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0. Introduction

Consider a single-type branching process. Then a well-known result of
Dynkin is the following: explosion happens (i.e., the number of particles
will be infinite in a finite time with positive probability) iff S: gu——d—;‘z(u) converges
for every €>0, where % is the generating function of new-born particles (see,
e.g., [3, p. 106]). . N. Ikeda [4] has also given an interesting proof of this fact
using probabilistic techniques. Indeed he shows that the convergence of

! du
Sl—! u—h(u)
of explosion (i.e., the first time when the number of particles is infinite).

The purpose of this paper is to investigate the explosion problem for a more
general class of branching processes: branching Markov process' (see Ikeda,
Nagasawa and Watanabe [5]). For a large class of bmp. we are able to show
that a sufficient condition for explosion (non-explosion) is the convergence
(divergence) of a particular integral. In many cases of interest, this condition
is also necessary and sufficient.

In §1 we introduce the necessary terminology and notation; in §2 we
generalize the methods of Ikeda and thus treat the problem from a probabilistic
viewpoint; in §3, we consider the explosion problem from the analytical viewpoint.
These results are of a more local character than those of §2 and hence give
stronger results in some sense. Section 4 is devoted to applications. In
particular, we consider branching diffusion processes with absorbing boundary.
Another interesting application is that of branching Brownian motion whose
splits occur only on a ‘““fat” Cantor set.

It should be remarked that the explosion problem is intimately related
to the uniqueness (or non-uniqueness) of solution of certain semi-linear parabolic
equations. Such questions have been considered by Fujita and Watanabe [2].

is equivalent to the finiteness of the expected value of e,, the time

1. We usually abbreviate this as bmp.
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1. Definitions and statement of problem

Let S be a locally compact, second-countable, Hausdorff topological space.
Form the n-fold direct-product topological space S™. Let S*=S™/~ be the
quotient topological space induced by the equivalence relation ~ of permutation:
(%, yo++y %)~y ,***» ¥,) iff there exists a permutation z on {l,---,n} such that

X; =Y, all 7=1,---;n. The topological sum G S” is denoted by S, where
n=

S°={0}, 0 being an isolated point. Since S is locally compact (but not compact)
we let §=SU {A} be its one-point compactification.

In order to define a branching Markov process, it is convenient to introduce
the mapping A : B,(S)—>B(S)’ defined by

1 if x=29,
foy=A Tfx) if x=1[x,, x]E5",
0 if x=A.

Another mapping that we shall have occasion to use is the following: given
f, gEB,(S), we define the B(S)-measurable function {f|g> by

gg(x') f:_t;[.f(xl) if x= [2, 5000y xn]ES" ’

flexx)=17" i=1
0 if x=0o0rA.

Now let X=(Q, B,, P., X,, §,) be a Markov process on S° and let T, be
the semi-group on B(S) induced by X; ie., T,f(x)=E,[f(X,)]. Following
Ikeda, Nagasawa, and Watanabe, we say that X is a branching Markov process*
(on 8S) if

A PN
T, f(x) = (Tof )| s(x)°

2. For any topological space E, B(E) is the Borel sets, B(E) the space of all (real-
valued) bounded Borel-measurable functions, and B,(E)={feB(E): |fl= ’s‘uglf(x)lsl}.
(=

3. We refer the reader to Dynkin [1] for the relevant definitions and properties con-
cerning Markov processes.

4. For a clear and detailed exposition of such processes, see Ikeda, Nagasawa, and
Watanabe [5].

5. For f€B(S), f|S means the restriction of f to S.
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for all t>0,x&8, and f €B(S). We shall always assume that X is right-
continuous, strong Markov, and B,=B,, B,,=B,, all t>0.

One easily sees that A is a trap,® and if e, is the first hitting time of A, then
P.e,>1)= T,f(x). This representation will play an important role in §2.
We shall call e, the explosion time. Furthermore, letting e,(x)=P,(e,>t) it
follows that e, | e as t—>oc0, where e(x)=P,(e,=0°).

Let £, be the number of particles at time ¢; i.e., £(w)=n if X (0)=S", n=0,
,+++, 0, where S*={A}. Then the first splitting time 7 is defined by

T(w) = inf {t: £(0)+E(w)} (inf p=00) .
The successive spliting times 7, are defined inductively by 7,=0 and 7,,,
=7,47°f,. Let7,=lim7,. We shall always assume that a bmp X satisfies

the conditions
(1) Pyfre=en; Te<oo]|=P,[T..<<0°],
(i1) P.Jr=s]=0
for every xS and s>0."
Given a bmp X, we call X° the non-branching part, where

X(w) if t<7(0)

A otherwise.

xiw) = {

We have the following important property for a bmp X. For every
feB(S), u(t, x)= T,f')(oc)8 (t=0, x=S) is a solution of the S-equation with
initial value f:

t T
(1) e, ®) = T3+ | v dsdyyue—s, @),
where TPf(x)=E.[f(X,): t<7] and ¥(x: dsdy)=P,[r=ds, X,=dy]. More-
over, it is the minimal solution in the sense that when 0<f<1 and if 0<2<1
also satisfies (1.1), then u<wv.

