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BERNSTEIN TYPE THEOREMS FOR MINIMAL
LAGRANGIAN GRAPHS OF QUATERNION
EUCLIDEAN SPACE

YUXIN DONG, YINGBO HAN anxD QINGCHUN JI

Abstract. In this paper, we prove some Bernstein type results for n-
dimensional minimal Lagrangian graphs in quaternion Euclidean space H™ =2
R*". In particular, we also get a new Bernstein Theorem for special Lagrangian
graphs in C™.

81. Introduction

The celebrated theorem of Bernstein says that the only entire minimal
graphs in Euclidean 3-space are planes. This result has been generalized to
R for n < 7 and general dimension under various growth condition, see
[1] and the reference therein for codimension one case. For higher codimen-
sion, the situation becomes more complicated. Due to the counterexample
of Lawson-Osserman [7], the higher codimension Bernstein type result is
not expected to be true in the most generality. Hence we have to consider
the additional suitable conditions to establish a Bernstein type result for
higher codimension.

In recent years, remarkable progress has been made by [5], [6], [8], [10]
and [11] in Bernstein type problems of minimal submanifolds with higher
codimension and special Lagrangian submanifolds. The key idea in these
papers is to find a suitable subharmonic function, whose vanishing implies
the minimal graph is totally geodesic. Let M be a minimal submanifold of
R™™ that can be represented as the graph of a smooth map f : R* — R™.
The function is given by
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Jost-Xin [5] established a Bernstein result for M under the condition % >
K > 1/2, which improves the previous results in [3] and [2]. Wang in [10]
derived a nice Bochner type formula for the function In(*Q)~!. Under the
so-called area-decreasing condition, he obtained a Bernstein result for higher
codimension case too.

Due to string theory, special Lagrangian submanifolds received much
attention in recent years. Some authors also tried to establish Bernstein
type results for special Lagrangian submanifolds (see [6], [8] and [11]). It is
known that a special Lagrangian graph may be represented by a gradient
of a smooth function, i.e., f = Vu for a smooth function v : R* — R.
The function wu is called the potential function. Tsui and Wang in [8] ob-
tained Bernstein results for special Lagrangian graphs by applying the same
Bochner formula. We should point out that the same formula for special
Lagrangian graphs was also derived by Yuan in [11] from a different point of
view. An important technique used by Yuan is the so-called Lewy transfor-
mation which allows him to prove: Any special Lagrangian graph given by a
convex potential function must be an affine plane. Actually, Yuan obtained
a little bit stronger Bernstein result for special Lagrangian graph under the
condition Hess(u) > —e(n)I, where ¢(n) is a small dimensional constant.

In this paper, we will investigate a real minimal Lagrangian graph X"
in Quaternion space H™ = R*" which is given by three potential functions
us : R" — R, s =1,2,3 as follows:

Y ={(z,Vui,Vug,Vus) : z € R"}.

The Lagrangian condition forces the three matrices Hess(us) to be commu-
tative with each other. As a result, we may choose a particular quaternionic
frame corresponding to singular value decomposition of Vug (s = 1,2, 3) at
each point. A useful formula for the minimal Lagrangian graph is derived
by applying Wang’s Bochner formula to the quaternionic frame. Using this
formula, we obtain some Bernstein theorems for ¥, which generalize those
results in [8] and [11] (see Section 3 for details). Obviously, when uy and us3
are constant, 3 is just the special Lagrangian graph in C”. By combining
Wang’s result in [8] and a Lewy transformation, we get a new Bernstein
Theorem for special Lagrangian graph too. Note that our lower bound for
Hess(u) is independent of the dimension. Finally, we consider the minimal
Lagrangian graph given by three same potential functions, i.e., Vus = Vu
(s = 1,2,3). In this case, we also find a suitable lewy transformation to
prove a Bernstein result similar to the above mentioned results.
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§2. Preliminaries

We first recall a formula derived in [9], [10]. Let ¥ be an oriented n-
dimensional submanifold of R"*™ and Q a parallel n form on R*™. Around
any point p 6 ¥, we choose any oriented orthonormal frames {e;}!" ; for T,,2
and {e, }7L" miq for NpX, the normal bundle of ¥. The second fundamental
form of ¥ is denoted by haij = (Ve,€j,€q). If we assume ¥ has parallel

mean curvature vector, then the global function *Q = Q(eq, ..., e, ) satisfies
(see [9], [10]):
AxQ 4+ *) <Z hi,z,k> -2 Z [Qaﬁ?)---nhalkhﬁQk +o
1) alk B,k

ot Ql---(n—2)a6ho¢(n—1)khﬁnk] =0
(2) (*Q)k = Z Qaz.nhatk + -+ + Ql---(n—l)ahomk

1<4,5,k,...<n, n+1<a,8<n+m

where A is the Laplace operator of the induced metric on ¥ and Q,g3..., =
Qeq,ep,€3,...,ey), etc.

