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1. Introduction and result

Let G be a reductive complex algebraic group aAd a comglex -module. We
consider algebrai@&G -vector bundles over . An algebi@ic -vector buAdle Pver
is an algebraic vector bundle E — P together with aG -action such that the pro-
jection p is G -equivariant and the action on the fibers is linear. We assumeGthat  is
non-abelian since every -vector bundle over is isomorphic to a triial -bundle
P x Q — P for a G-moduleQ whenG is abelian by Masuda-Moser-Petrie [12].
We denote by VEgG R, Q ) the set of equivariant isomorphism classes of algeBraic -
vector bundles oveP whose fiber over the origin isfa -modaile . The isomorphism
class of aG -vector bundl& is denoted iy [ ]. The set VEE, @ ) is a pointed set
with a distinguished classQ] where Q is the trivial G -bundleP x Q, and can be
non-trivial when the dimension of the algebraic quotient sSpA¢eG is greater than
0 ([15], [2], [13], [11]). In fact, Schwarz ([15], cf. Kraft-Schwarz [5]) showed that
VEC; (P, Q) is isomorphic to an additive group” for a nonnegative integep  deter-
mined by P andQ when di®//G = 1. When dimP//G > 2, VECs (P, Q) is not
necessarily finite-dimensional. In fact, VECP ¢ C", Q)  (Cl[y1, - -+ , yu])? for a G-
module P with one-dimensional quotient [9]. Furthermore, Mederer [14] showed that
VEC; (P, Q) can contain a space of uncountably-infinite dimension. He considered the
case whereG is a dihedral group,, 7%/2Z x Z/mZ and P is a two-dimensional
G-module V,,, on whichZ/mZ acts with weightsp and-p and the generator of
Z/2Z acts by interchanging the weight spaces. Mederer showed that, YEC V1)
is isomorphic toQ?% which is the universal Bhler differential module ofC over Q.
In this article, we show that under some conditions there exists a surjection from
VEC: (P, Q) to VECp,(V1, V1) = QL. It is induced by taking & -fixed point st
for [E] € VECs(P, Q) where H is a reductive subgroup 6f  (cf. Proposition 2.3).
In particular, we obtain the first example of a moduli space of uncountably-infinite di-
mension for a connected group.
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Theorem 1.1. Let G = SL3 and letsl; be the Lie algebra with adjoint action.
Then for anyG -modul& , there exists a surjection froCg (sl3 6 R, slz) onto sz}c.
HenceVEC (sl3 & R, sl3) contains an uncountably-infinite dimensional space.

At present,G -vector bundles ovét  are not yet classified for gengral -modules
P with dimP//G > 2 (cf. [10]). Theorem 1.1 suggests that the moduli space
VEC; (P, Q) is huge when din?//G > 2.

| am thankful to M. Miyanishi for his help and encouragement. | thank the refer-
ees for giving advices to the previous version of this paper.

2. Proof of Theorem 1.1

Let G be a reductive algebraic group and Rt af/d e -modulessket
P — P//G be the algebraic quotient map. By Luna’s slice theorem [6], there is
a finite stratification ofP//G = U;V; into locally closed subvarietie¥; such that
wp\ﬂ;l(vl_) : w;l(Vi) — V; is a G -fiber bundle (in thettale topology) and the isotropy
groups of closed orbits iﬁr;l(V,-) are all conjugate to a fixed reductive subgratp
The unigue open dense stratum Bf/G, which we denote by , is called the princi-
pal stratum and the corresponding isotropy group, which we denotd by , is called a
principal isotropy group. We denote by VECP(Q o the subset of VEE ¥, QO ) con-
sisting of elements which are trivial ovefr;l(U) and w;l(V) for V.= P//G - U.
When dimP//G = 1, it is known that VEG P, Q0 ) = VEG P, QO ¢ ([15], [5]). We
assume that the dimension 8f P7//G is greater than 1 and the ideal &f is prin-
cipal. We denote by)(P) the C-algebra of regular functions o  and G)(P)¢ the
subalgebra ofG -invariants aP(P). Let f be a polynomial inO(Y) = O(P)¢ such
that the ideal { ) definey

Lemma 2.1. Let [E] € VEC;(P, Q). ThenE s trivial overp, := {x € P |
h(x) # 0} whereh is a polynomial irO(Y) such thath — 1 € (f).