Two other properties enjoyed by a bmp which we shall have need of are

\ PRl
az @O T =T
' (i) if xeS8”,
, o (fernf s asdnfope
So Ssm‘lf(x; dsdy)f(y) = provided m=%n, m>n—1

0 otherwise
for feB,(S).

6. PJX,=A=>X,=A, Vs=f]=1, all xS.

7. For most cases of interest, this constitutes no loss of generality. See [5] for more
detail. There the conditions are labelled as (c. 1) and (c. 2) respectively.

8. When restricting our attention to xS, we often write x instead of x.
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A large class of bmp may be described in the following intuitive manner.
Let X°=(X?, PJ) be a Markov process on SUBU {V}®, V an isolated point (B
may be empty). Let { be the first hitting time of the set BU{V}. Then, a
particle moves on .S according to X° up to time §. If at time §, X7_€B, the
particle is absorbed into 8; otherwise, it splits into n-particles starting at y=S™
with probability =(X7_, dy), where = is a given stochastic kernel on .Sx B(S)"*
such that 7(x, S)=0, all x&S. Each newborn particle then exhibits the same
motion as the original independent of one another. The S-equation then
becomes u(t, x)=T2f(x)+h(z, x)+S'S K(x; dsdy)F[y; u(t—s, -)], where T2f(x)

) oJs

=Ej[f(X?); t<C], h(t, x)=P3[t<t, X, _€B], K(x; dsdy)=Pj[(€ds, X;_E
dyNS], and F[y; g]=S§7r( y; dz) g(z); furthermore, we have the relation A(t, x)

=1—T71(x)—K(x; [0, £]x.S). In this case we say that X possesses the funda-
mental system (77, K, z). In particular, if X°is obtained from a conservative
Markov process X=(X,, P,) by first absorbing it into & (an isolated point)
when it hits B and then killing this process with a non-negative measurable
function & (k=o on §), we say that the fundamental system (77, K, =) is deter-
mined by [X, &, 7], or briefly, that X' possesses the regular fundamental
system [X, &, z].
Here
. —S'k(xs)ds
Tif(x) = Ejle ™ f(X4); 1<)
K(x; dsdy) = T3] 4)(x)ds "

where 7% is the first hitting time of the set B. This paper primarily concerns
itself with discussing the explosion problem for such processes.””

Before moving on to the main results of this paper, we first make some
general comments. The problem we are concerned with is the following; is it
possible to produce an infinite number of particles in a finite amount of time?
As we shall soon see (Lemma 2.1), it suffices to ask the question: starting from
one particle, is it possible to produce an infinite number of particles in a finite
amount of time? More precisely, is P,(§,= oo for some ¢ >0)>0, or equivantly,
is e(x)=P,(e,=0o0)<<1? Recall that ¢,= T, | ¢ and ¢, is the minimal solution
of the S-equation with initial value f=1:

(13)  uy(x) = T‘,’l(x)—|—g Ssqr(x: dsdy)a,_J(y) .

t
0

9. Think of B as the boundary of a domain S in R”. We call B the absorbing set for X.

10. For fixed xS, z(x, +) is a probability on B($) and for fixed A€ B(S), n(+, A) is
B(S)-measurable.

11. I is the indicator function of the set 4.

12. For a more rigorous treatment of these processes, see [5].
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The only case in which the problem is interesting is when Py(X,=A; 7<{o0)=0
and so we shall always assume this.® Note then that #,=1 is also a solution of
(1.3). Hence we are interested in the uniqueness and non-uniqueness of certain
integral equations; in fact, we have

(1.4) Proposition. P,Je,=+oo]=1 for every xS iff u(t, x)=1 is the
unique solution of (1.3) (unmique within the class of all solutions v such that
0<v<L1).

(1.5)  Corollary. Let X possess a regular fundamental system [ X, k, =]such that

[|kl|<<oo and suppose that sup i‘, nm(x; S*)<<oco. Then P,en=-+0)=1 for
re§ #=0

every xES.

The proof of the corollary follows from the fact that F is Lipschitz continuous in
this case.

We should also remark that in many cases, the S-equation has a differential
analogue. For example, if X possesses a sufficiently “nice” regular fundamental
system [ X, &, 7], then the differential equation analogue of (1.3) is the non-linear
evolution equation
Ly = A RF( 5 1)~
w0+, x) =1

u(t’ x)lx-}B =1 ’

where A is the infinitesimal generator of the process X. H. Fujita and S.
Watanabe [2] considered such problems of uniqueness and non-uniqueness.

