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M. Berger gave a curvature free upper bound for the first @gee in terms of
injectivity radius and dimension for a compact Riemanniaanifold admitting a fixed
point free, isometric involution [2]. P. Bérard and G. Baisq1] extended this result
to homogeneous and globally harmonic Riemannian manif@d<Croke [4] improved
Berger's estimate for the Dirichlet problem with a bound émnts of convexity radius
which gave as a corollary an upper bound for compact marsfdld this note we give
an estimate (Theorem 3) which is sharper than those meudtiabeve with the addi-
tional hypothesis of an upper curvature bound but withowbgl hypothesis on the
injectivity radius. Moreover, this estimate is sharp withuality holding only in the
case of spheres of constant curvature and gives bounds goehkeigenvalues if the
dimension is at least three. If the manifold is homeomorgbicertainn -dimensional
spherical space forms and the bounds on the injectivityusadnd sectional curvature
hold globally, then we can give an upper bound for the th eigelre (Theorem 4).

A sharp lower bound for the sum of the reciprocals of the fingee¢ eigenvalues
of §2 was made by Hersch [10] in terms of area alone. P. Yang and Sad [17]
generalized this estimate to compact surfaces in terms pfiggand area. Both of
these results give an upper bound for the first eigenvaluehwisi sharp in the case
of spheres. P. Li and S.-T. Yau [12] reproduced this estinbgteemploying a confor-
mal invariant, the conformal area. They were also able te gissharp estimate in the
case of the real projective plane and for the conformal ctdsthe square, flat torus
also only in terms of area. In higher dimensions their edtdsaequire ¥, g ) to be
conformally equivalent to an immersed, minimal submadifof the standard sphere of
dimensionm > n. Examples of H. Urakawa [15] and J. Dodziuk [5] show that for d
mension at least three, there does not exist an upper bountiddirst eigenvalue in
terms of volume alone. Other upper estimates Xgrinvolve either a lower bound on
curvature [3], [7], or hold only for surfaces [6], [9], [10]14]. See [11] for a survey
of eigenvalue bounds.

We will use the following notation. The metric ball of radiusat a pointq
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will be denotedB, { ). For Riemannian manifold/(g ), dendte|, = /g(v, v), by
de (-, -) the distance, ang, the Riemannian measure. T inner product and norm
with respect to this measure will be written -j, and || - ||2, respectively. Letr(r, ¢) =
Vol(Bz(g). £) — VOI(B,(q). 8), and 7(r. q) = [, ., Co$ {(m/2r) d (x. q)} dyie(x). In the
special case of the simply connected, -dimensional spage & constant curvature
Kk, we write o(k, r,n) = o(r, ") and, 7(x, r,n) = 7(r, -). The eigenvalues of the Lapla-
cian of a compact, Riemannian manifol#(g ) will be denoted Bo=< \; < A2 <

- < X\, < --- and corresponding eigenfunctiof®;};>o are chosen so as to form
an orthonormal basis of the Hilbert spagé(M, y,). For a pointx € S™ we denote
its antipode by—x.

Lemma 1. Let(M, g) be a smoothcompact connected Riemannian manifold of
dimensionn > 2. If for m > 1 there exists a continuous map: S — M such that
d, (¥(x), ¥(—x)) > 2r > 0 for all x € §™, then there existsx € $™ such that for

g =(x) and ¢’ = (—x),

7 _ 72 Vol(B(q). g) + Vol(B(q"). 8)

(1) )\m + r2 — r2 ’ T(r, q) + T(r, q/)

’

N
N

where 7(r, p) is defined above.

Proof. As in [2, 4], we use a test function that approximatasegenfunction
(with lowest non-zero eigenvalue) of the Laplacian on sebesf constant curvature.
For anyx € §" andk = 0, 1, denotey, =g x( ) =p((—1)x). Let F(t,r) =
cos(rz/(2r)) and consider the function ot

fe(y) = F(d(y, qo), ) xo — F (d(y, q1), r) xa,

where x; is the characteristic function oB, g{ ). Note that by constiwtt f_, =

— fe.

