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CHARACTERIZATION OF DOMAINS IN C*" BY THEIR
NONCOMPACT AUTOMORPHISM GROUPS

DO DUC THAI anp NINH VAN THU

Abstract. In this paper, the characterization of domains in C" by their non-
compact automorphism groups are given.

81. Introduction

Let Q be a domain, i.e. connected open subset, in a complex manifold
M. Let the automorphism group of Q (denoted Aut(€2)) be the collection
of biholomorphic self-maps of ) with composition of mappings as its bi-
nary operation. The topology on Aut(2) is that of uniform convergence on
compact sets (i.e., the compact-open topology).

One of the important problems in several complex variables is to study
the interplay between the geometry of a domain and the structure of its
automorphism group. More precisely, we wish to see to what extent a
domain is determined by its automorphism group.

It is a standard and classical result of H. Cartan that if ) is a bounded
domain in C™ and the automorphism group of 2 is noncompact then there
exist a point x € Q, a point p € 02, and automorphisms ¢; € Aut(Q)
such that ¢j(x) — p. In this circumstance we call p a boundary orbit
accumulation point.

Works in the past twenty years has suggested that the local geometry
of the so-called “boundary orbit accumulation point” p in turn gives global
information about the characterization of model of the domain. We refer
readers to the recent survey [13] and the references therein for the develop-
ment in related subjects. For instance, B. Wong and J. P. Rosay (see [18],
[19]) proved the following theorem.
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WONG-ROSAY THEOREM. Any bounded domain Q € C" with a C?
strongly pseudoconvex boundary orbit accumulation point is biholomorphic
to the unit ball in C".

By using the scaling technique, introduced by S. Pinchuk [16], E. Bed-
ford and S. Pinchuk [2] proved the theorem about the characterization of
the complex ellipsoids.

BEDFORD-PINCHUK THEOREM. Let @ C C"" be a bounded pseudo-
convex domain of finite type whose boundary is smooth of class C*°, and
suppose that the Levi form has rank at least n — 1 at each point of the
boundary. If Aut(Q) is noncompact, then Q is biholomorphically equivalent
to the domain

En = {(UJ,Zl, s 7zn) € (Cn+1 : |w|2 + |z1|2m + |22|2 et |ZTL|2 < 1}’
for some integer m > 1.

We would like to emphasize here that the assumption on boundedness
of domains in the above-mentioned theorem is essential in their proofs. It
seems to us that some key techniques in their proofs could not use for un-
bounded domains in C™. Thus, there is a natural question that whether
the Bedford-Pinchuk theorem is true for any domain in C". In 1994,
F. Berteloot [6] gave a partial answer to this question in dimension 2.

BERTELOOT THEOREM. Let Q be a domain in C? and let & € OS.
Assume that there exists a sequence (pp) in Aut(2) and a point a € Q such
that lim pp(a) = &. If O is pseudoconvex and of finite type near & then §2
is biholomorphically equivalent to {(w,z) € C?>: Rew+ H(z,z) < 0}, where
H is a homogeneous subharmonic polynomial on C with degree 2m.

The main aim in this paper is to show that the above theorems of
Bedford-Pinchuk and Berteloot hold for domains (not necessary bounded)
in C™. Namely, we prove the following.

THEOREM 1.1.  Let Q be a domain in C™ and let &y € 0. Assume that

(a) 08 is pseudoconvex, of finite type and smooth of class C* in some
neighbourhood of & € ON).

(b) The Levi form has rank at least n — 2 at .
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(c) There exists a sequence (pp) in Aut(Q) such that lim pp(a) = & for
some a € 2.

Then § is biholomorphically equivalent to a domain of the form

n—1
My = {(’wh...,wn) € C": Rew, + H(wy,w;) _|_Z ‘wa‘2 < 0}7

a=2

where H is a homogeneous subharmonic polynomial with AH # 0.

NOTATIONS.

o H(w,) is the set of holomorphic mappings from w to 2.

e fpisu.c.c on w means that the sequence (fp), fp € H(w, ), uniformly
converges on compact subsets of w.

e Py, is the space of real valued polynomials on C with degree less than
2m and which do not contain any harmonic terms.

o Hy,, = {H € Py, such that deg H = 2m and H is homogeneous and
subharmonic}.

e Mg ={2€ C": Rezy + Q(21) + |22|* + -+ + |zn—1]> < 0} where
Q € ’-]D2m-
e (1 ~ Q9 means that Q7 and 29 are biholomorphic equivalent.

The paper is organized as follows. In Section 2, we review some basic notions
needed later. In Section 3, we discribe the construction of polydiscs around
points near the boundary of a domain, and give some of their properties. In
particular, we use the Scaling method to show that €2 is biholomorphic to
a model Mp with P € Py,,. In Section 4, we end the proof of our theorem
by using the Berteloot’s method.

Acknowledgement. We would like to thank Professor Francois
Berteloot for his precious discusions on this material. Especially, we would
like to express our gratitude to the refree. His/her valuable comments on
the first version of this paper led to significant improvements.

§2. Definitions and results

First of all, we recall the following definition (see [12]).
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DEFINITION 2.1. Let {£2;}5°; be a sequence of open sets in a complex
manifold M and y be an open set of M. The sequence {€;}3°, is said to
converge to g, written lim ©; = Qg iff

(i) For any compact set K C €, there is a ig = ig(K) such that ¢ > ig
implies K C €;, and

(ii) If K is a compact set which is contained in €; for all sufficiently large
i, then K C €.

