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Abstract
Singular means here that the parabolic equationasin normal form neither
can it be reduced to such a form. For this class of problemiawfimg the operator
approach used in [1], we prove global in time existence anduemess theorems
related to (spatial).”? -spaces. Various improvements to[B]are given.

1. Introduction

In this paper we will consider the following boundary valuelgem

(1.1) D/ [m(x)u(x, )]+ A(x, Dy)u(x, 1) = f(x,1), Y(x, 1) € @ x]0, 7],
(1.2) u(x,t) =0, V(x,t)e a2 x [0, 7],
(1.3) m(x)u(x, t) = m(x)uo(x), for a.e.x € Q, asy — Of

where Q2 ¢ R" is a bounded domain with a boundary of clas$ while A(x, D,) is
the following second-order uniformly elliptic operator divergence form

(1.4) A, D)= Dyla;;(x) D] + ao(x).
i,j=1

Moreover, 0# m € L™ ) is a non-negative function which need not tobbended
away from 0. Consequently, our parabolic equation is, inegainsingular.

Particular cases of (1.1) are discussed in the monographpf8yY4—80. See also
[2]. Note that in [3], p.80, the restrictiop € (2c¢ ) should be dea

Using the theoretical results in [3] and the fundamentalregagh in [4] we can
develop anL” -theoryp € (1cb ), also in the present degenerate’ cdhe key-
stone in order to apply the results in [1] and [3], Theorem832.69, to (1.1)—(1.4)
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consists in showing an operator estimate of the form

(1.5) ILGM +L) Hlepy < CA+RAF, Vae X,
whereX =L?P ), 0<B<a < la 48> 1,

(2.6) 3y ={A € C:ReAr > —c(1+ ImA| ¥}, ¢> 0
and

(1.7) D(L) =D(L,) = W2P(Q) N Wol‘p(SZ), Lu(x) = A(x, D)u(x), u € D(L),
(1.8) D(M) = L?(R2), Mu(x) =m(x)u(x).

We in fact show that (1.5) holds with =B Fp pe ,(lo ).
Moreover, whernm iso -regular, i.e.

(1.9 meCcYR), |Vm(x)| < Cim(x)”, Vx € Q, for somepe (0 1]

C, being a positive constant, we can improve the ingex in estinfa5) frompg =
1/p to

(1.10) B

(2_[0)71’ If p€(1,2), :OE(Z_P’ 1]7
2[p(2_p)]_l’ if p€[2,+OO), P E(Oa:l-]

The result proved in this paper will be applied, in a subsatipaper, to identify the
unknownkernel k in the integro-differential singular equation ofrgdaolic type

D,[m(x)u(x, 1)] + A(x, D)u(x,1) = ‘/I k(t — s)B(x, Dy)u(x,s)ds + f (x, t),
0
(1.12) V(x,t) € 2 x [0, 7],

B(x, D,) being a linear second-order differential operator.

We stress that the present paper was originated by a reqnteof additional
smoothness of solution of (1.11) needed to recover the wmkrcernelk . This oc-
currence is in accordance with the well-known fact that iseeproblems usually force
deeper, and sometimes, unexpected insightdirect problems

2. Solving the spectral problem M +L)u =f

The basic aim of this section consists in showing that esénif.5) holds when
the linear operatorg/ and are defined by (1.7) and (1.8), ctisply. To this aim
we assume that the coefficients; amgl satisfy the properties

(21) ai,j € C1(§)7 ap € C(§)7 ai,j = aji, iv .] = 17 B (B
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n
2.2 2 < Ci(x)EE < 2 VxeQ VEeR" > Vx e Q
(2.2) col€]” < a;j(X)&E; < c1lE]Y, VxeQ,VEeR", aolx) >y, VYxeQ,
i,j=1

co, c1 and y being three positive constants.
A remarkable result by Okazawa [4, p.702] provides, for any D(L),

Re(lL — ao)u, ululP~?)

CO/ lul”~?|Vu|?dx > 0, if pel2, o00),
(2.3) > ¢
colp — 1) / (u2+8)PD2Vu2de = 0, if pe(L2)
Q
@4)  |imuulul” 3] < 222 Re(@ - ao)u, ulul??),
—2Jp-—1
where the brackets denote
ol+) P 2 1 1
(. 9) =/Qf(x)g(x)dx, FELI@), gelf@. S+o=1

ulu|P~2 is assumed to vanish whenever does, ansd 0 is arbitrary.

Remark 2.1. It is important to observe that bound (2.4) holds evethendegen-
erate elliptic case (cf. [4, p. 702] and the following Lemma&)3

From (2.4) we immediately deduce the estimate

||m(Lu,u|u|ﬂ2)|+2"’T‘T2'1/an(x)|u(x)|ﬂdx
(2.5) < 2"’7%2'1 Reu, ulu|”~2).
Consider now the spectral problem
(2.6) u € D(L), Amu+Lu = f € LP ().

