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In this note, we shall give an alternative proof of the theorem due to Oka-
moto and Ozeki, which says that the Laplace-Beltrami operator attached to a her-
mitian homogeneous vector bundle over a hermitian symmetric space is a multi-
ple of the Casimir operator plus a constant (Theorem 4.1 [2]). It plays an impor-
tant role in the works [1], [2].

1. Let (G, K) be a hermitian symmetric pair of non-compact type, i.e., G
is a connected non-compact semi-simple Lie group with a finite center and K its
maximal compact subgroup. Denoting by g, f the Lie algebras of G, K, we
have a Cartan decomposition

g=tDp.

Its complexification will be denoted by g€ = ¢ & p€, and we have a hermitian
inner product (x, y) = — B(x, 7y) for x, y in g€, where B is the Killing form of
g%, 7 the conjugation with respect to the compact real form dual to g. We may
take a Cartan subalgebra §) of g in £, and have the root space decomposition g€ =
H¢ P >} g® where A denotes the root system for the pair (g€, ). Let Ay

@XEA
(resp. Ap) be the set of the compact (resp. non-compact) roots. Then there ex-

ists a positive root system A* such that the subspace

e =207
f

pEA+

is, respectively, a K-submodule of p¢, where Ay = A* NAp. Hereafter, we
shall fix the above linear order on A.

This linear order determines an invariant complex structure on X = G/K
such as p_ can be identified with the anti-holomorphic tangent space at the origin
o = eK in X. Identifying the dual of p_ with p, via the Killing form B, we may
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consider G X P, as the anti-holomorphic cotangent bundle, where G X b,
denotes the homogeneous vector bundle over X associated to the K-module p,.
To an irreducible unitary K-module V', with highest weight A with respect to
the above linear order, the holomorphic vecter bundle E, = G X gV, is associ-
ated, which has a hermitian metric on each fibre. The space of the differential
forms of type (0, ¢) with coefficients in E, may then be considered as the space
of all C~ —sections of the homogeneous vector bundle over X associated to the
K-module V', ® A%, which will be denoted by C*%(E,). We shall aslo iden-
tify C*9E,) with the space of V, ® A%, -valued C* —functions s on G such
that s(gk) = k7's(¢) for g € G, k € K. The Cauchy-Riemann operator

5:Co% (E,) > Co*(E,)
is then expressed as follows. When we choose a basis of p€ such that
B(eg, e_p) = 1, eg=g® (1)
for each non-compact root B Ayp, we then have

9 =33 v(e_p) @ E(ep) (2),
pEA;

where v(e_g) denotes the action of e_g as a left invariant vector field and &(eg)
the exterior multiplication of ez on Ap,. In the choice above, we shall note that
the Casimir operator has a form of

Q=Q,,+Ze_ﬁeﬂ (3)’
BEhy

where Q, denotes the part consisting of the basis of ¥¢. Introducing, as usual,
an invariant kihlerian metric on X via the hermitian metric ( , ) on g, we
have the formal adjoint & of 9 and the Laplace-Beltrami operator

[] = 99+d0.
Theorem (Okamoto-Ozeki [2]). Under the above situation, [ ] acts on each
C"(E,) as
1
O = 5 {(A+2p, A) 1—2(Q)},

where p=—;—2 a, 1 denotes the identity operator, and (A+2p, A) the inner product
aeA™t
on the weights induced from the Killing form.