The following proposition is the generalization of the theorem of H. Car-
tan (see [12], [17] for more generalizations of this theorem).

PROPOSITION 2.1.  Let {A;}5°, and {€Q;}32, be sequences of domains
mn a complex manifold M with lim A; = Ay and limQ; = Qy for some
(uniquely determined) domains Ay, Qo in M. Suppose that {f; : A; — Q;}
is a sequence of biholomorphic maps. Suppose also that the sequence {f; :
A; — M} converges uniformly on compact subsets of Ay to a holomorphic
map F : Ay — M and the sequence {g; := fi_1 : Q; — M} converges
uniformly on compact subsets of Qy to a holomorphic map G : Qy — M.
Then one of the following two assertions holds.

(i) The sequence {f;} is compactly divergent, i.e., for each compact set
K C Qg and each compact set L C Qy, there exists an integer ig such
that f;(K)NL =10 fori>1ig, or

(ii) There exists a subsequence {f;;} C {fi} such that the sequence {f;,}
converges uniformly on compact subsets of Ag to a biholomorphic map
F: AO — Qo.

Proof. Assume that the sequence {f;} is not divergent. Then F' maps
some point p of Ay into y. We will show that F' is a biholomorphism of
Ap onto Q. Let ¢ = F(p). Then

Glg) = G(F(p)) = lim g;(F(p)) = lim g:(fi(p)) = p-

Take a neighbourhood V' of p in Ay such that F(V) C Q. But then
uniform convergence allows us to conclude that, for all z € V', it holds that
G(F(2)) = lim;o gi(fi(2)) = 2. Hence Fjy is injective. By the Osgood’s
theorem, the mapping Fjy : V' — F(V') is biholomorphic.

Consider the holomorphic functions J; : A; — C and J : Ay — C given
by Ji(z) = det((df;).) and J(z) = det((dF');). Then J(z) # 0 (z € V) and,
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for each ¢ = 1,2, ..., the function J; is non-vanishing on A;. Moreover, the
sequence {J;}5°, converges uniformly on compact subsets of Ag to J. By
Hurwitz’s theorem, it follows that J never vanishes. This implies that the
mapping F : Ag — M is open and any z € Ay is isolated in F~1(F(z)).
According to Proposition 5 in [15], we have F(Ag) C Q.

Of course this entire argument may be repeated to see that G(£29) C Ao.
But then uniform convergence allows us to conclude that, for all z € Ay, it
holds that G o F(z) = lim; . gi(fi(2)) = z and likewise for all w € Q it
holds that F'o G(w) = lim; .~ fi(gi(w)) = w.

This proves that F' and G are each one-to-one and onto, hence in par-
ticular that F' is a biholomorphic mapping. 0

Next, by Proposition 2.1 in [6], we have the following.

PROPOSITION 2.2. Let M be a domain in a compler manifold X of
dimension n and & € OM . Assume that OM is pseudoconvex and of finite
type near &g.

(a) Let Q be a domain in a complex manifold Y of dimension m. Then
every sequence {¢,} C Hol(2, M) converges unifomly on compact sub-
sets of Q to & if and only if lim ¢y, (a) = & for some a € Q.

(b) Assume, moreover, that there exists a sequence {pp} C Aut(M) such
that lim ¢y, (a) = & for some a € M. Then M is taut.

Proof. Since OM is pseudoconvex and of finite type near & € OM,
there exists a local peak plurisubharmonic function at &y (see [9]). Moreover,
since OM is smooth and pseudoconvex near £y, there exists a small ball B
centered at &y such that B N M is hyperconvex and therefore is taut. The
theorem is deduced from Proposition 2.1 in [6]. [

Remark 2.1. By Proposition 2.2 and by the hypothesis of Theorem
1.1, for each compact subset K C M and each neighbourhood U of &,
there exists an integer py such that ¢,(K) C M NU for every p > py.

Remark 2.2. By Proposition 2.2 and by the hypothesis of Theorem 1.1,
M is taut.

The following lemma is a slightly modification of Lemma 2.3 in [6].
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LEMMA 2.3. Let 0o be a subharmonic function of class C? on C such
that 05c(0) = 0 and [ 000s = +o0. Let (o) be a sequence of subhar-
monic functions on C which converges uniformly on compact subsets of C to
Ooo- Let w be any domain in a complex manifold of dimension m (m > 1)
and let zg be fized in w. Denote by My the domain in C" defined by

M, = {(zl,zg,. .. ,Zn) ceC":Imz ‘|‘O'k(22) + |23|2 +---+ |Zn|2 < 0}

Then any sequence hy € Hol(w, My) such that {hi(z0),k > 0} € My
admits some subsequence which converges uniformly on compact subsets of
w to some element of Hol(w, My,).

83. Estimates of Kobayashi metric of the domains in C"

In this section we use the Catlin’s argument in [8] to study special
coordinates and polydiscs. After that, we improve Berteloot’s technique
in [7] to construct a dilation sequence, estimate the Kobayashi metric and
prove the normality of a family of holomorphic mappings.

3.1. Special coordinates and polydiscs

Let ©2 be a domain in C". Suppose that 9€) is pseudoconvex, finite type
and is smooth of class C'* near a boundary point & € 02 and suppose that
the Levi form has rank at least n — 2 at &. We may assume that £y = 0 and
the rank of Levi form at &y is exactly n — 2. Let r be a smooth definning
function for €2. Note that the type m at &y is an even integer in this case.
We also assume that 887’;(2) # 0 for all z in a small neighborhood U about
&o. After a linear change of coordinates, we can find cooordinate functions
Z1,...,2n defined on U such that

(3.1)
0 0 0
L,=—,Li=—+bj—, Lir=0, b; =0,5=1,...,n—1,
Oz J 82]' + ]azn ' ](50) J n

which form a basis of CT(1:9(U) and satisfy
(3.2) dor(q)(Li, Lj) = 6;j, 2<i,j<n-—1,

where 6;; = 1 if ¢ = j and §;; = 0 otherwise.