Taking the real and imaginary parts of the scalar product ath ksides in (2.6) with
ulu|P~?, we get

(2.7) Rek/ mu|? dc +Relu, ulu|P~?) = Re/ fulu|P~2dx,
Q Q

(2.8) ImA/ mlu|? dx + Im(Lu, ulu|P~?) = Im/ fulu|P~2dx.
Q Q
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From (2.8) we deduce the inequalities
(2.9) Ilmklf mlul? dv < | |m(Lu,u|u|p_2)|+‘lm/ falul?2 x|
Q@ Q

Multiply then both sides in (2.9) by a positive constant arutl dhe obtained in-
equality to equation (2.7). From (2.5) we get

lp— 2]
2Jp-1

@10) < Re [ sl 2l +k|im [ fatul? 2| < @Al
Q Q

(Reh +k| Imk|)/ mlu|? o +( 1—k )Re(Lu,u|u|1’—2)
Q

Choose nowk =#;(p) so small as to satisfy

(2.11) ) =1- k()22 20 vpe (L o)

2yp—1

Observe that

Re(u, ulu|’~?) = Re(L — ao)u, ulu|’~2)
1 1
+ 5 Retaou, ulu|"™?) + 5 Re(@ou, ulu|”?)
(2.12) > Re(( — ao)u, ulul?) + L ju)7 + =~ /m|u|f’ dx,
2 2[mllo

sincem ()< |Iml|l implies

m(x) aolx) _ aofx)
Imlles 2 = 2

In view of (2.11), (2.12) and (2.3), we obtain from (2.10) ttha

h
(Rek +hi(p) Ima + £ 1(”))/ mlul? dx
2|mlloc’/ Ja

Y 1(” )l + hap) Re( — aohu ulul”?) < [ka(p) + 201 F 1, 12

(2.13) +—

Introduce now the sector

21:{/L€CIRE,LL+1(p)||m |+ 2’”1(””) o}.
Then, fori € X4,
(2.14) Re(L — ao)u, ulu|P™?) < ———= falp) + ||f|| 272,

ha(p)
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2(ka(p) + 1)

(2.15) lullp = ha(p)

IL£1lp-

Consequently,

(Rek +ka(p)| ImA| + yhl(p)) /leul” dx < C1(P)IfII5-

2|mloo

We now need a simple proposition. For the proof see Section 6.

Proposition 2.1. Letk > 0 and ¢ > O be two positive constantsind let ¥, . be
a sectorial domain given by

k
Zk,s:{IuECZRe;L +§||m,u|+§ 20}'
Then it holds that

2 2
A +1< <E +— +1) (Rer +k| ImA| +) A € Zpe.
&
Since X1 = Xy, (). (p)2iml.)t» this proposition then yields
(2.16) (|A|+1)/ mlul? de < Co(p)l fll,lulls™ < Ca(p)I 1L, X € Zn.
Q

To show that {M +L )! is a bounded operator on? Q( ) for € ¥y, it now
suffices to verify thatR(AM + L) = L?(<2). But this is verified by the usual techniques
without difficulty. In fact, for eachh € X1, we already know thaR(A + AM + L) =
L?(R2) provided A > 0 is a sufficiently large number. Let<06 < 1 be a pateme
and consider the family of closed linear operat&r® (& M L+ <0 < . 1
Then the desired result is obtained by the following propmsithe proof of which
will be given in the final section.

Proposition 2.2. Let A(9), 0 < 6 < 1, be a family of closed linear operators
acting on a Banach spac&  with constant dom&@A(f)) = D. Assume that the
family satisfies the conditions

(2.17) Sllull = 1A@)ull, u € D,
(2.18) I{A@©) — A@ul < N6 —0'lllull, u €D

with some constantd > 0 and N > 0 independent ob, 6’ € [0, 1]. Then R(A(1)) =
X impliesR(A(9)) = X for everyd € [0, 1).

We can now summarize the results proved in this section iroiigme 2.1.
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Theorem 2.1. Let L and M be the linear operators defined &.7) and (1.8),
the coefficientsy; ; i, j =1,...,n, ap enjoying propertieg2.1) and (2.2) and m being
a non-negative function iL.°°(€2). Then the spectral equatiooMu+Lu = f, with f €
LP(R), admits for any » € 1 = {n € C: Reu +ka(p)/2) Imu| +yhi(p)/(4imlle) =
0} and p € (1, +o0), a unique solutioru € W27(Q) N Wé”’(sz) satisfying the estimates

lulp, < Cafllps  IMull, < Cs(P)AYPNfIl,, A€ Xy,
ILull, < Co(p)X+IAYP)Ifll,,  » € Zh.

3. The case whemm is p-regular and p € [2, +o0)

We will show that when the multipliem: is more regular, i.esdtisfies (1.9), our
B can be chosen larger thaid . We recall that all the previotimaes (2.6)—(2.16)
hold for anyp € (1 +0 ).

First of all we need the following lemma concerning the cotapian of the gra-
dient of the functioriz|u|?~? when p € [2 400 ). For this purpose we need some lem-
mata.