Proof. SinceE| -, is, by the assumption, isomorphic to a trivial bundle, it
P
follows from the Equivariant Nakayama Lemma [1] that the trivializatibnrfl(v) —
P

wgl(v) x Q extends to a trivialization over & -stable open neighborh@bcbf
7>X(V). Let V be the complement of/ in P. SinceV is a G -invariant closed set,
mp(V) is closed iny [4]. Note tha¥ Nmp(V) = 0 sincen, (V)NV = 0. Leta C O(Y)
be the ideal which definesy(V). Then () +a > 1 sinceV N7p(V) = 0. Hence there
exists ank € a such thath — 1 € (f). Since P, C U, E is trivial over P, . O

We define an affine schemé= SpecA by

A = {h1/halh1, ha € OY), hy — 1 € (f)}.
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SetY; := Yy xy Y, P := Y xy P and P; := Y; xy P. The group of morphisms
from P to M = GL(Q) is denoted by Morf, M ) oM K ). The group  acts on
M by conjugation and oM K ) byg)(x) = g - (u(g~tx)) for g € G, x € P, p €
M(P). The group ofG -invariants oM K ) is denoted by Mév,(M ©) o P(C ) . Let
[E] € VECg (P, Q). Then by definition of VEG P, Q 9, E has a trivialization over
7r,§1(U) = P;. By Lemma 2.1,E has a trivialization also over an open neighborhood
of wgl(\/), i.e., P, for someh € O(Y) with h — 1 € (f). Hence,E is isomorphic to a
G-vector bundle obtained by glueing two trivial -vector bundRsx Q0 and P, x Q
over Py, . Note that the transition function & is an elementfP,(¢ Q) M(P;)C.
Conversely, ifp € M(P;)C is given, thenp € M(P;,)¢ for someh € O(Y) with
h—1¢€ (f) and we obtain aG -vector bundl&[ € VECs (P, Q)o by glueing together
trivial bundles Py x Q and P, x Q by ¢. Since [E] is determined by the transition
function ¢ € M(P;,)¢ up to automorphisms of trivia; -bundleB, x Q and P, x Q,
we have a bijection to a double coset (cf. [8, 3.4])

VECG(P, Q)0 = M(P;)°\M(P;)° /M(P)°.

The inclusion P# < P induces an isomorphisn®” //N(H) = P//G where
N(H) is the normalizer ofH inG . The stratification aP //G coincides with the
one induced byP? //N(H) [7]. SetW =N (H )/H. When we conside’’ as & -
module, we denote it by . Lel := GIX ) . By an observation similar to the case
of VECs (P, Q)o, We have

VECw (P, 0)o = L(B;)V\L(B/)" /L(B)".

Let 3 : M(P)° — L(B)Y be the restriction map. We saf has generically closed
orbits if 77;1(5) for any ¢ € Y, consists of a closed orbit, i.ea;l(g) =~ G/H. When
P has generically closed orbit®; GP/ . Hense P;(° ) =MOR/, @L(°}
L(By)Y, i.e. 3 is an isomorphism over,

Let [E] € VECs(P, Q). The H -fixed point seE” is equipped with & -vector
bundle structure oveB . The fiber &t  over the origin is¥a  -modglé . Hence
there is a map

ri 1 VECG(P, Q) 3 [E] = [E"] € VECy (B, 0").
Note thatry factors through VEGu) (P, Q) since the restricted bundleE[,+] €
VECyw)(P#, Q) splits to a Whitney sum of triviaH -bundles [3] and |(-»)" = EX.
Note also thaty maps VEEP( Q o )Xo VECy (B, 0 ).

Lemma 2.2. Suppose tha has generically closed orbits. Then

ru - VECg (P, Q)o — VECy (B, Q%)
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is surjective.