We want to show that about each point 2’ = (2/1,...,2/,,) in U, there is
a polydisc of maximal size on which the function r(z) changes by no more
than some prescribed small number §. First, we construct the coodinates
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about 2’ introduced by S. Cho (see also in [9]). These coodinates will be
used to define the polydisc.

Let us take the coordinate functions zi,...,z, about £ so that (3.2)
holds. Therefore |L,r(z)| > ¢ > 0 for all z € U, and 90r(2)(Li, L;)a<i j<n—1
has (n — 2)-positive eigenvalues in U where

0
L,=—, and
n azna
0 or\—1or(z) 9
J:—_(—> ( )—7 ]:17 7n_1
0z 0zp, 0zj Oz
For each 2’ € U, define new coordinate functions uq,...,u, defined by
z = p1(u)
n—1
or \—10r(z)
_ ,
zn—zn+un—2[(@—zn) 8zj Uy,
7=1
2j :z’j+uj, j=1....n—1.
Then L; can be written as L; = % + b’j%, 7=1,...,n—1, where
2 !
Vi(#) = 0. In uy,...,u, coordinates, A = (gu:g%3)2<ij<n_l is an her-
mitian matrix and there is a unitary matrix P = (Pij)2 <ij<n-1 such that

P*AP = D, where D is a diagonal matrix whose entries are positive eigen-
values of A.
Define u = po(v) by

U] = v, Up = Up, and

n—1
szzpjkvk, j:2,...,n—1.
k=2

Then gi:gi_/j) = N\idij, 2 < i,j < n—1, where A\; > 0 is an i-th entry of D (we

may assume that \; > ¢ > 0in U for all 7). Next we define v = ¢3(w) by

vl = Wi, Up = Wy, and

Uj:)\j'w]', j:2,...,n—1.
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2 /
Then 2 :(Z ) — dij, 2<i,j <n—1and r(w) can be written as

Ow; 0w ;
(3.3)
e
r(w) = r(2) +Rewn+z Z Re a wl —|—b°‘w1 W, +R€Z%w
a=21<j<D
+ Z aj, kwlwl + Z lwa|? + Z Z Re(b kw{w’fwa)
2<j+k<m a=2 j4+k<

]k>0
+ O(Jwn|[w] + [w* Plw] + [w? [Pl |2+ 4 fwr 1),

where w* = (0,ws,...,w,_1,0). It is standard to perform the change of
coordinates w = p4(t)

2 9kr(0

Wy =ty — = a(k)t’f

2<k<m wi

-1
2 81{:-‘1—
Z k fat} — Z tos
(k4 1)! Ow, 8 8w2
a=2 kg%

wj=t;, j=1,...,n—1,

which serves to remove the pure terms from (3.3), i.e., it removes w’f, w’f ,
w? terms as well as wiw,, Ww, terms from the summation in (3.3).

We may also perform a change of coordinates t = 5(() defined by

tl = <17 tn = Cna

ta = C Z 1 8k+1()( a=2 n—1
a — Sa — k 1> = Ly -
(G DY 1.0

to remove terms of the form u’;{wa from the summation in (3.3) and hence
r(¢) has the desired expression as in (3.4) in {-coordinates.

Thus, we obtain the following Proposition (see also in [10, Prop. 2.2,
p. 806]).

PROPOSITION 3.1. (S. Cho) For each z' € U and positive even integer
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m, there is a biholomorphism ®, : C"* — C", z = <I>Z_,1(C1, ...,Cpn) such that

r(@Q)) =r(z)+ ReGu+ > aju(z)CICE
J+k<m
3, k>0

n—1 n—1
(3.4) +3 1l + Y Re << > bﬁ(Z’)Cfo) <a>
a=2 a=2 k<G
j,k>0

+O(IGIC] + ICPIC + 1S PG 2T + |G ™),
where <* = (07C2) cee 7Cn—1)0)'

Remark 3.1. The coordinate changes as above are unique and hence
the map @,/ is defined uniquely.

We now show how to define the polydisc around z’. Set

A() = max{la;p()], j+ k =1} (2<1<m),

3.5
(35) By(2') = max{[b} ()], j +k=1,2<a<n-1} (2 <UL %)

For each 0 > 0, we define 7(2’, ) as follows
(3.6)
m

7(2',0) = min{(a/Al(z'))l/l, (62/By(Z)"" 2<i<m, 2<1' < 5}.

Since the type of 9 at & equals m and the Levi form has rank at least
n—2 at &, An(&) # 0. Hence if U is sufficiently small, then |A,,(2")| >
c¢> 0 for all 2/ € U. This gives the inequality

(3.7) 62 <r(2,8) <YM (2 eU).

The definition of 7(2’,d) easily implies that if 6’ < ¢”, then

(3.8) (&' /6" 27 (6" < 7(2,8) < (87 )62, 6").
Now set 71(2,0) = 7(2/,0) = 7, (/,8) = --- = 1_1(<,0) = 62,
Tn(2',9) = 0 and define
(3.9 R(Z,0)={CeC”: |G| <m(¢,0),k=1,...,n}
and

(3.10) Q(z',8) = {2,'(¢) : ¢ € R(<', )}
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In the sequal we denote Dl any partial derivative operator of the form

8(“8§V’Where“+’/—l k:—l 2,.

