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Abstract
We construct derived equivalences between group gradednsinic algebras,
starting from equivalences between th&icomponents obtained via a construction
of J. Rickard. This applies to the verification of various ea®f Broué’s abelian
defect group conjecture.

1. Introduction

This paper is a sequel of [5], and we are concerned with thblgmo of construct-
ing derived equivalences between two algebRas &nd gradebebfinite groupG .
This is especially motivated by Broué’s abelian defectugraonjecture. IfK is a nor-
mal subgroup of the finite group/ , with #/K , and is@ -invarianbdil
with defect groupD of the group algebk&k , then the Brauer spoedentc ofb
in kNg (D) is a G -invariant block ofkNx D ); under the assumption tiiat aizlian,
the conjecture predicts that there is a derived equivaldyetereen the block alge-
bras kKb andkNk D g ; moreover, such an equivalence should be cdrtgatith
p’-extensions, that is, ifp does not divide the order®f , them dguivalence can
be lifted to a derived equivalence between tie -grafled bedgeS = kHb and
R = kNg(D)c induced by a bounded complex &f -grade®l § )-bimodules.

The main result of [5] is a graded version of Rickard’s chtgazation of derived
equivalences, which is then applied to find conditions irmgythat the tilting com-
plexes constructed by T. Okuyama are compatible with -sikbeis as above.

In this paper we do a similar investigation on another methivded to lift sta-
ble equivalences to Rickard equivalences, due to J. Ricl@rdrhis method starts by
constructing a tilting complex not by characterizing thgeoks that correspond to free
modules under the derived equivalence, but by charaatgritie objects that corre-
spond to simple modules. Rickard’s method applies to symenalgebras over a field,
preferably algebraically closed, and it has been sucdessfierifying Broué’s conjec-
ture in several cases by J. Chuang [1] (principal -block of($#)), M. Holloway [2]
(5-blocks of 25, Us(4) and Sp(4), all having elementary abelian defect group of or-
der 25), and Y. Usami and N. Yoshida (principal 5-blocks@®f(2"), where 5 2 +1
but 254 2" + 1, again with defect grou ~ Cs x Cs).

We shall freeely use the notations and definitions introduoe[5]. We recall here
the main result of [5] combined with [4, Theorem 4.7], chéedzing graded derived
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equivalencesas we rely on them.

Theorem 1.1. Let £k be a commutative ringG a finite group andR, S two
G-gradedk -algebrasThe following statements are equivalent
(i) There is aG -graded tilting compleX € D(R-Gr) and an isomorphismS —
Endpx)(7)°P of G-graded algebras
(i) There is a compleX off -grade@, S)-bimodules such that the functor

X ®; - D(S) — D(R)

is an equivalence
(iii) There are equivalenceB: D(S) — D(R) and F9: D(S-Gr) — D(R-Gr) of trian-
gulated categories such that? is a G-graded functor and the diagram

D) —X s D(R)

u] Tu

is commutativewherel/ is the ungrading(grade-forgettiny functor.
(iv) (provided thatR andS are strongly graded@here are(boundedl complexesX; of

L
A(R®;S°) modules andr; of A(S®,R°P) modules and isomorphisms(1®s, Y1 >~ R1
L
in DP(A(R ® R°P)) and Y1 ®x, X1 =~ S1 in DP(A(S @i SP)).

The first three statements above are from [5, Theorem 2.4hc€aing the last
statement, we refer to [3, Chapter 8, written by B. Kellen fbe connection between
bounded and unbounded derived equivalences.

2. G-graded tilting complexes

Throughout the pape® @gec R, denotesGa -graded crossed prodectioe
algebraically closed field , such thdt R5 is a finite-dimensional algebra.

The first statement of the next result is an analogue of thevalgance between
(ii) and (iv) in Theorem 1.1.

Proposition 2.1. Let T be aG -invariant object o#{”(A), and denoteT = R ®,
T and S = Endhyg)(T)°.
a) T is a tilting complex forA if and only i is & -graded tilting cqiex for R.
b) If T is a tilting complex forA andR is a symmetric crossed progduben S is
a symmetric crossed product & := S1 ~ Endy)(7)° and G.