2. A probabilistic approach

In this section we shall always assume that S is compact. So let X be a bmp
on S. Recall the functions e, and e defined in §1: e,(x)= T,i(x)=P.(ex>1) |
e(x)=P,(e,=0o0). Thus, we can say that explosion happens starting from x
iff e(x)<<1. Our first aim will be to show that under suitable conditions e=1
ore=0on S\{0}. Moreover, the former is true iff E.[e,] is everywhere infinite
there.

As a first step we observe

(2.1) Lemma.

(i) els=ce
(i) T,e=e forall ¢>0.

13. When X possesses the fundamental system (7T,°, K, ), this amounts to assuming
that z(x; {A})=0, all x€ S.
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AN
Proof. Since e,|s=¢, all t>>0, the first assertion is clear.
Also

Tie(x) = lim T, T,i(x) = lim T},,i(x) = e(x).

We now impose the following set of assumptions [4].

(4,) PJX, =0;7<0]=0 forall x&S.

(2.2) (4,) e and e are upper semi-continuous.
(4,) For every > 0, all xS, and every non-empty open U C S, there
exists a V€ PB(S) such that P,[X,eV]>0 and for every y=V, say
Y=[¥1,""y V], some y,€ U.

(A4,) is the assumption of no death; (4,) is a regularity condition on X; (A4,) is some
type of communication assumption. Roughly, (4,) states that for every >0
and open UC S, at least one particle is in U at time ¢ with positive probability.

(2.3) Theorem. P,le,=c]=1 or=0 onS.

Proof. Note that (4,) implies P(¢, x, {0})=0 for all t>0, xS, where P
is the transition function for X. Let 8= supe(x). Then 0<B<1. From
EL=]

(4,) and the assumption of compactness it follows that there exists some x,&.S
with e(x))=@B. If 8=0 we are through. So suppose not. Then we claim
that 83=1. For otherwise 0<<B8<1. By Lemma 2.1 and (4,) we can write for
any t>0

/"N N
@4) 6= elx) = B fel X)) = | el 0) P, 5, dv)

o N -
=5 elswpe, =, d)< 3 67P0, 5, 57

Now if P(t, x,, S)=1 for all t>0, it would imply by right-continuity that
P.[X,€S, all t>0]=1, contradicting the assumption that 3<<1. Thus, there
exists some £, such that P(t,, x,, S)<<1. For this ¢, it would follow from (2.4) that
B<B.

We will now show that e|s=1 if B8=1. Suppose not. Then there
exists an £>0 and open UC.S such that e|y;<1—€. Fix any £>0. Let
V be a set corresponding to U in (4;). Then

/N
t=ew) = (| +{, )¢l )Pt , dn)
< (1—8)P(t, x,, V)+P(t, x,, S\V)<1.

Contradiction.
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Theorem 2.3 states that e=1 or =0 on S. Clearly if e[s=1 then
E_[e,]=c0 on S. An interesting and useful fact, however, is that the converse
is also true.

(2.5) Lemma. Ife=0on S, then for all >0, |le,|sl|<<1.

Proof. Suppose there exists some £,>0 such that |le, |s|]|[=1. Let y,&S
be such that e,(y,)=1 and choose #>0 such that t,=t,—h>0. Then

A AN
1= e,o(yo) = T, T, 1(y,) = Th(etlls)(yo) .

By the same reasoning as in Theorem 2.3, we conclude that ¢, |s=1. Hence for
every n,

A A AN
4 ht1(yo) = Tntll(yo) = T(n—l)tl Ttll(yo) = T'(n—l)tletlls(yo)
= Tin-v,1(y) =++= Ttll(yo) =1,
and so ¢(y,)= lim e, (y,)=1. Contradiction.
(2.6) Theorem. Pe, = +oo]=1 iff E,Je,] = 0.
Proof. We need only prove sufficiency as necessity is clear. Applying
Dynkin’s formula to g:Rli:Sme"’T,idt,
0
eANM A
E.[8(Xe nx)]—8(x) = Ex[so (¢—1)(Xy)dt] for every M>0.

So suppose P,(e,=0o0)=0. Applying Lemma 2.5 we conclude that there exists
some a>0 such that 0<g(y)<1—a for all y£08. But from the right-
continuity of the process and the assumption of no dying we have P,[32>0,
X,+0]=1. Consequently,

a B [en N M]<2|lgl|3<2.
Letting M 1t oo ,E,[e,] g% (independent of wx).

Combining Theorems 2.3 and 2.6 we have

(2.7) Theorem. Let X be a bmp on a compact space S satisfying [A]. Then
P (e,=—+0)=1 or =0 accordingly as E_ [e,]=co or uniformly bounded on S.