In order to prove the homogeneous property of Q(z’,0) we need two
lemmas.

LEMMA 3.2. ([10, Prop. 2.3, p. 807]) Let 2’ be an arbitrary point in U.
Then the function p(¢) = r(®.,(C)) satisfies

p(C) = p(O)[ S 6
S

(3.11) . L
|DLDip(Q)] S 6m1 (2, 8) (2, 6) ",

for ¢ € R(#,0) andl—{—%m <m,i=0,1;k=2,...,n—1.
LEMMA 3.3. ([10, Cor. 2.8, p. 812]) Suppose that z € Q(z',6). Then
(3.12) 7(2,0) = 7(2,6).

We now apply Lemma 3.3 to the question of how the polydiscs Q(z/, )
and Q(2",0) are related. Let <I>Z_/l be the map associated with 2’ as in
Proposition 3.1. Define ¢’ by 2" = <I>_ ((”) Applying Proposition 3.1 at
the point " with r replaced by p = ro<I> Z, , we obtain a map <I><,, Cr—Cn
defined by <I><,, = (1 0 P2 0 Y3 0 Y4 © 5 Where
z = ¢1(u) defined by

n—1
Zn = C”n + uy,y + Z bjUj,
j=1
:(”j—l—uj, j:l,...,n—l,
u = ¢y(v) defined by

up = v1, Uy, = Un, and

wj =Y Pjvg, j=2,...,n—1,

v = p3(w) defined by

vj:)\jwj, j:2,...,n—1,
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w = @4(t) defined by

W =ty + Y dkt’“rz > danta t1+an

2<k<m a= 21<k<m

wj:tj, j:].,...,n—l,
and t = @5(§) defined by

tl :gl) tn :gn,
ta =&+ Z ea,kﬁlf, a=2,...,n—1.

1<k

P@HE) = p(C") + Re&n+ Y ajn(¢")ElEL
gy

n—1 n—1
+Z|5a|2+2Re<< > b5 5]&)@)
a=2 a=2 ]+k<m
j,k:>0

O(I€nll€] + 1€721€] + €72 1&1] 2 1 + & [™ ).

Since the composition <I>Z_,1 o <I>E,,1 gives a map of the same form as @Z_,,l,
where <I>Z_,,1 is obtained by applying Proposition 3.1 to the function r and
2", we conclude from the uniqueness statement in Proposition 3.1 that

(313) @Z_//l = @ / o ¢<// .
In order to study Q(z”,d) we must therefore examine the map @C_,,l

LEMMA 3.4. Suppose that 2" € Q(z',8). Then

|b]| 5 57—]'(*2/75)_1’ |COé| 5 57—0&(2,’5)_2’ |dk| 5 57—1(2,’5)_k’

(3'14) ! l 1 l
ldo k| S 0711(2',8) " 10(2/,0) 7, |eas] S om(2',0)” To(Z,0)71,

for1<j<n—-1,1<k<m,2<a<n—-1,1<l<m/2.
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Proof. From the proof of Proposition 3.1, we see that

- _(@)‘18;)(0')
! (1 oG

o Pp(0)
(6% 84’62! )
2 9*p(0)
dk = 7 5
k! 8w’f
=2 9" 1p(0)
’ (14 1)! dwa 0wt
e =L 8" 1p(0)

I+ 1) ot.0t,

for1<j<n—-1,1<k<m2<a<s<n—-11<I1<m/2. By Lemma
3.2 and the definition of the biholomorphism @C_/,l we conclude that (3.14)
holds. []

PROPOSITION 3.5. There exists a constant C such that if 2" € Q(2',9),
then

(3.15) Q(2",6) Cc Q(¥,Co)
and
(3.16) Q(2',9) Cc Q(",C0).

Proof. Define S(2”,0) = {<I><_,,1(£) : &€ R(2",0)}. Tt easy to see that
Q(z",8) = ' 0 S(z”,8). Thus, in order to prove (3.15) it suffices to show
that
(3.17) S(2",8) C R(#,C9).

Indeed, for each £ € R(2",4), set t = ¢5(£). By Lemma 3.3 and Lemma
3.4, we have

[ti] = |&] < i (2",6) S (7, 9),
|tn| = |£n| < Tn(zﬂ,CS) = Tn(zlaé) =0,
n—1
ltal < Lol + D learllér] S 7alz",8) + 0m1(2, 6) Fra(2),6) ' 7u (2, 6)F

k=2
S7a(2,0), 2<a<<n-1
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We also set w = @4(t). By Lemma 3.4, we have

[wn| < [tn \+Zldk\ltll’“+ ZZ\dakHt 1t1]* +Z |cal[tal?
a=2 k=1
n—1
<72, 8) + Zan(z',a)- 1(2,0)F + " 07al?,8) P 1alZ,6)
k=2 a=2
n—1 m/2
+ )03 o2, 0) Fra(?,0) T rald, )2, 6)F S 6 = m(2,9),
a=2 k=1
jwj| = [t;] S 7(2,9), 1<j<n—1

Set v = p3(w), u = pa(v) and ¢ = p1(u). It is easy to see that
vl S 75(2,0), |us| S 75(2,6), |1 < 75(2',6), 1 < j < n and hence, (3.17)
holds if C' is sufficiently large.