Proof. By the above statement, it is sufficient to show that the restriction map
res : VECG(P, Q) 2 [E] — [E|pn] € VECyu) (P, Q) is surjective. Note that the
map res coincides with the map on double cosets induced by (P)¢ — L(B)Y;

M(P;)°\M(P;)° /M(P)° — L(B;)"\L(B/)" /L(B)".

Let [E] € VECymny (P, Q)o and letp € L(B,)Y, whereh € O(Y) such thath —1 €
(f). be the transition function correspondingo . Sirités an isomorphism oveY,
¢ € L(Bs)" extends tog?e M(P;)¢. The G -vector bundleE obtained by glueing
trivial bundles overP, andp, byﬁ is mapped toE byes . O

RemaRk. It seems that the restrictiory : VECP(Q - VECyw (B, 0f) is not
necessarily surjective, though the author does not know any counterexamples. Every
G-vector bundle over & -module is locally trivial [3], however, it seems difficult that
a set of transition functions of & -vector bundle ov&r  with filge¥ extends to a
set of transition functions of somé -vector bundle over with figer ; some condi-
tions seem to be needed so that the restrictiorX ¢(—) L(X®)¥ is surjective for a
G-stable open seX of such that¢ 7r,§1(U) (cf. [17, 11,11)).

For any reductive subgroug @ , we can construct a map similarly;
rk : VECG (P, Q) 3 [E] ~— [E¥] € VECy, (P*, Q%)

where Wy =N K YK. Assume thatWx contains a subgroup isomorphichg and
that PX andQX containV; as Ds-modules, say, aPs-modulesPX =V; @ P’ and
0% = vy, @ Q' for D3-modulesP’ and Q'. Restricting the grougVx  tds, we have
a map

(1) VECy, (PX, 0%) — VECp,(Vi® P/, V1 & Q).

Furthermore, the natural inclusioy, — V3 @ P’ induces a surjection

) VECp,(V1® P, V1 ® Q') — VECp,(V1, V1 ® Q).

By taking a composite of the mapsr , (1) and (2), we obtain a ndgp
VECg (P, Q) — VECp,(V1, Vi@ Q'). By Mederer [14], VEG,(V1, Vi Q') = QL /Sy
where Sy is a subspace of2l, but unfortunately,Sy is not known so far except

when Q' = {0}. When Q' = {0}, i.e. 0¥ > V; as aDs;-module, we have a map

@k : VECG (P, Q) — VECp,(V1, V1) = QL.
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In the case wher&k #H and H(/N = Ds, the map®dy constructed as above can
be surjective.

Proposition 2.3. Let H be a principal isotropy group oP and I (H)/H =
D3. Suppose thaP has generically closed orbits PIf contdiisas a D3-module
and 0 ~ v; as a Dz-module, then the map

®y : VECG(P, Q) — QF

is surjective.

Proof. The assertion follows from Lemma 2.2 and the fact that MG, V1)o =
VECp,(V1, V1) = QL [14]. O

The condition on the fiberQ in Proposition 2.3 is rather strict. However, by
Proposition 2.3, we obtain the first example of a moduli space of uncountably-infinite
dimension for a connected group

Proof of Theorem 1.1. LetG L3 and letslz be the Lie algebra with adjoint
action. A principal isotropy group ofls is a maximal torusl” = (C*)? andsls” is the
Lie algebrat of T. N(T')/T is the Weyl group which is isomorphic to the symmetric
group S3 = D3 and sl3’ =t =~ Vv, as aDs-module. The algebraic quotient space is
sl3//G = t//S3 = A2 The complement of the principal stratum éifs//G =~ A? is
defined byy? — x3 = 0. The general fiber of the quotient map — sl3//G is iso-
morphic toG/T andsl; has generically closed orbits. Applying Proposition 2.3 to the
case whereP =l and Q =sl3, we obtain a surjection VEE sk, sl3) — Q}C. Since
there is a surjection VEEsi & R, sl3) — VECg(sls, sl3) induced by the inclusion
sl3 — slz3 @ R for any G -moduleR , Theorem 1.1 follows. O
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