(2.8)  Corollary. Let X possess a regular fundamental system [X, k, =] with
no absorbing set (i.e., B=¢) and such that

(i) =(x;{0})=0 all xS,

(1) |lkl[<oo,
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(iii) 77 strongly Fellert, and
(iv) for every t>0, xS, and non-empty open U C S,

P(t, x, U)y=TUy(x)>0.
Then the conclusions of Theorem 2.7 are valid.

Proof. (4,) follows from (i). Since e/(x) is a solution of the S-equation
t
u(t, x) = T‘,’l(x)—l—go T?_[k(-)F(-; u,))(x)ds ,

(if) and (iii) imply that e, is continuous for all . Thus e is upper semi-
continuous. (4,) follows easily from (iv). Now apply Theorem 2.7.

In the remainder of this section we assume that X possesses a fundamental
system (77, K, =) with no absorbing set such that z(x, {0})==(x, {A})=0 on S.
Our aim here is to derive a condition for explosion similar to that of E.B.
Dynkin. We shall only sketch the details. In section 3 we are able to derive
essentially much stronger results.'®

Consider

29)  Ele] = Bylr.] = 3 E,[ro6,,; 7,<]

oo

= 3V E,[Ex,[1]; T, <o0]

=0

Ms

3OS e 2 E[Ex,[7]; X, €8,
0 V=2 V=V +1 Vg=Vy_ +1
X, e8"%; T,<oo]

()

21

by the S.M.P.. Again by the repeated use of the S.M.P., we can write

E‘[EX’M[T]; leES‘“l PR XT”ESI‘”; T"<00]
= E,[EX.,["‘[Ex,[‘T]; X, 8%, <] ]; X, € SY; T< 0]

- Ssvl'..SSV.Eun[T]Pv.-l(X‘rEdyn)'"Plh(X"Edyz)Px(X”Edyl) :
Furthermore, for z4=A
EJfr] = E,[g*dt] — S”E,[l; t<]dt
] (]

w ® N
= [T i@ = | @Dz a

14. Thatis, T,°: B(S)—>C(S)={bounded continuous functions on S}, all £>0.
15. We need assume there, however, that K(x: dsdy)=J(x, s; dy)ds.
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making use of (1.2). Now define the following for t>0, 0<g<1:
a(t)=inf T8(x)  Ful®) = inf 3 g.()E"
B) =sup o)  F¥E) = sup B} au(=)E",
where ¢,(2)=n(z; SV).

Observe that if ¢,(2) is independent of z, all », then F,=F*. Continuing,
we estimate for y=S*

3| Bmpixed)

SQS:VE‘JIS (Tﬁ)l\s@)‘l’(y; dsdz)dt
"2 eol | love; dda

(3 enl anl,, v s
S S <T°IIS K(-;dsdz)v;: @)l ST )

S “(z)(F x[a(®)] S:<T,°1|g K(-; dsd2)1(z)> (y)dt

using (1.2) and the fact that W(x; dsdz) =S K(x; dsdy)=(y, dz). If we assume
S
that lim 791(x)=0 for all xS, then
thoo

[<ranl{ &5 saei)
PN
= 1— lim (1) 5(&) = 1.
Hence

oo

5[ Ernpix cdn= | woFLe)a

v==.y.+1 S

Iterating this in (2.9) one obtains the estimate

E,e\] > S a(t) S <F*[a(t)])

=\ a(t)

_ Sw o(t)dt

Do a(t)— Fy[a(d)] -

Although the intermediate calculations in the case «(¢#)=0 are not valid, the
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end result is provided we interpret the integrand to be zero for such z. A
similar calculation yields
B(t)dt

Blel< |, sl e

So under the assumptions [B],

(B,) X possesses a fundamental system (777, K, z) with no absorbing
set,

(B,) n(x, {0}) = =(x, {A}) =0 on S,
(B;) lim T%(x)=0 on &,

(2.11)

we have the following

(2.12) Proposition.

[ 208 ple)<

B(2) dt
o a(t)— F*[a(t)]“‘

e o

for every x= S.

o o’(2)
(2.13) Remark. If o is integrable (on [o, o)), then 2 —F [ t)]
integrable iff it is locally integrable at 0. Similarly for 8. In particular, if
(T?i, K,r) is determined by [X, k, =] such that 0<<k, <k<k, for some con-
stants k; then

() Sl e E— F*[E] implies E,[e,] < for all xS,
(if) S: e E— ‘?*[E] = oo implies E,[e,] = oo forall xES.

By combining Theorem 2.7 and Proposition 2.12 we obtain

(2.14) Theorem. Let X be a bmp on compact S satisfying [A] and [B]. Then
i w-M—<OO' lies P(e,=o0)=0 on S.
() g pgay = = e Pules=<2)

i1 - z(t)dt = 00 =00 ) =
(11) So a(t) F*[a(t_)]_ implies P,(ex=c2)=1 on S§.

We conclude this section with the following theorem. These results were
first obtained by N. Ikeda [4] for the single-type branching process.