To prove (3.16), define P(2',6) = {®¢» () : ( € R(#,9)}, it easy to see
that Q(2/,8) = ®_,/ o P(z”,4). Thus, it suffices to show that

(3.18) P(2,8) Cc R(z",C9).
Indeed, we see that ®q» = 4,05_1 o 4,021 ° 909?1 o 902_1 ° 901_1 and
7(2,0) < 7(",6).

Applying (3.14) in the same way as above, we conclude that if { €
R(%',6), then £ = ®¢»(¢) € R(2",C9), where C is sufficiently large. Hence,
(3.18) holds. The proof is completed. U

3.2. Dilation of coordinates

Let © be a domain in C™. Suppose that 92 is pseudoconvex, of finite
type and is smooth of class C°° near a boundary point £ € 92 and suppose
that the Levi form has rank at least n — 2 at &.

We may assume that £y = 0 and the rank of Levi form at &y is exactly
n — 2. Let p be a smooth defining function for 2. After a linear change
of coordinates, we can find coordinate functions zi,...,z, defined on a
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neighborhood Uy of &y such that

 k

p(z) = Rez, + E aj k7 2
Jtk<m
jk>0

—|—Z|za|2+z Z Re(( kz{if)za)
a=2 j+k<
]k>0

O(znll2] + [2* Pzl + 12" Pl 3F 4 [0 ™),

where z* = (0, 22,...,2,-1,0).
By Proposition 3.1, for each point 1 in a small neighborhood of the
origin, there exists a unique automorphism ®,, of C" such that

(@, () =~ pl) = Bewn+ 3 au(nuiol
jrh<m
k>0

(3.19 +z|wa\2+z > Rel(umyutol

a=2 j+k<
7s k>0

O(Jwpllw] + [w* Plew] + [w* Py FH 4wy "),

where w* = (0, wa, ..., wy_1,0).
We define an anisotropic dilation Af by

w1 Wy,
Al (we, ..., wy) = e ,
(- ) <n<n,e> Tm,e))

where (1, €) = 7(n,€), Tk(n,€) = Ve (2 < — 1), T(n,€) = €
For each n € 09, if we set pf(w) =€ 'po <I> Yo (Ag)~Hw), then

py(w) = Rewn + Y ajp(n)e ' 7(n,e) ™ ”wk+ZIwal2
jrh<m
[ k>0

(3.20) ’

n—1
Y D Re(Wp(mePr(n, o) Fuffwa) + O(r(n, ).

a=2j+h<B
3,k>0
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For each n € Uy, we define pseudo-balls Q(n,€) b

Qn,€) =0, (A1 (D x -+ x

D
(3.21) " )
= O, {lwi| <7k(n,€), 1 <k <n},

where D, := {z € C : |z| < r}. There exist constants 0 < a < 1 and
C4,C4,C5 > 1 such that for n,n’ € Uy and € € (0, o] the following estimates
are satisfied with n € Q(n', €)

(3.22) p(n) < p(n) + Cie,
(323) () <7l €) < Cor( ),
2
(3.24) Q(n.€) C Q(n', Cze) and Q(1',¢) C Q(n, Cse).
Set €(n) := |p(n)], Ay := A%(n) and Cy = C1 + 1. By (3.22), we have
(3.25) n€ QM. e(n')) = e(n) < Caelny).

Fix neighborhoods Wy, Vg of the origin with Wy C Vi C Uy. Then for
sufficiently small constants g, ap (0 < ag < ap < 1), we have

(3.26) neVp and 0<e< ag= Q(n,¢) CUy and €(n) < ap

(3.27) neWp and 0 <e<a; = Q(n,e) CW.

Define a pseudo-metric by

LEMMA 3.6. There exist constants K > 1 (K = C3-Cy) and0 < A< 1
such that for each integer N > 1 and each holomorphic f : Dy — Uy
satisfies M (f(u), f'(u)) < A on Dy, we have

£(0) € Wy and KN7'e(f(0)) < a1 = f(Dn) C QLf(0), KNe(£(0))]-
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Proof. Let ny € Vo and n € Q(no, €9), where ¢y = €(ng). From (3.25),
(3.23) and (3.8) one has €(n) < Cyep and

7(n,e(n)) < 7(n, Caen) < Car/Cut(no, €0)-

Thus

) > Z (@7
— Tk (10, €0)

In order to replace ®',(n) by ®',(n) in this inequality, we consider the
automorphism ¥ := ®, o &1 which equals &, = @1 0 @2 0 30 405
where a := ®, (1) and ¢; (1 < j < 5) are given in the previous section.

If we set A := @', (n) o (D', (n)) 1 = ¥'(Py,(n)), then A = ¢'; 0 ¢y 0
¢'50¢', 0 ¢'s. By a simple computation, we have

n—1

/ _

gpl(wl,...,wn)— (wl,wQ,...,wn+ E bkwk>
k=1

o

where [by| < C.—0—— (1 <

— , —
Set Y__;: () X

< n — 1) for some constant C' > 1.
— —_— — —

4 .= @’5}—}, Y3 = ¢, Y4 Y? = ¢/3Y3 and

— —
M, %y = (@aX0] (@) Xa] (@)X
’ 71 (770’ 60) Tn—1(7707 50) 2C¢g
n—1
Y! 1
ZZ 1— ‘bk|7—k(770760) ‘ k’| + ‘Yn‘
k=1 2Ce Tk(n0,€0)  2Ce
L .
™ = (o, €0)