TiTiNG COMPLEX 455

Proof. a) Since the functoR ®, - A -Moé> R -Gr is an equivalence, and a
G-gradedR -module is projective iR -Gr if and only if it is projee in R-Mod, it
is clear that" is a bounded complex of finitely generated ptivje A-modules if and
only if T is a bounded complex of finitely generated projectRenodules.

Next, for eachm € Z, we have

Homyx) (T, T[m]) = @ Homsk-cn(T, TIml(g)),
geG

where, by the equivalencR ®,- , for eaghe G
Homyyx-an(T, T[m](g)) ~Homy)(T, Ry @4 T[m]).

Since T isG -invariant, we see that for / = 0, Ham)(T, R, ®4 T[m]) = 0 if and
only if Homy(zy(T', T[m]) = 0.

If A belongs to the triangulated subcategory generated by7gddhen using
again the equivalenc® ®, - , we obtain th&t  belongs to the triatep subcate-
gory of D(R-Gr) generated by adﬁ”( ). Hence, by forgetting the gradimgdelongs
to the triangulated subcategory Bf(R) generated by adti”( ). Conversely, assume that
R belongs to the triangulated subcategoryZafR) generated by adﬁ”( ). Then, by re-
striction of scalarsyR belongs to the triangulated subcm;egf D(A) generated by
add(AT) But,R is a finite direct sum of copies df , and is a finiteedirsum
of copies of T , henced belongs to the subcategory generatedid( a

b) Since7 isG -invariant, by [5, Lemma 1. is@ -graded crosgemiuct,
with

$1 = Endhyr-on(T, T) = Endyy(ay(T)*,

again sinceR ®, - is an equivalence. The symmetry rof means Hat
Hom, (R, k) >~ R asG -graded K, R )-bimodules. There is a derived equicalde-
tween R ®; R°° and S ®; S°P, sendingR toS andR” ta&“ . (This is due to Rickard,
but we refer to [9] for a proof in a more general situation.)isTHerived equivalence
is actually G x G -graded (see [4, Corollary 4.9 c)]), so we codeldhatS ~ SV as
G-graded §, S )-bimodules. O

Remark 2.2.  The first implication in Proposition 2.1 a) is in factérunder more
general assumptions. Assume tiiat  is strongly graded, $hdori eachg € G R, is
a direct summand of a finite direct sum of copiesAdof . Then itasdifficult to show
that if T is a tilting complex forA , theW s also weakly -invamtaor equivalently,
S is strongly graded too, and is a graded tilting complex Ror

On the other hand, ifR is an arbitrarg -graded algebra, and (3-graded
tilting complex for R with endomorphism ring , without assumpithat R andS are
strongly graded, we cannot conclude in general tRatand S; are derived equivalent.
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2.3. Next we come to Rickard’s construction [6]. Under a derivediealence
between thek -algebras amél , the objektse D’(A-mod),i € I, corresponding
to simple B modules must satisfy the following conditions.

(2.3.a) Homg;, X; jn ]) =0 form < 0.
(2.3.b) Hom{;, X; ) =k ifi =j and O otherwise.
(2.3.c)X; ,i € I generat®’(A-mod) as a triangulated category.

In order to obtain a graded derived equivalence, we also teednsider the ac-
tion of G.

Theorem 2.4. Let R be a symmetric crossed product &f a6d let 7 be a
finite G -set and let X; € D’(A-mod), i € I, be objects satisfying2.3.a), (2.3.b)and
(2.3.c). Assume that the objects;  satisfy the additional condition
(2.4.2)R; ®4 X; =~ X:; in D’(A-mod),for all i € I and g € G.

Then there is another symmetric crossed prodRct A'of @nénd aG -graded
derived equivalence betwegh  amd, whose restriction toA sendX;, i € I, to the
simple A’ -modules

Proof. By the proof of [6, Theorem 5.1], there is a tilting quex T =P, _, T
for A satisfying
(2.4.b) Hom(;, X; [n ]) =k ifi =j andm =0, and O otherwise.