Lemma 3.1. Letu € Wé”’(sz) with p € [2, +o0). Then the functioni|u|?—2 be-
longs to Wol"’(SZ) and the following formulae hold

Dy alul?™2 = u[P~2Dy i+ (p — g, (4) Re@, ¢ s u)

3.1 ae. inQ, j =1...,n,
where

_ [ ul)lu()P=72,if w(x) 70,
(32) & = | o e

Proof. Let¢ be any function irC3°(€2). Then the following equalities hold:

(Dy, 9, #lulP?3 = Iirrg (Dy,9, a(|ul?+e)P~2/2)
e—0+

_ _2
— lim (g, (ju)® +&)*~2/2D, i + pTﬁ(W + )P Y2GD, u +uD,, 1))
£—>0+

— lim (¢, (lul® +&)"™22D, 7 + (p — 2Ja(ul® + )"~V *Re@D,,u))
e—0+

— lim (¢, (ju 2+e)7=22D, u + (p — 2u(ul® + &) P~V *Re@(|u|” + &)? =YD, u))
£—

—(@, lul” 2Dy + (p — 2)g, () Reg, (@ Ds,u ).
(3.3)

We have used here the relation Jimy. #(x)(Ju(x)|? + ¢)?=4/4 = g, (u)(x), which takes
advantage of the assumptigne , [2c+ ). ]
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Remark 3.1. From definition (3.2) we easily deduce the identity
(3.4) lgp @)@ =]u @ )¢=2/2

We can now prove the following Lemma 3.2.

<<<<

(35) b,"j :bj_,' l,] = 1, Lo, Ny

(3.6)  colélPu(x) < Y bij(0EE < calélPulx), VxeQ, VEeR
i,j=1

where € C(R2) is a non-negative function ane, c; are two positive constants. Then
for any p € [2, +00), the linear operatorK = — Zf_jzl Dy, [b;,j(x)Dy,] with D(K) =
D(L) (cf. (1.7)) satisfies the relations

co (/Quw2|Du|2dx+/Qu;[Re(gp(u)Dx,-u)]2dx)

(3.7) = Re(Ku.uul"™®) < c1 (/ plul”~? Dul?dx +/ uilRe@p(u)Dx,-u)]zdx),
Q Q

=

(38)  Im(Ku,alul”?) = (p - 2) /Q 3 by jRe(s, @)D u)IM(g, () Dy )] d.
ij=1

Proof. From Lemma 3.1 and an integration by parts we easitiucke the iden-
tity

(K3 = [ 32 by Dyub, @l s
Q

i,j=1

n
= / D \ul? ?b; ;D uD, i dx
Q

i,j=1
(3.9) “(0=2) [ Y g (0D, uRele, @)D,)
i,j=1
Relations (3.7) and (3.8) follow immediately from (3.9) itatk the real and the imagi-
nary parts. U

Lemma 3.3. Under the assumptions in the statement_efmma 3.2operator K
satisfies inequalitie$2.3) and (2.4) with K in the place ofL —a .
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Proof. This lemma has essentially been proved in [4], ajhoa slight modifica-
tion is needed in its proof. For any> O defing; b7 &8 ; i,y =1,n, and
setK, =K — ¢A . Since the matrixaf; ; )=1_., iS uniformly positive definite, from
(2.3) and (2.4), withu € D(Lo), we obtain the inequalities

(3.10) 0 < Re(K.u, ulull’_z) =Re(Ku, u|u|1’_2) + ¢ Re(Au, u|u|”_2),

[ IM(Keut, ulul? )| = [ IM(Ku, ulu]?~%) + & Im(=Au, ulu]? )]
-2
(3.11) < %[RG(KW ululP~?) + & Re(Au, ulu|”~?)].
Taking the limit ase — 0+ in (3.10) and (3.11), we easily deducat K satisfies
(2.3) and (2.4). ]

We shall use also the following identity

(Lu, mP Yu|u|”=2) = (mP " Lu, ulu|’~?)

(3.12) = (Kou, ulu|P~2)+(p — 1) m”_zZa,-,ijl.meju,u|u|”_2 , ueD(L),
i.j=1

where

n

Ko=— Z D,, [m(x)P—lai'j(x)ij] + m(x)p_lao(x).
ij=1

Let now u be a solution to equation (2.6). Taking the scaladpecod of both sides
in (2.6) with m?~u|u|?—2 and using (3.12), we easily get the equalities

(f, m?Yulu|P~?) = Gumu + Lu, mP " Lu|u|"~2)
(313) = AlIMull} + (Ko, ulu"=%) + (p — 1) | m"™? } " i ; Dyym Dy, ulu|’~
i,j=1
Taking the real and imaginary parts in (3.13) and using (ih L — ag replaced by

K = Ko — m"~tag, we easily deduce the inequalities

Revlbulf +y [ m? Hul? dv +Re(Ko ~ m? Laghu ulul” )
Q

n
3.14) < [(f.m"  ululP™ )+ (p— V|| m"™2 Y ai jDymDyu, ulu|?72 ||
i,j=1
LM A Mullh < [Im((Ko — m” *ao)u, ulu]?~?)]

n
+|(f, mP " Yulu|P7?)| + (p — 1) || mP2 Z ai jDy,mDyu, ulu|P~2
ij=1
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-2
< r_a Re((Ko — m? tao)u, ulu|”~2) + |(f, m? " ulu|P~?)|

—2yp-—-1
3.15)  +(p—1)||m"2> " a;;DymDyu, ulu|"?
i,j=1
Multiply now by k1(p) (cf. (2.11)) the first and last sides in (3.15) and add to firs

and last sides in (3.14). We get the estimate

[Rex +ky(p) IMA| +y m| JTIIMul?