Except on a set of measure zero,

7T2 7T2
ldfelg (0) = 7 [1= FA(A(. g0). )] xo + 75 [1 = FH(A0, g1, )] xa.

Therefore,
2
Vs e < g [volCB a0 ) = [ P a0 )]
r{qo,
2
@ " Wl a.0) — [ P a0 )]
r{q1,
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In addition,

@3) /M g = / P00 i) + / P 0. i)

Now we will show the existence of a point € $” such that f, ¢;). = 0 for all
j=0,...,m—1. Define a mapHd S$" — R"™ by

H(x) = (ho(x), ha(x), ..., hm_l(x)) ,

whereh; ) :(fx, <pj)2. By constructionH {x) = —H(x). An easy corollary of the
Borsuk-Ulam theorem (see, for example [13]) gives that  nhaste the value zero
for some pointx € S§™. Hence,ho(x) = hi(x) = --- = h,_1(x) = 0. Since f, is
Lipschitz and has compact support the minimax principleliappand by (2) and (3),
we have (1).

In the case M, g ) is a standard sphere with constant curvatur@nd ¢ is the
identity map, the functiong, are eigenfunctions of the Lajala and equality is re-
alized in (1). O

RemaArRk. The Borsuk-Ulam theorem gives that if there exists a cowtirs, injec-
tive maph :M — R! then for any mapp: S' — M there exists a point € S’ such
that p(x) = ¢(—x). So Lemma 1 can be applied to estimatg for m <[ — 1 at the
very most. In particular, a theorem of Whitney[16] showst tha< 2n — 1.

Lemma 2. Let M be a smoothcompact manifold. It): " — M is continuous
and has the property that(x) 7 (—x) for all x € §™, then for any Riemannian
metric g on M, and anyr > 0 with 2r < inj(g) there exists a map): " — M
homotopic toy such thatd, ((x), ¥(—x)) > 2r for all x € S™.

Proof. If d, @(x), ¢¥(—x)) > 2r then definew X,t ) =y(x) for all + € [0, 1].
Otherwise, there exists a unique, normal, minimal geodesig—r,r] — M, ands €
(O, r), with ~(£s) = t(£x). Let W(x,t) = v((1 — t)s +¢r). The continuity of bothy
and the exponential map ensure thiat  is continuous. We hateltlx, 0) = ¢(x)
and that d ¢ £, L)W €x, 1)) > 2r for all x € §". ]

Now we apply the lemmas to give an upper bound for small eigiei@s in terms
of volume, injectivity radius and an upper bound for sectiocurvature.
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Theorem 3. Let (M, g) be a smoothcompact connected Riemannian manifold
of dimensionn . Fixpp € M and for pg > inj(po) let A be the closed ball with centre
po and radiuspg. Let k and p be respectively the maximum of the sectional curvature
and the minimum of the injectivity radius oh .0f< 2r < p then

2
m Vol(M, g)
M1t s < im0
1T g2 =T 8r27(k, r, n)
with equality if and only ifx > 0, 2r =x/\/k and (M, g) is isometric to the sphere
of constant curvatures.

Proof. As 2 < inj(pog), the mapv — exppo(rv) restricted to the unit tangent
sphere atpg has the property that images of anti-podal pairs are a dist@n apart.
Applying Lemma 1 vyields a pair of pointg ¢’ such that (1) applies fot = — 1.
Next observe that

(4) Vol(B,(g), g) + Vol(B.(¢"), g) < Vol(M, g)
and furthermore that
(5) 7(r,q) > 7(k,r,n) and 7(r, ¢') > 7(k, r, n),

by comparison of the volume form as expressed in normal doates atg and;’
(see, for example, the proof of the Bishop-Gunther comparieorem in [8]). The
desired upper bound follows from (4) and (5).