Because of the definition of the maps @2 and g3, it is easy to show that

—~ v Y2 hal
Z >Z >ZT/M70,60

=1 Tk 7707 Tk 7707

Next we also have

n—1
/
@4(?1)1,...,'11}“): <w17w27"'7wn+ E ’kak>
k=1
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where
m/2
Yl S ) ldkjlm1(n0s €0)? + 2|k | (m0, €0) < C.———,
Pl 5 3 om0 + 2l ) < O
n—1m/2
Ml DD dalal(no, 0)-G-71(no, €0) " +Z|d 47100, €0)’ "
a=2 j=1 j=2
€0
<Ci—,
7—1(770760)
for k =2,...,n—1 and some constant C' > 1. Using the same argument as
above we have .
3 Ry
1 Tk (10, €0) 1 Tk (10, €0)
The derivative of @5 is defined by
@'s(wi, ..., wy) = (wi,ws + fowi, ..., wn—1 + Bn1wi, wy)
2 _
where |ﬁk| 5 Z?;/l |€k7l|.l.7'1(770,€0)l 1 < Cm (2 < ]6' < n — 1)

for some constant C' > 1.
1 —
Since Y* = ¢/; Y, we have

n—1

bes Y|
+ +
Z ZHCTk(nO,eo) Tn (N0, €0)

n

3 vil oo Y
— 7k(10, €0) ™ 1(10, €0)

(1_2 | Bk |T1(n0, €0) > V1]
2nC'1i(no, €0) ) T1(No, €0)

2’1’LCTk (no,€0)  Tn (770,50)

n

el B CALEN]
~ = (o €0) = Tk7707
Therefore, there exists a constant 1 > A > 0 such that M (77,)_(2) >
—
Al Ay, 0 @' (n) X |1 for every ny € Vi and for every n € Q(no,€(no)). By
this observation, we can finish the proof.
a) If N = 1, the inclusion f(D1) C Q(no,€o) is satisfied as f(0) € W.
This deduces immediately from the observation that || A, 0@, o f(u)||1 <

Las f(u) € Q(m, €)-



152 D. D. THAI AND N. V. THU

b) Suppose now N > 2 and f(0) € Wy. Fix 0y € (0,27] and let u; =
je'%, n; = f(u;) and €; = e(n;). It is sufficient to show that f[D(u;, 1)] C
Q(no, Keg) for i < N — 1.

For ¢ = 1, this assertion is proved in a). Suppose that these inclutions
are satisfied for ¢ < j < N — 1. Since nj41 € Q(no, K'¢g), we have €41 <
CyKley < 1. Moreover, since g € Wy, it implies that nji+1 € Vo (see
(3.27)). We may apply a) to the restriction of f to D(uj41,1)

FID(ujr1,1)] € Qnjs1, €41) € Q1. Cak o)
C Q(mo, C3C1 K7 e9) = Q(mo, K7+ eq).
O
For any sequence {1, }, of points tending to the origin in UpN{p < 0} =:

U0 , we associate with a sequence of points 7’ p = (Npy-- > Mp +€p), €p >0,
n p in the hypersurface {p = 0}. Consider the sequence of dilations A;‘,’ .
p

Then A;? o®,s (np) = (0,...,0,—1). By (3.20), we see that A;’Z o®, ({p=
P p P P
0}) is defined by an equation of the form

Rewn + Py (w1, 1 —|—Z|wa|2+ZRe a, (w1, W1)wey,)

(3.28)
+O(r(1'p, €p)) = 0,
where
Pﬁ'p(wlﬂwl) = Z aj,k(n/p)E;IT(n,w )]+kw1wlf7
j+k<m
k>0
Qyy (w1, 1) Z b3 (', 1/2 (0, €p) Fwiwh.
FAN2S
j,k>0

Note that from (3.5) we know that the coefficients of Py and Q7 are
p
bounded by one. But the polynomials Qg, are less important than Pn'p’ In
p
[10], S. Cho proved the following lemma.

LEMMA 3.7. ([10, Lem. 2.4, p. 810)) |Q2 (w1, @1)| < 7(1p, €)'/ 10 for
p
ala=2,...,n—1 and |w| <1
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By Lemma 3.7, it follows that after taking a subsequence, A;’Z )
P

P,y (Uy ) converges to the following domain

n—1
(3.29) Mp = {ﬁ = Rewy + P(wy, @) + Y _ |wa|” < 0}.

a=2

where P(wy,w1) is a polynomial of degree < m without harmonic terms.

Since Mp is a smooth limit of the pseudoconvex domains A;’/’ o
P

@,y (Uy ), it is pseudoconvex. Thus the function p in (3.29) is plurisub-
harmonic, and hence P is a subharmonic polynomial whose Laplacian does
not vanish identically.

LEMMA 3.8. The domain Mp is Brody hyperbolic.

Proof. 1f p : C — Mp is holomorphic, then the subharmonic functions
Repn + Pogr + "2 |pal? and Re @, + P o ¢ are negative on C. Con-
sequently, they are constant. This implies that P o ¢ is harmonic. Hence

©1, Re o, and @, are constant. In addition, the function EZ_I l0a|? is also
constant and hence ¢, (2 < a < n — 1) are constant. [

3.3. Estimates of Kobayashi metric
Recall that the Kobayashi metric Kq of €2 is defined by

Ko(n, X) = inf{% ‘ 3 : D — Q such that £(0) =7, f/(0) = R)_(’}.

By the same argument as in [5] page 93, there exists a neighborhood U
of the origin with U C Uy such that

— —

Ko(n, X) < Konu, (1, X) < 2Ko(n, X) for all n € U N Q.
We need the following lemma (see [7]).