" (1—k1(p) P2

ﬁ) Re(Ko — m”tag)u, ulu|"~?)

n
< [+ k()] {1 mPulul? 2+ (p = 1| | m? 2 3 auy Dym Dyl | | 1
ij=1

(3.16)
where we have made use of the elementary inequality
m(x)" < [mllom(x)’™,  x€Q.
We now estimate the last term in (3.16) with the aid of (1.9%ing twice Holder’s

inequality, we get

n n
p—2 -2 p—2 p—1
m? E a; jDy,mDyu, ulul? §/m1 lul|t E a; jDy,;mDyu| dx
Q

i,j=1 ij=1
1/2

n n
) 1 1/2
mP=4|u|P~ ‘ E a,-,jDX‘.mejm‘ E a;,jDy,uDy,u dx
Q

i,j=1 i,j=1

C7/ m”_2+p|u|1’_l|Vu|dx =C7/ mpp/2|u|1>/2m(p—2)(2—p)/2|u|—1*17/ vau|dx
Q Q

1/2 1/2
C; </ m””|u|1’p|u|1’(l_p)dx> </ m(1’_2)(2_”)|u|1’_2|Vu|2dx>
Q Q

1/2
c7||Mu||;:p/2||u||§}f’”’/znmngg2><"L”2< / |~ AVu| 2dx> :
Q

IA

IA

IA

IA

(3.17)

On account of (2.3), (2.14) and (2.15), we easily observeeitanate

(3.18) /Q ul”?|Vul2dx < Co(p)I 117,
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From (2.15), (3.17) and (3.18) we finally deduce the estimate

(3.19) (m”—2 > aijDymDyu, u|u|f’—2) < Co(p)IIfILE V2 Mu| 20/,
i,j=1

Moreover, we have

(3.20) (fs mP ulul? 2] < £l I Mul b~

Finally, from (3.16), (3.19), (3.20) and Lemma 3.2 with Ky — m? tag (which
makes use of the assumptigne , [0+ )) we deduce the inequality

[Rex +ki(p)[ImA| +y [lm | I Mull%

-2
(1 sty =25 ) Rel@o — e, )
(321) < CoPUSNpIMully+ 1L F 1P 2 Mu|2?/7, X e T,

We now introduce the sector

[ ImA|+ >
2 2||m|| oo

k
EQI{AEC:ReA+l(p) Y >o}.

Since hi(p) € (O, 1), (cf. (2.11)), we immediately deduce the inclusiBa Cc ¥; (see
the definition of X,).

Then, recalling that ReKo — m”~*ag)u, u|u|?~?) is non-negative (cf. Lemma 3.2)
and applying Proposition 2.1, we obtain

(Il + DIMull? < y / mP=Hu]? dx +Re(Ko — m”Yao)u, ulul”~?)
Q

(3.22) < CuP)IfIIpIMulls™+ [ FILEV2 Mulp?/?], e T,

Consequently, sincéu|, < C12(p)Il fll, (cf. (2.15)), (3.15) and (3.22) imply

(A + D) Mu | nZ=PY2

(3.23) < CiaP)I S IMulls P22+ || FIIDEPY?), x e s,

By Proposition 2.2, it is verified thatM £ is surjective di¥ Q ( )emte, esti-
mate (1.5) holds witw =1 ang =2 @p N
We can summarize the results in this section in Theorem 3.1.

Theorem 3.1. Let L and M be the linear operators defined f.7) and (1.8),
the coefficientsy; ; i, j =1,...,n, ap enjoying propertieq2.1) and (2.2) and m being
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a non-negative function satisfyir(@.9). Then the spectral equationMu+Lu = f, with
f € LP(2), admits for any A € X, = {u € C: Reu + (i(p)/2)l Impu| + (y/2Imll) >
0} and p € [2, +00), a unique solutioru € W27(Q)N Wol"’(SZ) satisfying the estimates

lull, < Ca@ fllps  IMull, < Cis(p)R~ZPEAN| £, re 2,
ILull, < C16(p)(L + |A|PE=P=2/P@=Ny| £, A€ 2.

ExampLe 3.1. LetQ be a bounded domain and let be a fixed point inoQ .
Define thenr = mayg |x — xo| and choose

m(x) = [(Ix = xol(r — |x —xol —r))]?, g €(1, +o0).
An elementary computation shows that
IVm(x)| = g[lx = xol(r — 1x = xol)]* " *2}x — x| — 7| < grm(x)4~ Y9, x e Q.
Consequently, functiom satisfies condition (1.9).
We notice that forany open interval2 C R we haver =lengthg ).

4. The case wherp € (1, 2)

In this section we are going to considering the case , (1 2)mF(@.4) we
immediately deduce that the estimate

A

(L, ulul?2)] +y ] < |Im(Lu,u|u|"—2)|+/ ao(x)|u ()P ce
Q

lp—2

(4.1) = ﬁ

Re(Lu, ulu|"~?), u € D(L)

holds true for anyp € (1 40 ).
Consider again the spectral problem

4.2) ueD(), AMu+ Lu = f € LP(Q).
Multiplying both sides in (4.2) by|«|?~? and integrating ove2 , we get
(4.3) MmM P+ (L, ulul”%) = (f ulul”).
Taking the real and imaginary parts, from (4.3) we deduce

(4.4)  Rei[m"?u|lh + Re@ou, ulul”~?) + (aou, ulu|?~?) = Re(f, ulu|"?),

@4.5)  ImAmPul|b +Im(Lou, ulul?~?) = Im(f, ulu|”~?),
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where we have set

(4.6) Lo=L —aop.