(2.15) Theorem. Let X be a bmp on compact S. Suppose it possesses a regular
fundamental system [X, k, =] with no absorbing set such that
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(i) =(-, S*) = q,(constant),n =0, 1.+« {00 and
%=¢=q.=0,

(ii) there exist constants k,, k, with 0<<k,<k<k,,

(i) T7? strongly Feller and

(iv)  for every non-empty open U C .S, T ,(x)>0, forall t>0,x<S.

Then the following statements are equivalent :

(1) PJep=c]=1 on S (1) PJea<cec]=1 on S

(2) EJes]=0c on S (2) E,(es]<oo on S
! dg . dg

3 = O 3 [ere]

® sl-eg—F[s] © Sl-ez—F[sf

where F[£] = g_‘, g.E" .

3. An analytic approach

Recall that in §1 we pointed out that e,(x)= T,i(x) is the minimal solution
of the S-equation with initial value f=1. We shall exploit this fact here.

We shall suppose that X possesses a fundamental system (T3, K, r) such that
(3.1) K(x; dsdy) = J(x, s; dy)ds .

In particular this is true if X possesses a regular fundamental system. Then
o(t, x)=1—e,(x) is the maximal solution' of

(32)  ult, x) = S:dsgs J(x, t—s; dy)Gly; u(s, )],

where G[x; f]=1—F[x; 1—f]. The idea now is to compare o with a solu-
tion of a related integral equation. A key lemma in this direction is the
following:

(3.3) Lemma. Let g be a non-negative non-decreasing function on [0, 1], and
let T be a non-negative integrable function on [0, 8], some §>0. Consider the
integral equation

(B4 o) = g:'r(s)g['v(s)] ds.

Then

16. Maximal in the sense that if v is also a solution, 0<v<1, then v<7.
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(i) o Lg‘g):oo," any solution v of (3.4) defined on [o, 7] such that

0<v<1 is identically zero on [0, 3 A 7].

@) of SO%<°° and T is (essentially) locally positive at 0,'° then there

exists an increasing solution v of (3.4) on [0, 7], some 7>>0, such
that 0<v<1; moreover v(t)>0 for t>0.

Proof.
(1) Let0<v<1beasolutionof (3.4) on [0, 7]. Without loss of generality,
we may assume 7<38. Clearly v is absolutely continuous and increasing. Set

p = sup {t: 0<#<» and g[o(t)] = 0} (supp =0).

If y=n, then gov=0 on [0, 7). Consequently =0 on [0, 7] and we are
done. So suppose p<<7. Then g[v(¢)]>0 for u<<t<%. Now from (3.4)
it follows that

v'(t) = 7(t)g[v(2)] a.e.

Consequently for every €0,

S:+zg;z:§;§] ds = SZHT(S)dS ’

or, by a change of variables,
() dE . 7
Sv(l’ﬁ-!);g(_g)- - S!‘--f—e T(S) ds )
Letting & | 0 we obtain
o) dE L]
== =\ 7(s)ds<<oo .
So g(g) SP-

Contradiction.
(i) Define on [0, 1] [0, 8] the function

Ao, 1) = S %—S:T(s) ds.

Note that for fixed ¢, 4 is strictly increasing and continuous in v, and that 4(0, 0)
=0. Set

Edf

17. By S s

='+<>°, we mean that S =400 for every sufficiently small €>0;

dé
0 (&)
ie., (T;—) is not locally integrable at 0.

18. That is, for every sufficiently small >0, S;r> 0.
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= sup {¢: A(1, £)>0}.
7 = sup {t: A(1, )=0}

Clearly >0. So, for every t with 0<¢<7, there exists a unique v such
that 0<9<1 and A(v, £)=0. Denote it by v=1v(¢). It is not hard to show
that v has all the required properties.

In order to apply this lemma it is convenient to make the following set
up. Let ©=B,([0, o)X S) and define the operator ® by

t
(3.5) (@ﬂ@xﬁz&ﬁLﬂmtﬂj@ﬂﬂyv@-ﬂ.
It is clear that & has the properties

(i) oSS

(36) .
(i) Pu<dPv if u<o

(3.7) DEFINITION. o is a solution of ®u=u if v&@ and Pv=v;? is a
maximal solution if 9 is a solution and if v is also a solution, then 9 >wv.

We already know, of course, the maximal solution v in terms of the semi-
group T, induced from the bmp X. This appears to be difficult to work with
directly, however. It is more convenient to use the subterfuge of an approxi-
mating sequence.

(3.8) Proposition. There exists a sequence v,, 1<n<oo, with 0<v,<1
such that vy=1, v,=9, and v, | v...

Proof. Set v,=1 and define inductively for n>1, v,=®wv,_,. Since
2,E& it follows from (3.6) that v,€& and v, | . Set v..= lim v,,, which clearly
exists. By the dominated convergence theorem, v.,=®wv...