By Proposition 2.1, it is enough to show that also satisfies
(24.c)R; ®4 T; >~ T:; inD(A-mod), for alli € / andg € G .

Let ¢ € G andi € I . The construction of the summantis  go by induction as
follows. Setx© := X;, so R, ®4 X9 ~ x©. Assuming thatx" ™ and X"V are
constructed such thak, ®4 X" ~ x% ™ we shall constructy™ and X" and
maps such that the diagram

Ry®y X"V = x0Y
(2.4.0) re@uf | I

R, @4 X" —— x®

is commutative.

For eachj € I and < 0, le2"V(j,1) = X;[] & Hom(x,[], x"™1).
There is a map" " V(j,7): 2" V(j, 1) - X"V obtained by choosing a basig; ( )
of Hom(X; [r], Xf”_l)), and the restriction ofxf”_l)(j, r) to the direct summand; ¢[ ]
of z"(j, 1) corresponding tg, is, by definitior, ; that 8" V(j, 1) =", 8. If
we choose another basig;( ), then the transition matrix frgf to (8/) induces an
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automorphisme on,.(”_l)(j, t) such that the diagram

(n=1); : 2B (1—1)
zZ'" 73, —— X"

g |

Z’(n—l)(j’ ) 2B X’gn—l)

is commutative. By assumption, and by the fact tRat®, - is anvatgrice with
inverseR,-1 ®4 -, we obtain the isomorphisms
(n—=21), . ~ (n—1)
Rg ®a Z,‘ (Jvt)— Rg ®a Xj[t] ®kHom(Xj[t]v X,’ )
~ X¢;[1] @ Hom(X,[7], X" 1)
~ X¢;[f] @ HOm(Ry 1 ®4 Xe;[1], X" 1)
~ X¢;[1] @ Hom(X:;[1], XU™)
~ 2879, 1),

Consequently, by the above observation, we obtain the cdativel diagram.

(n—1), . R£®A“§l’71)(j*’) (n—1)
R, ®a Z; (,t) — R, ®4 X

=] |=

(n—1)/0
_ i G
Ve

i

xo
Let Z0 V=, ;02" V(. 1) and let
a}nfl) — Z a,-(’171)(j, t): Zi(nfl) N Xi(nfl)‘
jel, t<0

It follows that we have the commutative diagram.

 ®aal D

R
Rg Q. anfl) i NN

|

zi ™

Rg Q4 Xl(nfl)

XY

(n-1)
g

Since the map"™: X" — x® is defined by forming the distinguished triangle

a}n -1)

Zi(nfl) Xl(nfl) N X,(n) N Zl-(’171)[l],

we deduce the existence of the commutative diagram (2.4.d).
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Finally, let 7; := hocolim{; ). By the definition of the homotopylanit (see [6,
(4.1)]) it follows that (2.4.c) also holds. [l

In order to lift a stable equivalence to a graded derived \&dgmce by using
Okuyama’s strategy, in our general setting we need to assbaiep does not divide
the order ofG .

Corollary 2.5. Let R and S be twoG -graded symmetric crossed produatsl
denoteA = R; and B = §1. Assume thatG is @' -group antl is@ -seet M be
a G-graded(R, S)-bimodule inducing a Morita stable equivalence betwden  &nd
and let{S; | i € I} be a set of representatives for the simple -modules

If there are objectsX; € D’(A-mod), i € I, satisfying the conditiong2.3.a),
(2.3.b), (2.3.c)and (2.4.a), and such thatX; is stably isomorphic 1 ®p S;, for
all i € 1, then there is aG -graded derived equivalence betwBen $nd