Then from Okazawa [4, p.703] we get

4.7) (Lou, ulu|P=?) = 6|er3+ I,(u,d),

wheres > 0 and
48)  1,@.8)=— / (1u @ )2 +8) "™ 2u(x) 3 Dy a4 (x) Dy u(x)] d.
Q jk=1

As mentioned at the beginning of Section 2, we have
(4.9) Re(Lou,ulu|"?) = cO/ ()P Vu(x)? dx, if p €[2,+00),
Q
(4.10) Re(Lou, ulu|"™?) > co(p — 1) / (@) +8)" P2 Vu()? dv, if p e (1.2)
Q

From (4.1) and (4.5) we deduce the inequalities

Hmallm™Pullh < [Im(La, ulul” =2+ £l )2t
lp—2|

2yp-1
Multiply then both sides in (4.11) by a positive constant aultl the obtained in-

equality to equation (4.4) to get (cf. (2.2))

) lp -2
2Jp-1

(4.11) Re(u, ulul? 2+ | fll lulls

P

|

(Rex +v] ImA| YimY/7ul? + (1— ) Re(ou, ulul”)+ Zull} + 2 lul}

-2
< (Reh +v| Ima| YimYPul)? + <1— v%) Re(Lou, ulu|"~?) + (aou, ulu|”~?)
< Re(f, ulul” ?) + vl fllpllulls < @+ ) f 1, lullf
(4.12)

Choose now = f ) so small as to satisfy

-2
(4.13) n(p)=:1— v(p)% >0, Vpe(l +o0)
On the other hand, since: € L Q( Yull, > |ml|=’?[mY?ul,. Then (4.12)
and (4.13) imply

Y _ +Rex +u| ImA| ) [1mYPu||? + vi(p) Reou, ulu|P~?) + Z||u||ﬂ
p P
2[|m || 2
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(4.14) < [L+v@EIIFlpNulb™.

In other words, there exist two positive constaftg and Cyg such that

(g Re o1 1wl ) I + CuoRe(Co, wlul” )+ 2l
2l 2

(4.15) < Caol fllpluly™,  reX,

the sector being defined by

E:{AEC:ReA+v|ImA|+ zeo>0}.

2|jm]loo

Notice that (4.7), (4.8), (4.10), (4.15) yield, in partiayl the basic bounds
2 p—2 p
(4.16) lull, < ;ClQHf”p’ ReLou, ulu[’~%) = Col f1I},

and

(= 1o fimy [ () )" AVu(a) s

(4.17) < lim Rel, (.8)< Caoll fllllully ", %€ Z.
From (4.3) we deduce the estimates

1 -2 -1
(m Y Pull < |(Lu, wlul?=2) + 1 f 1 lul?

|P— 2| p—2: p—1
(145 =) Reu ula" )+ 1151, el

(4.18) < Cal fllplully™ < CLIfI5.

IA

A

Consequently, (4.18) immediately yields
(4.19) IMYPIMull, < Caall £l
This, in turn, implies that (1.5) holds with =1 aml #A4 and pdes a different
proof to (1.5).

Now we focus our attention to the case whene C1(Q) satisfies inequality (1.9)
with
(4.20) pe (2-p 1]

Multiplying both sides in (4.2) bym A & tu(x)u(x)|”~2 and integrating ove , we
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easily get

AlMul; — lim /m(JC)”flu(X)(Ibt(x)lz+t‘5)(”*2)/2 Y Dylaja(x) Dyu(x)] dx
-0+ Jq e
Jj.k=1

.2 * /9 ao(x)m(x)"Hu(x)|? dx = /S; £ e m @) tu(x)|u(x)| P2 dx.

An integration by parts in the integral appearing in the tjnwhich takes into ac-
count (4.20) and (4.21), easily yields

- f ) TSP+ D2 3 Dy fay(x) D] d
Q

k=1

= /Q ()2 + 8722 3 ) 4(6) Do Do) e
jk=1

+(p— 1)/9 ul)(lu)[? +5)¢-2r2 i m(x)" 2Dy m(x)a; (x) Dy,u(x) dx

jk=1
+(p— 2)/ m () Y(lu(x)? + 5)(1;74)/22 a;i(x) Re(ﬁiju(x))meku(x) dx
Q k=1
=1 11(8) + (p — DI2(8) — (2 — p)I3(9).
(4.22)

We have made use here of the following Proposition 4.1 whaseffs postponed to
Section 6.

Proposition 4.1. Let m satisfy property(1.9). Then for anyg € (1 — p, 1), the
function m(-)? belongs toC(Q2) and V[m(:)#](x) = m1(x) for any x € @, where

_|0, x € Z(m),

(4.23) ml(x) - { ﬂm(x)ﬂ_le(x), X ¢ Z(m),
and Z(m) denotes the zero-set of . Moreoyer

IV[m()P(x)] < Cm(x)P71*, xeQ.