Now suppose # is any other solution. But #<1=v,. So suppose u<wv,.

Then

Uu=odouldv, =v,,,.

Hence u<v.. By the uniqueness of the maximal solution, we have then that
Vuo=7.

(3.9) DeriniTION. The sequence v,=1, v,=®v,_; for n>1 is called the
defining sequence for the maximal solution 2.

We are now ready to reap the main results of this section.
(3.10) Theorem. Let >0 be fixed and set
(3.11) 7*(s) = sup J(x, t—s; S), 0<s<$.
res

tels, 8]
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Suppose Ss'r*<0°. Define G*(£)= sup G[x; £1], 0<E<1. Then if S G%%E)

=00, 0=0 (i.e., no explosion).

Proof. Let G* be the right-continuous version of G*; ie., G¥(§)
= lim G*(7), 0<&<1, and G*(1)=G*(1). Then G* is monotone increas-
LA%

ing, G¥>G* and G¥=G* a.e. Let (v,> be the defining sequence for 9.
Take u,=1 and define u, iteratively by

wt) = | ™) GHla(o)lds, n=1.

Set n= sup {¢: G’f(l)gt‘r*(s)dsgl}. Then »>0. Also, since 0<u,,,<u,<1,
0<t<$ 0
we have u, | u.. exists on [0, 7] with 0<u.<1.
Now v,=1<u,; so suppose v,(t, x)<u,(t)1(x) on [0, 7]xS. Then for
(¢ x)<[0, n]x S
t
Vit %) = sodsjsj(x, t—s; dy)G[y; v.(s, *)]
t
<[ ds{ _Jiw t=s; ) Gly; wa()10]
<[ I t—s; S)ds
0
< [\ 7o) Gt = 00).
0
Consequently, 9<u... But u,, satisfies

Un(t) = S:T*(s) G*[u.(s)] ds -

From Lemma 3.3 we conclude that z..=0 on [0, »]; hence 2=0 on [0, 7] X S.
Now set

o=sup{t:0(s,x) =0 on [0,#]xS}.

If o=co, we are done; so suppose not. Then o>7%>0. Now set u(t, x)
=9(t+o, x). Then u satisfies the equation

u(t, %) = O(t+c, x) — S:*"”dsgs J(x, t+o—s; dy)GLy; 0(s, +)]
= [ a5 j, t+o—s5; an)Gly; o6, )]

since from the condition S oo, we must have G(0)=0.

s _
2« G*(E)
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Then
utt, x) = [ as{_Jw, t—s: ) Gly; uts, -1,

and so u is a solution of (3.2). Consequently, 9>u. But =0 on [0, o] X S
which implies that 9=0 on [0, 26]x S. Contradiction.

(3.12) Theorem. Let T'cB(S) and §>0. Set
(3.13)  7Ty(s) = inf J(t—s, x; T), 0<s<$.
*eED

tels, 8

Suppose Ty is locally positive at 0 (cf. footnote 18). Define Gy(£)= inf G[x: £Ir],
rer

0<E<1 and suppose S Gd—%’g‘)<oo' Then 9>0 on (0, ) XTI (i.e., explosion
0Gx

happens starting from T°).

Proof. Since 7 is integrable, it follows from Lemma 3.3 that there exists
a function # defined on [0, 7], some >0, such that 0<u<1 on (0, »] and
satisfies the integral equation

u(t) = g:T*(s) Gau[u(s)]ds, 0<t<n.

Let v, be the defining sequence for . Then v,(2, x)=1>u(t) I(x) on [0, 7]
X S. Suppose v,>ulr on [0, ] xS. Then for (¢, x)[0, ] XTI, we have

Ounalty %) = | s Jw, t—s; ) GLys 0, )]

t

v

dsSS](x, t—s; dy)Gly; u(s)Ir]

1]

S
S’dsgpj(x, t—s; dy)G[y;u(s) Ir]

\Y,

> ru(6) Gulu(s)] = u(t) .

0

Consequently 9>ul on [0, 7] X S. But 9(¢, x) is an increasing function of ¢
and so 9>0 on (0, o) XT".

(3.14) Corollary. Let T be as in Theorem 3.12. If there exists a A< B(S)
sucht that for every x& A and for every sufficiently small r>0, Sr J(x, r—s; T)
0

ds>0, then under the assumptions of the above theorem, 9>0 on (0, )X A.
(3.15) Remarx. Let (79, K, 7) be determined by [X, % =]. Then
J(x, s; dy)=P°(s, x, dy)k(y), where P° is the transition function corresponding
to T?. Thus
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(i) if ||k|]|<oo, then 7* is integrable on [0, &].
(ii) if k|T>k,>0 for some I'e B(S), then 7 is locally positive at 0
if
inf P°(s, x, T')>0.
05328
(iii) if ||k||< oo and k|T'>k,>0 for someI’ € B(S),

then 7, is locally positive at 0 if

inf PJ(X,€T; s>1)>0,
xer
0<s<S

where 7 is the first hitting time of B.

