a(m,p") = 3} ; p(my— NOP).
S A=1

Proof. It follows from Lemma 7

a(}s)(mwpd—}\_ m, -+ 1)
(2.1 1) ord a()‘+1)(mwpa—)\—1_ 1;}‘_“ T 1) — a%;s p(m}\+1_ Na()\+l))
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for 0SA=<a—1. Our theorem is an easy consequence of (2.11).

Consequently, given the set .S and the residue class of p mod N, we can
easily determine whether F is p-integral or not. Itis clear that, if F is p-integral
and ScS,c {1/N, -+, (N—1)/N}, the group F, obtained from S, is also p-
integral.

As an application of Theorem 2 we have:

Theorem 3. If the set {NO|0< S} contains all reduced residues mod N, F
1s p-integral for every p> N.

Proof. By Theorem 1 F is p-integral if d=1, i.e., p=1 (mod N). Assume
d=2. Then, for each A, 1<A=<d—1, at least one of §* is equal to 1/N if the
assumption of our theorem is satisfied. Moreover m,>1 for 1<A<d—1.
Consequently

Z}qp(m,\—Nﬁm)gl for 1=a<d—1.
o<
Our theorem follows from this, Theorem 1 and Theorem 2.

3. Examples and remarks

In this section we first study &, for S={1/N}. To do that we consider
any prime number p with p {'N. Fix such a prime p and let ¢, d be as before.

Given a map s—b(s) of Z into Z,— {0}, we denote by Ij' b(s) the product of all
the b(s) such that m<s=<n and ¢ /'b(s). Furthermore, denote by n? the product

f'['s. We see easily

S=21

3.1) n! = ¢"m!ln?
where m=[n/q]. Put n,=(¢"—1)/N for »=0.
Lemma 8. Put 0=i/N for 1<i<N. Then

Com)[Calm—s) = ¢TI (0:+9).

Proof. We defined

ny—1

Co(n,) = I1 (9+9).

If ¢|0+s, (i+ Ns)/q is an integer congruent to ¢ mod N. Therefore /N +s=
qZ/N+t)withteZ. As 0=<s<n,—1, we have
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(3.2) —ig—1)/(Ng)=t=(¢"—1—N—i(¢—1))/(Ng).
Now since

—1<i(g—1)/(Ng) <0,
(¢ —1=N—ig—1)[(Ng)=n,_,— ((¢—1)(g— 1)+ N)/(Ng)

and
1= ((E=D(g—D+N)/[(Ng) = (N+1—4)(g—1)/(Ng)>0,
the range of ¢ is [0, n,_, —1]. This completes our proof.
Theorem 4. For S={1/N} and p /' N we have

(__ 1)(4-1)/N lfp + 2
1 ifp=2.

Proof. If p is odd, then for =1

(33) lim a(g")/a(g"™) = {

n,—n,_, = (¢q—1)/N mod 2.
But if p=2, n,—mn,_, is even for v=2. Hence it suffices to prove for v=1
(3.4) nn,_ ! = (— 1) "-1Cy(n,)[Co(n,_,) mod*pg”*
with §=1/N. By Lemma 8, (3.4) is equivalent to

(3.5) n,? = (— 1)""_""“?_—[_} (@+s) mod*pg*~.

Now

ny-—1

ny
n,? = II's = 51;[0’ (n,—s)

$=1
and for ¢ {'n,—s we get

m—s = (@~ 1N~
=—(0+5s) mod*pg* .

This proves (3.5) and completes our proof.

Returning to cases of general S, we will look into formal groups F for
smaller values of V.
N=2. Only S={1/2} is possible. We see

g(x) = (1—x")7'7, f(x) = sin7'x.
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The group F is nothing other than the expansion of the addition formula of sin
% into power series. Since £,=(—1/p) for p==2, F is isomorphic, over Z[1/2],

to the formal group obtained from the Dirichlet L-function f}(—4/n)n's(Honda
n=1

[4]). Hence Fis isomorphic to a group of multiplicative type over Z[1/2].
(This fact is also verified by a simple transformation of the differential g(x)dx.)