Since the matrix dj « X ))«=1... iS real-valued and positive definite, from (4.22) we
immediately deduce that

(4.24) () and Rel3(8) are positive for anys € R..
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Then we observe thak(8) has a limit ass — 0+ and
(4.25) Jim 12(8) = / ul)u@)[P72 Y " m(x)?2Dyym(x)a; 4 (x) Dy ue(x) dx.
—0+ Q 4
J.k=1

Note that the integral in the right-hand side is well-defimedthe whole of W-?(S)
sinceu|u|’=2 € LP(Q), mP=?Dy,m € L*(Q) and D,,u € L? Q).

Further, (4.25) implies that there exists also 4lim:[71(8) — (2 — p)I3(3)].
From (4.24) we deduce that there exist the limits

lim Im/3(8) and lim[11(8) — (2— p) Rel3(d)].
§—0+ §—0+
We can now prove the following Lemma 4.1.

Lemma 4.1. The following estimates hold for anfye R+, p € (1,2)and n €

0, 2(p — D)(2-p)Y):
(4.26) 1(8) — (2— p)Rel3(8) — n(2— p)l ImI3(3)| = O,
1(8) + (p — 1) Relz(8) — (2 — p) Rel5(s)
(4.27) —nl(p — 1) IMmL(8) — (2— p) Im3(8)| = —(p — 1)(1 +n2)Y? (5)!,
lim [12(8) + (p — 1) Relz(8) — (2~ p) Rels(5)]
—n lim |(p = 1)Im 12(3) — (2 p) I £3()
(4.28) = —Coull FIL/2 | Mu||2=2% |u|| 2PP/2,
C24 being a suitable positive constant.

Proof. Since the matrixa( ; x( )k=1
immediately deduce the equality

» IS real-valued and positive definite, we

.....

n n

Y a4t =Y aj(x)[Re@;)Reg ) +Img; ) Img )] Vo e C

jk=1 jk=1

Consider now the formulae

L(5) = /Q(W(XNZ+5)(p_4)/2m(x)p_l Xn: aj,k(x)meju(x)meku(x)dx

jk=1

+5 / (lu(x)|2 + 8) P~ 2 (x)P—2 Xn: a; () Dy;u(x) Dy, u(x) dx
Q

jok=1

n

= /(Iu(x)|2 " 5)(1:—4)/2m(x)p—1 i Z aji(x) Re[meju(x)] Re[meku(x)]
Q

k=1
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+ 2”: aj(x)Im [meju(x)] Im [meku(x)] dx

jok=1

(4.29) +3 / () + )9 2m(x) 1 Y a4 (x)Dou(x)Dru(r)dr, Vs € R,
Q :
j.k=1

1(5) — (2— p)Rels(s) = / (u(o)I2 + 8P~ 2m(x) =2

x [(p — 1) a;.4(x) Re[(@) Dy, u(x) | Re[u() Dy, u(x)]

k=1

+ 3 a0 Im [0y ()] I [ D ()] | i

Jk=1
(4.30) +3§ / (Ju ()% + 8) P~/ 2 (x)P~1 Z a;k(x)Dy,u(x)Dyu(x)dx, V8 €Rs,
Q

k=1
Im I3(8)

/ (u(e)? +8)P= Zm ()P~ Z a1 (x) Re[u(x) Dx;u(x) ] 1M [u(x) Dy u(x)] dx‘
Q

k=1

< % /Q(|u(x)|2 +8)(1774)/2m(x)17*1 2’1: Clj.k(x){ Re[meju(x)] Re[meku(x)]
k=1

(431) +Im [meju(x)] Im [meku(x)]} dx, V§eRs:.

We have here used the Cauchy-Schwarz inequality and theegeorarithmetic mean,

i.e.
n n 12 n 12
D a0 < (Z aj,k(x)éjék) (Z aj,k(x)flmk)
Jk=1 k=1 k=1
1 n n 1 n
=3 (Z aj(x)E&+ Y aj,k(x)ﬂmk) =5 > aj)[EE . VE.neR"
k=1 jd=1 k=1

From (4.24) and (4.31) we deduce the following inequalitheve we take advantage
of the membershi;me (O 2A— 1)@ p 7I):

11(8) — (2= p)Rels(8) — n(2— p)l ImI3(8)| = /Q(IM(X)I2 +8) ) Zm(x)r

k=1

X i |:p —-1- %U(Z — p)i| Z a;ji(x) Re[meju(x)] Re[meku(x)]
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+ |:1— %U(Z — p)i| Z aji(x)Im [mDXju(x)] Im [meku(x)] dx

J.k=1

(4.32) +6 f (u@)?+ ) 2m(x)? "t 3" a;4(x) Dy, u(x)Dyu(x)dx > 0, V8 €R..
Q :
J.k=1

We have thus proved (4.26).
Then we note that (4.27) is a consequence of (4.26):

1(8) + (p — 1) Relz(8) — (2 — p) Rel5(8) — nl(p — 1) Im I2(8) — (2 — p) Im I3(8)|
11(8) — (2 — p)Rel3(8) — n(2— p)l Im I3(8)| + (p — 1)[Rel(8) — nlIm I2(5)]]
—(p = )L +n?)"?1(8)]. V5 € Ry

(4.33)

vV v

To conclude the proof of the lemma we take into account thatiogls

Jim. [12(8) + (p — 1) Relz(8) — (2 — p) Rels(5)]
= fim |(p — 1) Im 2(8) — (2 — p) Im I5(3)|
> lim {Rel(8) + (p — 1) Relx(8) — (2 — p) Rels(s)
—nl(p — 1) Im1(8) — (2— p) ImI3(5)|}
(4.34) > —(p-1( +;72)1/25|Ln3+ | 1(8)], V8 € R..