If equality holds for 0 < r < p, we must have equality in (4) and (5). The
former gives thatM is homeomorphic t§ as follows. The Betq U B.(¢’) is
of full measure inM . Forr < p/2, exp, is injective onBs, 2(¢), and similarly for
q'. Hence the map) = equ‘,loequ restricted to{fv € T,M | ||v||, = r} is injec-
tive. It is also onto{w € T/M | |w||; = r} since ifw € T, M, with |w|, = r,
Bc(exp, (1 +2:)w) N B,(q) # O, for all ¢ > 0 sufficiently small. Thus there exists a
sequence{p;} C B.(¢q) with p; — exp, w. Therefore there exists € T,M with
¥(v) = w and |jv||; = r. It quickly follows that M is homeomorphic t¢” . From
equality in (5), we have that the volume form expressed inmabrcoordinates ay
and ¢’ is, up to distance- , equal to that of the metric ball of radius the space
form with constant curvature. Since K, < «, by a standard argument, we have that
K, =k on B, (g)UB,(q’), so this holds on all o/ and sinc® is homeomorphic to
S" we must have that > 0 and (M, g ) is isomorphic t&8” with constant curvature
K. O

In the case thatM is homeomorphic to a sphere or has the spheneigersal
cover such that the covering map is injective on anti-podatsp the following esti-
mate on), holds.
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Theorem 4. Let (M, g) be a smoothRiemannian manifold of dimension> 2
with injectivity radiusinj(g) > 2r > 0 and sectional curvature bounded above by
If M is homeomorphic taS"/G where G is a discrete group of diffeomorphisms that
acts properly and freely or§” such that no orbit 6f  contains ami-podal pair,
then

72 L,Vol(M, g) — o(k, r, n)

Mt gz

.|>

4r27 (s, 1, n)

Equality is realized in the case of standard spheres of eoristurvature.

Proof. The quotient map': " — §"/G is continuous and)(x) # ¥(—x) for all
x € §". By Lemma 2 there exists a map: " — M such that d {(x), y(—x) > 2r
for all x € §". Apply Lemma 1 and, as in Theorem 3, a comparison argumenhen t
volume form in normal coordinates gives V(g —)Vol(B.(q), g) > Vol(B2.(q), g) —
Vol(B,(g), g) > o(k, r,n). Also, 7(r, q) > 7(x, r,n) and both these estimates hold at
q' as well. It is easy to check that equality holds for spheresmfstant curvature.
]

With global bounds on sectional curvature and injectiviadius, and a set of
points whose pairwise distances are at least inj(g) (fompta if diamg )> kinj(g)),
we can improve Theorem 3 as follows.

Proposition 5. If (M", g) is compact with sectional curvature bounded above by
x, and we can find pointsy, ..., xx with d,(x;, x;) > 2r for all i # j for some
0<r <inj(g)/2, then

2 2
Ay + T < \Vol(M, g)
42 = 8k r2r(k, r,n)’

Proof. For each point; , by the proof of Lemma 1 we can findc 7., M with
lv;l¢ = r and the following property. Iff; X ) =F (4 p; .y N; — F(A(y. 4;). 7N,
then (fi, p;)2=0for j =0, ...,n — 2. Here,p; = exp, ¢ )g; = exp ~v;) and x;,
X, are the characteristic functions & p{, B, q;( ), respectivelytdNthat (f;, f; » =
Oforalli #j.Let f=fi+---+fi. We have that;, f)o=0foralli =0,...,n—2.
Then,

k
/M ldf5dpg < 77_221: [Vol(B,(pi), g) + Vol(B{q) , § — 27(~, r, n)]
k 2
< A 2VOI(M g) — 7'(/@ r, n).

Also, [,, f2du, = Zl;:l | £ill3 > 2k7(x, r,n), and the conclusion follows by the mini-
max principle. U
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