LEMMA 3.9. Let (X,d) be a complete metric space and let M : X — R
be a locally bounded function. Then, for all o > 0 and for all uw € X
satisfying M (u) > 0, there ezists v € X such that

(i) d(u,v) < UMQ(U)
(ii) M(v) = M(u)
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(iii) M(z) < 2M(v) if d(z,v) < ﬁ()

Proof. If v does not exist, one contructs a sequence (v;) such that vy =
, M(vi1) > 2M(v;) = 27 M (u) and d(vni1,05) < 53707 < sart
This sequence is Cauchy. O

THEOREM 3.10. Let Q be a domain in C™. Suppose that 02 is pseu-
doconvex, of finite type and is smooth of class C*° near a boundary point
p € 022 and suppose that the Levi form has rank at least n — 2 at £&. Then,
there exists a meighborhood V' of & such that

M1, X) S Ka(,X) S M(n,X) for allne V.

Proof of Theorem 3.10. The second inequality is obvious, by the defini-
tion. We are going to prove the first inequality. We may _a)lso assume that
& = (0,...,0). It suffices to show that for n near 0 and X is not zero, we

have
=

X
kol X )
M(n, X)

Suppose that this is not true. Then there exist f, : D — QN U such

that f,(0) = n, tends to the origin and f,,'(0) = RPM(XPX 7 where R, — o0
77177 p

as p — oo. We may assume that R, > p?. Then, one has

—

M, (0), F/,(0) = M<np,Rpﬁ): R, >
2 P

Apply Lemma 3.9 to My(t) := M (f,(t)), f/(t)) on Dy 5 withu = 0 and o =
1/p. This gives a, € D1/2 such that |a,| < Mp’(’o) and My (a,) > M,(0) > p*.
Moreover,

My (t) < 2M(,) on Dy, m)

We define a sequence {g,} C Hol(Dp, ) by g,(t) := fp(ap + 2Mp(ap))
This sequence satisfies the estimates

Mlgy(t), gy’ ()] < A on D,,.

Since a, — 0, the series g,(0) = f,(a,) tends to the origin. Choose a
subsequence, if neccessary, we may assume that K?¢(g,(0)) < oy, where K,
A and a7 are the constants in Lemma 3.6. It follows from Lemma 3.6 that

(3.30) 9p(DN) C Qlgp(0), KN e(gy(0))] for N <p
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We may now apply the method of dilation of the coordinates. Set
Np = gp(0) and 7', :=n, + (0,...,0,¢,), where ¢, > 0 and p(n’,) = 0. Tt is
easy to see that €, ~ €(1,) and 1, € Q(n'y, cep) for ¢ > 1 is some constant.
It follows from (3.30) and (3.24) that, for some constant C' > 1,

(3.31) gp(Dn) C Q[n'p,C'KNep] for N < p.

Set ¢p == A;’Zp o @,y o gp. The inclutions (3.24) imply that

QOP(DN)CD\/CI{—NX"'XDWXDCKN.

By using the Montel’s theorem and a diagonal process, there exists a
subsequence {pp, } of {¢p} which converges on compact subsets of C to
an entire curve ¢ : C — Mp. Since Mp is Brody hyperbolic, ¢ must be
constant.

On the other hand, we have

A _ 1OV — (@', (mp)gp" (0)) 1]
y ~ Mlor(0):r ) _kzzl 7k, €(np))

. -1
Since €, = e(1), Mp € Q1 ,, cep) and @'y (np)o(fb’n/p (np))  approaches
to Id as p — oo, we have

A @)y O o
— < — 1.
2 —1 Tk(n,p’ ep) P
Thus [|l¢"(0)]l1 = limp,—cc [lop,"(0) 11 Z A/2. il

3.4. Normality of the families of holomorphic mappings
First of all, we prove the following theorem.

THEOREM 3.11. Let Q be a domain in C™. Suppose that 052 is pseu-
doconvex, of finite type and is smooth of class C*° near a boundary point
(0,...,0) € 99. Suppose that the Levi form has rank at least n — 2 at
(0,...,0). Let w be a domain in C¥ and op 1w — Q be a sequence of holo-
morphic mappings such that n, := yp(a) converges to (0,...,0) for some
point a € w. Let (Tp), be a sequence of automorphisms of C™ which asso-
ciates with the sequence (1), by the method of the dilation of coordinates
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(i.e., T, = A;Zf o @y ). Then (T}, 0 ¢p)p is normal and its limits are holo-
p

morphic mappings from w to the domain of the form

n—1
Mp = {(wl7-.- ,wy) € C" : Rewy, + P(wy,w;) + Z ‘wa‘2 < 0}7

a=2
where P € Py,

Proof. Let f: D — § be a holomorphic map with f(0) near (0,...,0).
By Theorem 3.10, we have

0
Mf(u), f'(w)) S Ka(f(u), /() < Kp(u.5-).
U
Suppose 0 < 79 < 1 such that 79 supj,|<r, Kp(u, 8%) < A, where A is
the constant in Lemma 3.6. Set f,,(u) := f(rou). Then

M (fro(w), fry' ()] < A

By Lemma 3.6, we have f(Dro) = fro(D) - Q[f(o)’ e(f(O))]

This inclusion is also true if D is replaced by the unit ball in C*. Let
f:w — Q be a holomorphic map such that f(a) near (0,...,0) for some
point a¢ € w. For any compact subset K of w, by using a finite covering of
balls of radius ¢ and by the property (3.24), we have

fK) € Q[f(a), C(K)e(f(a))],

where C'(K) is a constant which depends on K.
Since 7, := ¢p(a) converges to the origin, it implies that

ep(K) C Qln'y, C(K)e(ny)]-

Thus T}, 0 pp(K) C Dm X -ee X Dm X D¢ (ry- By the Montel’s
theorem and a diagonal process, the sequence T}, 0, is normal and its limits
are holomorphic mappings from w to the domain of the form

n—1
Mp = {(wl,...,wn) € C": Rew, + P(wy,w) —I—Z |wa|2 < 0}.