4. Applications

ExampLE 1 (multi-type bmp).

Let S={a,,,ay}. Then a bmp X on S is called an N-type bmp. In
particular, let X be a (m:i;, b;)-Markov chain on S, where 0<b;<<co and

0<7,;;<1, 7;;=0, 271-,]—1 i, j=1,:-+, N; i.e.,, X is the Markov chain on S
such that

= (E3[e]) and =;;=P%[X,=a)],
where o is the first jump time. Let k2 be defined on S such that k(a;)=k;>0
and ¢,(n>2) non-negative constants such that ’g g.=1. Define the stochastic
kernel 7 on Sx B(8) by

(1) =(x dyNS") = ¢t . n(dY)

where we set ¢,=¢,=¢..=0. Then there exists a bmp X on S with [X, &, =]

as its regular fundamental system. Theorem 2.15 says that explosion happens
& _

3

1
with probability one independent of the starting point iff S
FlEl= 3 "

ExampLE 2. (Branching diffusion with reflecting boundary)
Let D be a bounded domain in E=R’ and set S=D. We assume that D
has a sufficiently smooth boundary, say C®. Consider the operator

4.2) Af(x)= 2 a; ,(x)
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where the a,;, b; are bounded and satisfy a Holder condition on S. We also
assume that A4 is uniformly elliptic. Then it is known (cf., It6 [6]) that there
exists a conservative diffusion process X on S such that for f sufficiently smooth,
u(t, x)=EJ[f(X,)] satisfies

%:Au
43) ot

oul _y,

on |ap

Furthermore, X is strongly Feller and if p(¢, x, ) is the fundamental solution
of (4.3), it is strictly positive for £>0 and x, y= S.

Let & be a non-negative measurable function on S such that there exists
constants k; with 0<<k,<k<k, and let  be asin (4.1). The bmp X on S which
has [X, k, #] as its regular fundamental system will be called a branching dif-
~ fusion process with reflecting boundary. We again conclude from Theorem 2.15
that explosion happens with probability one (independent of the starting position)

% <o

G

ExampLE 3.

Let X be Brownian motion on R, and let X° be the e™“,-subprocess, where
@, is local time at the origin. Given a kernel # on S _CB(ﬁ), let X be the
(T?, K, =) bmp on S=R. We assume, of course, that z(x, S)=0. Here

K(x; dsdy) = (—d,EX[e"%s])8 ) (dy)
=J(x, s; dy)ds .

In particular,

1 1 Rl
)= AL s,
J( $ y) V7 \V72s € Vs_/ze dz 8(0)(dy)
It is easy to see that for T'={0} and sufficiently small §>0, 7, is locally
43

—_<oo
0 G[O’ EI(O)]
then explosion happens starting from zero. But since J(x, s; {0})>0 for every
x€S, s>0 we can conclude from Corollary 3.14 that explosion happens
starting from any x< S.

’

positive at zero. So by Theorem 3.12 we conclude that if S

ExampLE 4. (Branching diffusion with absorbing boundary).

Let A be as in (4.2) except that we assume it to be defined on all of R’ for
simplicity. Let X=(X,, P,) be the corresponding conservative diffusion on
E. Let S be abounded domain in E with sufficiently smooth boundary B=02S
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(e.g., C®-boundary). The absorbed process X=(X,, P,) on S U {8} with & as
trap is given by

%, Koot
8, otherwise,

-lsz=Px’

where 7 is the first hitting time of B. Given a bounded, non-negative, B(S)-
measurable function k and a stochastic kernel 7 on Sx B(S) such that z(x, S)
=0, we let X be the bmp on S possessing the regular fundamental system
[X, k, 7] and absorbing set B. Since this process has the property that whenever
a particle hits the boundary of S it is absorbed into {0} we call X a branching

e . . . ~{ kR s
diffusion process with absorbing boundary. Note that X° is the e °° -
subprocess of X, where we extend k as a function on S U {8} by setting k=0
on d.