Next, consider the following chain of inequalities, whicblds for any§ € R4:

Jim | 72(3)]

IA

limsup | (Ju(x)?+8)~2 > " m(x)? 2| De;m(x)| a;i(x) Dy, u(x)| cx
§—0+ Q :
J-k=1

IA

limsup [ (Ju(x)?+8)7/*
§—0+ Q

< (Ju()®+8)P24 > " m(x)? 2| Dy m(x)| |aja(x)| | Dyu(x)| dx
jk=1

12
Cy1lim sup[/ m(x)2P=20) |y (x)[? + 8)P/? dx]
Q

§—0+

IA

1/2
x Iimsup|: / > |a,;k(x)kau(x)mu(x)F+8)<P—2>/2dx}
Q

§—>0+ k=1
(cf. (4.16), (4.17))
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IA

1/2
C255Iim0 “:/ m(x)2(1;—2+p)(|u(x)|2+5)p/2 dxi|
—0+ Q

1/2
x [ / (|u(x)|2+8)<P-2>/2|w(x)|2dx} }

IA

1/2
Cae [ / m(x)2P =24y (x)|P dx] I£115/
Q

(4.35) < Corll fI5/ 21 Mull b2 )| 2P/ 2

IA

To derive the last inequality we have applied Holder’s umddy with index ¢ =
pl2(p — 2 +p)]7* to the integral

[ i1 2 ol 74
Q
From (4.34) and (4.35) we immediately conclude (4.28). [l

Taking now the real part and the modulus of the imaginary par(4.21) and us-
ing (4.22), we easily derive the relations

Rel[Mully + lim [11(8) + (p — 1) Rel2(8) — (2 — p) Rels(d)]

436) + / ao)m ()’ Ju(x)|? dx = Re / m e YL G ()2
Q Q
HImAlIMully < fim [(p —1)Im £2(8) — (2 — p) Im I3(8)]|

437) + ., VieC.

Im / () £ (o)) () P2
Q

Add now member by member (4.36) and (4.37) multiplied oy, @p2— 1(2—
p)~1) and use (4.28) and (2.2). We easily deduce the followingnese for anyx e
Y={ueC:Reu +n| Imu| > 0q:

[Rek +1] Ima| +L] IMul?

72|00

— [ lim [1() + (p — DReL(6) — (2 — p) Rels(d)]

—n lim |[(p 1) IM 12(6) = (2— p) I 15(8)]

IA

+Re f £ 6y 6 PR ) P2 de +n \ Im f £ @y (e o)) e
Q Q
- 6'1)”&[[11(5) +(p — 1) Relp(8) — (2 — p) Relz(s)]

= ll(p — 1) Im 1(8) — (2~ p) Im I5(8)]|]

IA
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+Re / £ 6 6 P T @) 2 dx +1 ‘lm / £ m (P~ (o)) e

< Cogll 152 IUMul| =2 (] 2077 24 (L + 02 2) £l | Mu 5
(4.38)

Take A in the sector

(4.39) 23:{M6C2R6M+ﬁ|lm,u|+ 14 20}.
2 2|m|loo

Then, since|ul|, < Cil fl, (cf. (2.11), (2.12) and our definition of ) and-2p —

p/2 > 0 (cf. (4.20)), by Proposition 2.1 we immediately derive thequality
(4.40) (M + DIMul2 < Cal | FIZ7 + 1 FUpIMuls?], i 1€ Za.
Finally, [Mull, < Imllccllull, < Caollmllocll f1I, implies

(4.41) (A + DIMul’” < Caoll 1577, if 1€ Za

We can now collect the result in this section in the followiibeorem 4.1.

Theorem 4.1. Let L and M be the linear operators defined @y.7) and (1.8),
the coefficientsy; ; i, j =1,...,n, ap enjoying propertieg2.1) and (2.2) and m being
a non-negative function satisfyin@.9). Then the spectral equatiohMu + Lu = f,
with f € L?(2), admits for any A € X3 and p € (1, 2), p € [2— p, 1], a unique
solutionu € W27(Q) N Wé”’(sz) satisfying the estimates

_(7_ )1
lull, < Caoll fllps  IMull, < Ca(p)IAI=E" | fll,, A€ Zs,
(4.42)  |Lull, < Ca(1 +[A &Y £, A€ Ta.

ExampLe 4.1. Letn =1mf)=x?9 (I-x% g€ (1 0 ) =(0 1). Then

m'(x) =q(1— 2m @y, xe(0,1)

Hence (4.25) holds true for any € ,(lod ). If we have to deal with , 1j0with
p € (1, 2), to satisfy (4.20) we are forced to assupe p - ~'1)

5. Solving problem (1.1)—(1.3)

Taking the spectral Theorems 2.1, 3.1, 4.1 into accountn filheorem 3.26 in [3]
we can easily derive our existence and uniqueness resulthBopurpose we need to
introduce the following interpolation space

(5.1) Ly = {g e LP Q) :supt’||L(tM + L)‘1||Lp(g) < +oo} .

t>1
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In particular, anyg =mh belongs ta) . , whenevere L™ Q ( ) aldt W27(Q) N
Wy " (). Notice thatL!  c & D (M™Y.