N=3. By Theorem 3 and Theorem 4 the group F is integral at each p>3
if and only if S={2/3} or S={1/3, 2/3}. Moreover formal groups obtained
from these two sets are isomorphic over Z[1/6] by our theorems and the general
theory [5], because (— 1) 2?=1 for p>3. Take S={2/3}. Then g(x)dx=
(1—°)"*?dx is a differential of the first kind on the elliptic curve #°+y*=1 and
x is a local papameter at each zero of x. Hence F is an algebraic formal group.
As 7z, is an eigenvalue of the g-th power endomorphism of the reduction mod p
of this curve, sois £,=¢/z,. The explicit value of £, is well known (Davenport-
Hasse [1]). The reduction of F mod p is of height 1 (resp. 2) if p=1 (resp.
—1) mod 3.

N=4. The group F is integral at each p>4 if and only if S contains 2/4
or 3/4, as is seen from Theorem 1 and Theorem 2. For S={2/4}, g(x)dx=
(1—«*)"*dx is a differential of the first kind on the elliptic curve C, : x*+y*=1
and «x is a local parameter at each zero of x. Hence F is an algebraic group and
the explicit value of £, is well known ([1]). Next, take S={3/4}. The differ-
ential g(x)dx=(1—x*)"**dx is of the first kind on the curve #*+y*=1. Put X=
y/x and Y=x7°. Then (X, Y) defines the curve C, : Y’=X*+1. Since

—2x7%dx = dY, ¥’dx = —y°dy,
YdY = 2X°%X,

one has

g@)dx = y~dx = —(1/2)(x/yYdY = —dY[(2X")
= (—1/2)(dX]Y).

Working on the curve C,, we can take x as a local parameter at the pole of Y.
(Although «x is not in the function field of C,, it can be used to get a formal
model of C, over Z[1/2].) Thus F is a formal model of an algebraic group
(over a ring of finite type over Z) in this case, too. The values of £, differ by
a class character from those obtained from S={2/4}. In either case the
reduction of F mod p is of height 1 (resp. 2) if p=1 (resp. —1) mod 4. The
structure of F for other S can easily be determined from what we have said.
N=6. By Theorem 1 and Theorem 2 it is easily verified that F is integral
at each p>6 if and only if .S contains at least one of {i/6|2=<:/<5}. We will
show that for each S= {{/N} (2<i<5) F is a formal model, over Z[1/6], of an
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elliptic curve with invariant 0 and defined over Q. This fact might be proved
by suitable transformations of the differentials g(x)dx, but we will do it mainly
by proving a number of congruences.
For S={i/6} we write a/(n) for a(n) and §; , for £,. From Lemma 8 it
follows for p>6, v=1
a(9)/aq") = Co(m)[Co(ny_,) s, ![m!

= ()™ 1 (36 +9)

- (ny?)’lill”(l/2+nv—s— 1).
Here, if ¢ /'1/2+n,—s—1, then
124+n,—s—1=12—1/6—s—1 mod*pg*~*
= —(s+2/3).
Consequently we get
(36)  a@)al@™) = (D) a(@ale™)  mod pg,

where n,—n,_, may be replaced by(g—1)/6 or (¢g—1)/2. By the same argument
we obtain

3.7) a(q)lalg"") = (=) a(g")a(g"™")  mod*pg’,
noting
2/6—1/6—1 = —5/6.
Since (3.6) and (3.7) implies
(3.8) Eap = (=D)PE L, &= (1),

we have only to study &, , and &; ,.

On &, ,. Let C, be the elliptic curve defined by Y?=X°—1. We can take
x with X=x"? as a local parameter at infinity to get a formal model of C, over
Z[1/6]. Then g(x)dx=(1—x°)"”dx is the x-expansion of a differential of the
first kind on C, and F is a formal model of C, over Z[1/6].

On & ,. By Theorem 4 it suffices to consider £, for S={1/6, 5/6}. For
this S an easy computation shows

, (6n,)!
(3.9) UT) = 2935, [(2n) 1(3m)

Consider the elliptic curve C, defined by Y?=X°+4. Taking a local parameter
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t with X=t"? at the infinity of C,, a formal model G of C, over Z[1/6] is
obtained from the differential (1 +4#°)7*dt. Write

(1+4£%)2dt = 31 b(m)t*dt.