In order to apply the results of §3 for the exploding case we must show that .

the conditions of Theorem 3.12 are satisfied. According to Remark 3.15,
assuming k|T'>k,>0, it suffices to show that

(4.4)  inf PX(X,eT;s<7)>0
zep

0<s<8

for some 8>0. Since T'e.B(S), PX(X,ET; s<n)=P, X,€T). Let p and
p be the transition density for X and X respectively. Then we have the

relation
t
Bt % 9) = pit, % )= | pt—s, 5, y)n.ldsdz)

for all £>0, x and y=S. Here u,(dsdz)=PF(neds, X,=dz). Integrating
over T', we obtain

P, %, T) = P(t, x, r)—ﬁ Plt—s, », T) pu(dsdz)
0/ B
> P(t, x, T)—PX(n<1).
But we have the lower estimate for p

p(t, x, y) =Mt " exp [—all—x—t—yl 2]—M2t‘<’/2)+" exp [—az»———l x—ty | 2]

where M,, M,, a,, a,, and A are positive constants (cf. Dynkin [1: Theorem 0.5]).
Furthermore from a result of Varadhan [8] we obtain the estimate: for every
compact subset K C.S, there exists a p>>0 such that for all x€ K

19. 0 is an isolated point.
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Pi(n<t)<e ™

provided ¢ is sufficiently small. Consequently, if T is such that T'C.S, (4.4)
will be valid if

(4.5) infS £ exp [—@]dpo
o<1£& .

for 8 sufficiently small. But (4.5) is true iff there exists some positive constant
« such that for every ball B of sufficiently small radius and everyx<T', we have

(4.6) m(T'NB,)=wm(B),

where B, is the ball B centered at x and m is /-dimensional Lebesgue
measure.” In particular, (4.6) is true if T is itself a ball. We shall only

outline the proof of the if statement.
So suppose (4.6) is valid. For reR', x&R’, and ACR’ set

rA = {ry: ye 4}
A, = {y+x: yA4}.

Also, let B be the unit ball centered at the origin. Consider the following.

S 12 exp [——I x_ylz]dy = S 1 e 1" dz
r t Ly,
Vi

_ 122 - 1
>S 12| d 2 1 (_____=11—an>
‘];—F—ane o ¢ " \/t

— e M N (VT B))
> e 't km(\/t B) = ke 'm(B)
for xT" and sufficiently small z. . Hence
inf | 1717 exp [_Ix‘—tyl_] dy>re m(B)>0
r

EI
0<t<8

(provided 3 is sufficiently small).
Putting all this together, we obtain

(4.7) Theorem. Let X be the branching diffusion process with absorbing
boundary as described above. Then

20. The symbol B has been used to designate both a sphere in R/ and the absorbing set
of a bmp. This should introduce no confusion, however.
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(1) So G‘i";(:g)zoo implies no explosion, where G*(£)= sup Glx; £1].

(1) So Gi";(:g)<oo implies explosion starting from T

provided T is such that it satisfies (4.6), TCS, and k|T' >k, >0, where G4(£)
= inf G[x; £Iy].
(S

(4.8) REMARK.

1. Since p(¢, x, y)>0 for all x, y= S and #>0, then if explosion happens
from T, it happens from any x.S. (cf. Corollary 3.14).

2. Let Y=(Y,, O.) be any diffusion on some SCE and let 2 be its
characteristic operator. Suppose that S contains a bounded smooth domain
D such that | D=A| D, where A4 is some operator on E satisfying the assumptions
of (4.2). Since the absorbing diffusion process ¥ on D is the minimal process,
we then have

inf O(t, x, T)>0
er

0<t<3

for any T' with T'CD and satisfying (4.6), all & sufficiently small. Con-
sequently, we can conclude that for such T, explosion happens from I' for the
bmp ¥ corresponding to the regular fundamental system [Y, &, 7], if k| T >k,>0
d§ .
d | B <co, Gu()= inf Glw: £1).
W) Gy HOT IO el
ExampLE 5.
Let S=R and X be Brownian motion on S. Let k=1, where F is the
following set. Take I=[0, 1] and a<(0, 4). Let E; be the middle open
interval of length « removed from I. Inductively we define E; ,--+, E 2k 10 be the

middle open intervals of length a2 % removed from I \kL__Jl fJE',,‘. Set

V=0 p=1

F=I\U U EY. Then F is a perfect nowhere dense set of measure (1-2a);

V=0 p=1 '
i.e., it is a “fat” Cantor set. We shall now show that F satisfies (4.6). At the
k'* stage, the distance between two adjacent sets EY, 1<u<2%, 0<v<kis

2k g2k —1

ap) = 2=22 =),

Let A be given such that 0<\A<(1—2«), and let B be the unit ball about the
origin. Choose k=k(\) to be the first non-negative integer such that d(k)<\.
Then d(k—1)>x. Moreover, if xE F,
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S
m(F By BT 5 e
m(AB) 2d(k—T)

%(1 2a).

Consequently F satisfies (4.6).
Now, let z be a stochastic kernel on S x B(S) defined by

n(x, dy)—p,,B([x .« (dy) if dyE.@(S”) n=20,1,+, oo,
where 0<p,<1, 0=p,=p,=p, and > p,=1. If X is the bmp on S cor-
responding to [X, &, 7], then according to remark 4.8.2 we can say that explo-
dg

<oo, F(§)= 2 p.E". Note that splits only occur on
1—-F(g)

sion happens iff Sl
the set F.
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