Theorem 5.1. Let p € (1, +o0), let m € L*°(2) be a non-negative function and
let the coefficientsy; ; i, j = 1,...,n, ap enjoy properties(2.1) and (2.2). Then for
any

(52)  woe W(QNWy'(Q), fec’(0,T;LY(Q), 6e(d-41),
with 8 =1/p and

(5.3) —A(, Dy Juo+ (0, ) = go, go€ L,

problem (1.1)H1.3) admits a unique solution

(5.4 mu € C7*P([0, T1; LP(R)), u € CPY([0, TT; w2P(Q) N W&”’(Q)).

Moreover if m is a non-negative function satisfying.9) and g is defined by1.10),
the same result holds under assumptigfsl) and (5.2) on (uo, f).

6. Proofs of the propositions

Proof of Proposition 2.1. Lek € %, and Re> 0. Then it is clear that
|ReAx| < Reh +k| Imk| +¢ . On the other hand, if € X;. and Re< 0, then
|[Rex] = —Reh < k/2) Imk| +§/ 2)< Ré +| Im| -+« . Thereford, Rp <
Rei +k| Imi| +¢ for anyi € Z; . . In the meantime it is obvious that Am +1
2(1/k)+(Ye }{ &/ 2) Imr| +€/2) < 2(¥k +(Le ))(Re K Im| & ) for any € 3y,
Hence we conclude that| +4| Re |+ M «1{ /k2 442 )+1 (Rek|+ Am +
8), A€ Ek’s. |

Proof of Proposition 2.2. We consider the set {#== , [0 B[A(F)) = X} and
shall prove that this set is an open and closed subset of teevah [0, 1] under (2.17)
and (2.18). In fact, le® € J ; then, it follows from (2.17) thaté (')e L£(X) with
|A@@)1|| < 6L Moreover, for anyy’ € [0 1], we have

A(0") = [1+{A(@0") — AN AE) 1A(6).

Since|{A 0 )AQ)YAQ Y < Ns~10'—6|, the operator 14A & YA XA A Y is a
linear isomorphism ofX provideth’—6| < N~15. This then shows that’ € J for any
0’ such that¢’—6| < N~18; hence,J is an open set. Consider now a sequépee]
and assume that, — 6 asn — +00. Letf € X be any vector; then, there exists a
sequencea:, € D such thatA ¢, 3, =f . From (2.17) it follows thalu,| < 87| f|I.
Furthermore we observe thft 6)¢, — f|| < [[{A@®) — A(©,)}unll < N§~20 — 60,11 f1I;
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therefore,A )u, — f asn — +oo . In the meantime||u,, —u,| < ||A OY(um—u,)|| <
NA@)um — Il + I f — A@)un|| — 0 asm, n — +o. Sou, has a limit € X as
n — +oo. SinceA @) is a closed operatoy € D and A f)u = f; hence,§ € J. That
is, J is a closed set. As& J /& , we conclude thiat [0 1]. U

Proof of Proposition 4.1.  According to (1.9), we have thelision Z i) C
Z(Vm). Moreover, formula (4.23) is trivial ift ¢ Z p ). This therefershows that we
have to deal with the casee Z m( ) only.

First we will consider the one-dimensional cage ( = 1). F@ phurpose assume
xo € Z(m). Our starting point is the following formula:

B _ B + 1B _ o
. m\x m\x . . m\x & 3
fim | )" = mlxo)” (0)‘:nm fim 0+ el” —eh
X—Xo X — X0 x—>xg |e—0+ X — X0
X
(6.1) = lim | lim [m(f) + €]?m’(¢) ol | .
x=>x0 |e>0+ X — X0 Jy,

We next notice that ligw o« [m(2) + €]#~2m/(t) = ma(¢) for anyt € Q and that

|[m(2) + &]”m'(6)] < Clm(2) + €] *m(r)”

C[ m(1)

m(t) +e

1-8
] m@t)P 1 < Cm(r)P 1, vt € Q.

By virtue of the dominated convergence theorem and by thendbowi(f)] <
Cm(t)P~1* for anyt € Q, we deduce the following relations:
lim

1 X
/ mq(t) dt
x—xot+ X — X0 X0

. 1 X . C X
(6.2) < lim / |ma(¢)|dt < lim / m()P~1 dr = 0.
X0 x—=>xot X — XQ Xo

= lim

x—xot

m(x)” — m(xo)”
X — X0 ‘

xX—>xot X — X

Note here thatn -(f1* is continuous inQ andyp € Z(m). An analogous argument
holds for lim._, ., [{m(x)? — m(x0)?}/(x — xo)| also.

We have thus shown that there exists m {# (}o)( and coincides with 0 =
m1(xo). Therefore the formulaD, nf -() X ) =mi(x) holds for anyx € Q . Since
B € (1— p,1), bound (1.9) and (4.23) immediately imply that € C(2). Conse-
quently,m (¥ € C ).

Finally, the multi-dimensional case is an immediate consege of the case 1.

O
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