Proof. By Theorem 2.4 there is a symmetric crossed pro@ict d aa@i -graded
derived equivalence betweeR ami , and hena® a -graded $fabia equiva-
lence betweerR an&’ (see [5, Remark 3.4]). Consequently, we &atable Morita
equivalence betweeR’ arfl induced byya -grad®dy )-bimottile ince $im-
ple R;-modules are sent to simpl&-modules, by a theorem of Linckelmann, a di-
rect (R; ® S;¥)-summandN ofM; induces a Morita equivalence betwe®h and S;.
Since G is ap’ -group, by the argument used in [4, Example 5.8]hawe thatN is
in fact a A R" ®; S°°)-summandN ofM;, hence R ®; S°°) Qara,.soe) N induces
a G -graded Morita equivalence betweéh and . Finally, compbieequivalence
with the graded derived equivalence betwekn dtid to obtaimaded derived
equivalence betweeR arfl . O

3. Splendid stable and derived equivalences

3.1. Let R and S be symmetriaG -graded crossed products over the alge-
braically closed fieldc . Denotd &1, B = S1 andA =A R®,SP) = P, R ®;Sg".

By definition, the (cochain) complex off -graded exa& § )-bdules in-
duces aG -graded stable equivalence betwRen Sand if

CRsCY~R®Z

in the bounded homotopy category of finitely generated -@pta(R, R)-bimodules,
and

CV@rC~SoW

in the bounded homotopy category of finitely generated -@paéb, S)-bimodules,
where Z andW are bounded complexes of projective bimodulese Nwat by [4,
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Lemma 2.6], the above isomorphisms are equivalent to

C1®sCY ~A®Z1 in H(A(R ® R°P)-mod),
CY®rCi~BdW; in H'(A(S @ $°P)-mod),

where Z; and W, are bounded complexes of projective R ®; R°P)-modules, respec-
tively projective A § ®; S°°)-modules.

By using arguments as in [5, 2.6 and Remark 3.4], one canyeadépt the proof
of [2, Proposition 4.3] in order to deal with graded equivales. We include the full
proof for convenience.

Proposition 3.2. Assume thatG is g’ -groypand letC andD be bounded
complexes ofz -grade(R, S)-bimodules such thaf induces a stable equivalence be-
tweenR andS, D induces a derived equivalence betweRn  d@hdand the stable
equivalence betweeAd and induced by agrees on each simple modulep to
isomorphismwith that induced byC;.

Then there is a bounded complex of finitely generated -grafieds)-
bimodules such that
1) X =Co® P,whereP is a complex ofi -graded projective bimodules
2) X induces aG -graded homotopy equivalence betwRen Snd
3) In the derived category oz -gradefR, S)-bimodules X is isomorphic to the
composition betwee®» and@ -graded Morita autoequivalerfc&.o0

Proof. By using well-known results of Rickard and [5, Remark], we may as-
sume that

Dlz(---—>0—>N—>Yf”+1—> Yf’7+2—>---),

where 4N ,Np andpY] are projective, and2™" N ) (which is againa -module) in-
duces a stable Morita equivalence between  &nd

Similarly, by truncating a projectivés -module resolutioh @;, we obtain a com-
plex

N=(-—-0>M->T"" > 1"™ > ...)

of A-modules, withyM ,Mp and 7/ projective, and2™" ¥ ) induces a stable Morita
equivalence betweed anBl  isomorphic to that induced’hy

We choosern 7 sufficiently large such that” M (@p3Q" NY( ) ishaR&; R°F)-
module inducing a stable autoequivalence Af sending simpl@odules to iso-
morphic copies of themselves. Linckelmann's theorem iegplthat this is in fact a
Morita autoequivalence. Composing its indecomposableprojective A -module sum-
mand with D1, we obtain the complex

le(---—>0—>M—>LI"’+l—> LI’”Z—) -ee)
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of A-modules, withL! projective. Denote
7:1:(_”_> 0— T]__m+1_> T]__m+2_> )’

so we have maps of complexgs Ti — Cq and: : 7y — T3, and a map of triangles

L

T T M[n] —— Ti[1]
| s E |
T % o Ki —— Tq1]

where K is the cone ofp: . Denote
Li=(+-—>0— Ly L2 ),
The idy lifts to a mapp Ki[-1] — Liin H?(A). We obtain a triangle
Ki[-1] L T1— X1—> K1

in H%(A). Then X1 ~ L, in D’(A), and the required complex af -grade#,S )-
bimodules isX =R ®i S°) @4 X1. O

3.3. For the remaining part of the paper, I6t &Hb B Kb R, =
kNy(D)c andA =Ng O), whereH K D b and are as in the introduction. Denote
alsoH' =Ny (D) andK’ =Nk D ), and assume that H/K ia -group.