We will show that F is isomorphic to G over Z[1/6]. (Our resultsin 1 and 2
can be applied also to p=5. More generally they are applicable to p=N—1 if
it is a prime. Infact, if p=N—1,0=|j— k| < N—2<p in the proof of Lemma
3and O<m, ,—j<N—2<p in that of Lemma 7.) Since both F and G are of
Lubin-Tate type at p==2,3, we have only to prove that the reductions of both
formal groups mod p have the same g-th power endomorphism as p-adic integer
(cf. [5]). By Theorem 1 this will follow from the congruence

(3.10) a(g’)a(g"™) = b(g")/b(g"")  mod*pg*~.
Since
b(q") = (= 1)"(2n)!/(n,!)’
as is easily verified, (3.10) is reduced to
(3.11) (=243 "1{(2n,) 2H(3m,)?
=n,?(6n,)? mod*pg*~*

by Lemma 8. Furthermore, because

(6m)? = (3n)? U (6m,—)

3n -1

= (3n,)? 1:[0’ (—1=y5) mod*pg”~*
= (=1)»"-1{(3ny) 2},

the congruence (3.11) is equivalent to

(3.12) (239" M- {(2m) 3 = m,3G3m)?  mod "pg*
Here we will show
(3.13) 30 = (— 1y mod*pg
For d=1, i.e. ¢g=p this follows from
(=3)P™™™-r = ——3) mod ¢"
“\P
= 1.

But for d=2, i,e. g=p" we have
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3y —ny) = (=972 = p"7H(p*-1)/2
=0 mod p™7¥(p—1).
Therefore for any a with p Y a it holds
@ hor =1 mod p™7(= pg"™").
This proves (3.13), by which (3.12) is reduced to

(3.14) 286y ? (3my) P
= (— )™= {(2n,)}? mod*pg*~.

Now we have

3n
(3.15) (—2)"™-1(3m,)? = (—2) ™-1(2n,)? I’ s
s=2nv+1
3”"
= 2n,)? I’ (¢"—2s) mod*pg* .
$=2n_+1

As s runs through [2n,+ 1, 3n,], ¢"— 2s runs through all odd integers in [1, (¢"
—4)/3]. Consequently

3n
(3.16) 0 (¢°—25) = 277 ™-2(2m) 2m 2.

Now (3.14) is an immediate consequence of (3.15) and (3.16). Thus (3.10) is
proved and the structure of F is determined.

The structure of F for other S can be determined from the above results
by Theorem 1 and Theorem 2.

In all the above cases N=2,3,4,6 we can verify that F is simultaneously

integral and of finite height at almost all primes, only if F'is a formal model of
an algebraic group over a ring of finite type over Z.
What happens for N=5 or N=7? We have ¢(N)=4 for these N. I have
verified for N=5 and 7<N <12 that F is not integral at infinitely many p, if S
consists of a single element. The same fact would probably hold for N=13.
If so, S should have at least two elements other than 1/N for ¢$(N)=4, in order
that F is integral at almost all p. But in that case F'is of infinite height at p
with p=—1 (mod N), because

ord a(m,p) = ord a((N—1)p)
= S pN-1-NOYz2 = d

by Theorem 2. Thus we have arrived at the following conjecture:
(C) Let F be a formal group constructed in 2. If F is integral and of finite
height at almost all p, F is a formal model of some algebraic group over a ring of
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finite type over Z.

More generally let K be a finite algebraic number field and #'(x)=1+:--€
K][x]] a solution of an algebraic differential equation with coefficients in K[x].
Let H(x, y) be the formal group over K, with the canonical invariant differential
h'(x) dx. Is H a formal model, over a ring of finite type over Z, of an algebraic
group over K, if H is integral and of finite height at almost all primes of K ?
This question extends to higher dimensional cases in an appropriate way by
replacing the notion of ‘““a group of finite height” by ‘“‘a p-divisible group” (cf.
Tate [9]). If our question has an affirmative answer, it will yield an interesting
characterization of algebraic functions. But if there were counter-examples, they
would certainly be of great interest. We could define their zeta functions with

Euler products and these zeta functions would be quite new beings (cf. [5, p.
245]).
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