a=2
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84. Proof of Theorem 1.1

In this section, we use the Berteloot’s method (see [6]) to complete the
proof of Theorem 1.1. First of all, for a domain € in C" and z € Q2 we
shall denote by P(f,z) the set of polynomials @ € Pg,, such that @ is
subharmonic and there exists a biholomorphism v :  — Mg with ¢(z) =
(0, —1). By the similar argument as in the proof of Proposition 3.1 of
[6] (also by using Theorem 3.11 and Lemma 2.3), one also obtains that, if
Q satisfies the assumptions of our theorem, then P({2,z) is never empty.
Moreover, there are choices of z such that every element of P(Q,z) is of
degree 2m. More precisely, we have the following.

PROPOSITION 4.1. Let Q be a domain in C™ such that:

(1) 3 € 092 such that O is of class C*°, pseudoconvez and of finite type
in a neighbourhood of &g.
(2) The Levi form has rank at least n — 2 at &p.

(3) 20 € Q, Jp, € Aut(2) such that lim ¢, (20) = &.
Then

(a) V2 € Q:P(Q,2) #0.
(b) 32y € Q such that if Q € P(£2, Zp), then deg Q = 2m, where 2m is the
type of 08 at &.

(¢) 3Q € P(Q, 2y) such that Q = H+ R, where H € Hoy, and deg R < 2m.

The control of sequence of dilations associated to the “orbit” (¢,(Zp)) is
closely related to the asymptotic behaviour of (¢, (%)) in Q. Unfortunately,
the direct investigation of this behaviour seems impossible. Our aim is
therefore to study the image of (¢, (Z0)) in some rigid polynomial realization
Mg of €. The proof of our theorem follows from the following proposition
which summarizes the different possibilities.

PROPOSITION 4.2. Let Q be a domain in C™ satisfying the following
assumptions:

(1) 09 is smoothly pseudoconvex in a neighbourhood of & € 02 and of
finite type 2m at &;.



158 D. D. THAI AND N. V. THU

(2) 2o € Q, Jp, € Aut(Q) s.t. impy(20) = &. Let Zp € Q and Q €
P(82, Zp) be given by Proposition 4.1 and let 1 denote a biholomorphism
between Q and Mg which maps Zy onto (0', —1); denote ¥ o ¢,(Zo) as
ap = (alp’ oo aanp) and |Re ¢n090p(50)+Q[¢1090p(50)]+|¢2090p(50)|2+

o+ [n—100p(20)|?| as €p. Let H be the homogeneous part of highest
degree in Q.
Then three possibilities may occur

(i) lime, = 0 and liminf|a;y| < +oo.

Then Q(2) = H(z—a)+2 Re Z?ZO Qia )(z a) (a € C) and Q2 ~ My.

7!

(ii) lime, = 0 and liminf |a;,| = +o00.
Then Q(z) = H = M[(2Re(e?2))>™ — 2 Re(e2)*™] (A > 0,v €
[0,27)) and Q ~ My
(iii) limsupe, > 0. Then H = A|z|*™ (A > 0) and Q ~ My.
Proof. We may assume that deg @ > 2. Otherwise Q = |z|? and the

theorem already follows from Proposition 4.1. Let us first consider the case
where lim ¢, = 0. Define a sequence of polynomials (), by

Qaq alp +
(4.1) Z T T2 2
P jg>0 Y
where 7, > 0 is chosen in order to achieve ||@Q,|| = 1. Taking a sequence we

may assume that lim @, = Qs where Q € Py, and ||Qxl| = 1.
Let us consider the sequence of automorphisms of C™

¢p: C" — C"
22— 2,
where 2’ is given by
(4.2)
/ 1 _ _ Q](alp) J (S —
Zn c Zp — Gnp — €p + 2 Z ( 21— alp) +2 Z aJP( aJP)
D Jj= J=2
, 1
zZ1 = —[z1 —alp]
Tp
2y = L[22 — agy
1
Z,n—l = [Zn 1 — An— lp]

€p
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It is easy to check that ¢, maps biholomorphically Mg onto Mg, and
ap to (0',—1).

i) and ii) are now obtained with a slightly modification of the proof of
Proposition 4.1 in [6]. We are going to prove iii).

We now consider the case where limsupe, > 0. After taking some
subsequence we may assume that €, > ¢ > 0 for all p. We shall study the
real action (g¢) defined on M by

g:RxQ—Q
(4.3) (t,2) = g:(2)
gi(2) = 7 b(2) + (0, it)).

Modifying the proof of Lemma 4.3 of [6], we also conclude that this action
is a parabolicity, that is

(4.4) VzeQ: . ligl g1(z) = &o.

According to [2], the action (g¢); itself is of class C°°. Thus, we may now
consider the holomorphic tangent vector field X defined on some neighbour-

hood of &y in 9Q2 by
> d
X= <%)tzogt(z)'

The analysis of this vector field is given in the papers of E. Bedford
and S. Pinchuk [1], [2]. It yields the conclution that H = |z|*™. It is then
possible to study the scaling process more precisely for showing that Q is
biholomorphic to M|,j2m. This ends the proof of Proposition 4.2. H
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