Recall that the bounded compleX oR,(S )-bimodulessjdendid if the in-
decomposable summands of its terdis are relatidely ( )-ptioge p-permutation
k(H' x H)-modules. Note that the truncation of a projective resotuof C as in the
proof of Proposition 3.2 does not lead in general to a sptemodimplex.

By Proposition 3.2 and Corollary 2.5 we immediately get:

Corollary 3.4. Assume thatG is g’ -grouyp/ is a G-set and thatC is a
splendid complex of; -grade(R, S)-bimodules inducing a stable equivalen®e  and
S. Let {S; | i € I} be a set of representatives for the sim@le -modudesl let
X; € D*(A-mod), i € I,be objects satisfying the conditiorfg.3.a), (2.3.b), (2.3.c)
and (2.4.a),such thatX; is stably isomorphic t61 ®p S; for all i € I.

Then there is a compleX @ -gradé&, S)-bimodules such that
1) the image ofX; in A-stmod=~ D”(A-mod)/H”(A-proj) is isomorphic toCy;

2) X induces a splendid derived equivalence betw&n  $nd
3) X1®pS; ~X; in D’(A-mod), for all i € I.

ExampLe 3.5. a) A case in which Corollary 3.4 applies is the so calldd sit-
uation, that is, wheADND =1 for alk € K\ Nx I§¥ ). Then the bimodul = 4 Ap
induces a stable Morita equivalence between &nd ,Mnpds clearly aA -module.



TiTiNG COMPLEX 461

This is the situation which occurs in [1] and [6]. An inspectiof the examples
discussed in [6, Section 7] and of the proof of the main restilfl]] shows that the
objects X; satisfy the condition (2.4.a). Note that hére bem@G -set by letting
S;®@p S~ S forgeG,iel.

b) Assume thatD is elementary abelian of orgér and thats is the principal block
of OK. Then, by [7, Theorem 6.3], there is a splendid complex Af  bimedules

inducing a stable equivalence betwegn ahd . We show herethibeg is even a
complex of A -modules.

Let P be a subgroup of ordgg  dd , and le¢  be the principal blociCg{P)
and fp the principal block ofCx: # ). Denot&p Ny P(/¢x P( ). Thep is
a p’-group, andGp >~ Ny R )Cx B ). Furthermore, denote

8(G)={(n',h)e H x H | h"*h' € K}
and
8(Gp) ={(W',h) € Nu/(P) x Nu(P)| h™*h’ € Cx(P)}.

The principal blocks ofCx £ )P andx, K /P have cyclic defect gromy P
By [7, Theorem 6.2], there is a complex

E‘p:<~--—> 0— Np or fPkCg (P)ep —> 0— )

of k8(G p)-modules (withfpkCx € §p in degree 0) inducing a splendid dediequiv-
alence betweernfpkCx K ) andpkCg P( ); herép is a projectivé G((/6 ¥ ( ))-
module regarded also ask G4 )-module via inflation. Deniste  dhidh Np.
We have thatckKb is aké ¢ )-module, and the obvious mgxkCkx P ep )—
Reg(?) | ckKb induces by adjunction thes G( )-linear map

ap: Ay f,kCx(P)ep — ckKb.

We obtain the map/p @po nﬁg{,)(p,gz Vp — ckKb and the complex

v
C1:= (—)0—) @VQMckaa O—>)
Y

of A-modules, wherg) runs over the subgroups of orgder Dof  ugpf toonjugacy.
It follows by [7, 4.1.2] that By C1 ~ Cp, hence by [7, Theorem 5.6{;; induces a
splendid stable equivalence betwegn  ahd

This construction applies to the examples considered in If2ls not difficult to
verify that in those cases condition (2.4.a) also holds.
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