2. A proof of the above Theorem is as follows. We shall first see that [ ] +

—;— »(Q) is at most a first order operator on C*%(E,). Because of the invariance
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of the differential operators, it suffices to see that it holds for any real cotangent
vector £ at the origin o X

(D) = — 5ot (@)

where o2 (. ) denotes the symbol map at the origin with respect to £. When we
consider p as the real cotangent spaceat o € X, £ as the element of p C p€, we then

have

ot (O)0 = € (E ) forvelV, @ A,
where o( . ) denotes the symbol map at the origin and £, is the image of £ by
the orthogonal projection p€—p,. In fact, take a real valued function f on X
and a section s& C*?(E,) such that f(0) =0, (df)(0) =&, s(¢) = v, where eis the

unit of G. Then we have o(0)v=(3(fs)) (e) = &(3 f(0))v, and through the above
identification, 9 f(0) = &,. Since the symbol of the formal adjoint & is

‘72(19) = —&(&4)*

where £(£,)* denotes the adjoint of €(£.) with respect to the hermitian inner
product on V,®A,, we have

o§((J) = 0¢(0) oe(9)+a:(9) ¢(0)
= — (6(&+) E(E4)*+E(E+)*E(E)
= - (£+, E+) 1

-1
- Z(E:E)l'

On the other hand, we see easily that o} (v(Q))=(&, £)1, which implies the assertion.

3. We shall next see that every invariant first order operators on C*?(E,)
is, in effect, of order zero, i.e., a vector bundle map induced from some K-module
endomorphism on V', @ A?,. Consider the symbol map o} (D) of an invariant
first order operator D as a bilinear map

O'T(D): (VA®qu+) Xp—=>V QA%
and extend it to p€ on the part p complex-linearly. We then have a K-module
homomorphism
(D) : (VAQA%,) Q p° =V, @ A%,.

It suffices to see o'(D) =0. In fact, the highest weight of an irreducible com-
ponent in (V,QA%,) QpC is of a form
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A+B+ -+ +B4£8B,
while that of one in V,QA%, is

A+Bxl + -+ Bql)

for some B;, B/, B in Aj. Therefore, if ¢'(D)=+0, then there must exist posi-
tive non-compact roots B, -** , Bq, By, **+ ,B4, B such that

B1+ ot +I8qi6 = Bl,+ b +180/‘

On the other hand, it is known that, when g is simple, there exists a simple root
a,eAp such as the following holds; expressing a positive non-compact root
as a linear combination of the simple roots in A*, the coefficient of &, has to be
1. Hence, under our assumptions, the above equality is impossible, which
implies the assertion.

4. Put A% — DJF“;‘ »(Q) on C*%(E,). Then we know through 2, 3 that

A4S is induced from a K-module endomorphism of ¥V, ® A%,, and it is easy
to see

3 A% = A5

from the property of the Casimir operator. If we assume that A% is a scaler op-
erator ¢4 1, then A% is also ¢% 1. In fact, for any vV ,® A?"'p, one can
choose a section s in C*%(E,) such that (3s) (¢)=wv. Since A%*! is of order
zero, A% (0s) (€)= (A% '0s) (¢), where A%'! denotes the K-module endomor-
phism of V,®A?*'p, inducing A%"'. Hence A% 'v=(3 4%5) (¢)=c%(s)(e)=c%v,
which shows A3*'=c% 1. On the other hand, 4%=c, 1 for some constant c,,
because V', is irreducible. Thus we have

Al =c,1 for every gq.

It remains to determine the above constant ¢,. For this purpose, it suffices
to see the action of A% on C”%(E,). For a highest weight vector v, V', take a
local holomorphic section s near the origin o€ X such that s(¢) = v,. We then
have

s =L yq)s.
2
By the formula (3), we have

v(Q)s = v(ﬂk)erBZ4(21/(%)"(8-5)&—V([ea, e_p])s)-
EAD

It is well known that »(Q.)s=(A+2p,, A)s where p, is a half of the sum of the
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positive compact roots. On the other hand, v(e_g)s=0 for B A,, in view of (2),
and (v([es, e_gls)(€)=—(B, A)v, because of [e, e_g]=hC and the choice (1).
Therefore it holds

()9 (€) = (A+2p, A)se).
Thus we have cAzé(A—l—Zp, A), which completes a proof of the Theorem.

ReEMARK. This way of determination of the Laplace-Beltrami operator can
be also applied for a hermitian symmetric pair of compact type, and we have a
quite similar formula except for a switch of sign, which is due to B. Kostant.
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