Let g be the standard Euclidean metric on H™ 22 R*" which is Kihler
with respect to the three natural complex structures I, J, K on R*". Set
wr =9, ), ws=g(J, ) and wg = g(K, ). An n-dimensional submanifold
f:E" — R* is called Lagrangian if it satisfies:

ffwr = ffwy = ffug =0.

Suppose ¥ is a graph defined by f = (f1, f2, f3), where fs = (fi,..., f™):
R"™ — R™ s =1,2,3 are smooth maps. It is easy to see that X is Lagrangian

if and only if fi, fo, f3 satisfy:

_off o ofyoff oy ors\ _
ox; 8% Ox; Ox; Oz Ox;
of | ofy Ofy off  OfFy OfF\ _
(3) 8:L‘Z 8:L‘j + Z 8952 833]- 8:L‘j 8:L‘Z =0
i ot ~fortoss ostorty
ox; 8% Ox; Ox; Oz Ox;
where 4,5 € {1,...,n}. Obviously, if f; = Vu, for some smooth functions

us : R" — R (s = 1,2,3), then ¥ is Lagrangian if and only if us, s =1,2,3
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satisfy:
(4)  Hess(us) Hess(u¢) = Hess(u;) Hess(us) for all s,t € {1,2,3}.

From now on, we will consider minimal Lagrangian graph given by the three
potential functions us, s = 1,2,3. Note that if uy, us are constants, X is
just the special Lagrangian graph considered in [6], [8] and [11].

ExaMPLE 1. The smallest interesting dimension is n = 2. We would
like to give some examples of minimal Lagrangian surfaces in H? = R®.

First, let us(x1,22), s = 1,2,3 be harmonic functions on R%. We see
that (us)z, — v/—1(us)z, is a holomorphic function of 2 = z; + v/—1z9
for each s. It follows that the graph ¥ = {(z1,x2, Vuy, Vug, Vus) : z =
(z1,72) € R?} is a holomorphic curve in C* = R8, and thus a minimal
surfaces in R®. In particular, if u is a harmonic function on R?, we have
minimal Lagrangian graphs ¥; = {(z,Vu,2,Vu) : € R?} and 3y =
{(z,Vu,Vu,Vu) : © € R?}.

From Example 1, we know that there exist many minimal graphic La-
grangian submanifolds of R*".

83. Main results for minimal Lagrangian graphs

Let ¥ = (z,Vui, Vug, Vus) be an n dimensional minimal Lagrangian
submanifold in R**. From the previous section, we know that {us}s=123
satisfy (4) at each point x € R". So we may diagonalize Hess(us), s = 1,2, 3
simultaneously at each point z via the singular decomposition, that is, there
exist orthonormal bases {a;}i=1,_» for R" and {aq }a=n+1,.. 4n for R3™ such
that

Hess(us)a; = )\Es)amﬂ

and
Ta; = anti, Ja; = aznyi, Ka; = azni

fori=1,...,n. Set

ai + AV an i + M aznii + AWagns
A;
3

—Agl)ai + Apti — )\E )a2n+i + )‘Ez)a%”

Enti = A

€; =

)
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_ _)\Ez)ai + )\,53)an+i + a2n+i — )\El)afﬁn—i—i
€nti = 1
)
3 2
_ _)‘z( )ai — )‘z(' )an+i + )‘El)a2n+i + agp4q
€3n+i = A
)

where A; = \/1 + ()\Z(.l))2 + ()\2(2))2 + ()\2(3))2. Note that, e,+; = Ie;, eap i =
Je; and e3n4; = Ke; at the corresponding point p = (x, Vui(z), Vua(z),
Vug(z)). Thus we have an orthonormal frame {e;};—1, ., for T,X and
{€n+is€an+is €3n+iti=1,...n for Np3. Define the second fundamental form
of ¥ as follows:

hgjs])f <V €jrEnstk), S=1,2,3.

Since VI = VJ = VK = 0 and ¥ is Lagranglan we know that h(,)C is
symmetric in ¢, j, k. Now take Q = dxy A --- Adx,. It is not hard to see

1
VI (1 22, 00)2)

By applying the formula (1) to the above quaternionic frame {e;, €,,44, €25+,
€3n+i ti=1,...,n, We get

*Q) =

PROPOSITION 3.1. Let ¥ = (z, Vui(z), Vua(x), Vug(x)) be a minimal
graph in R*™ and {)\ES)} be the eigenvalues of Hess(us), s = 1,2,3. Then
x() satisfies

(5) AxQ = —*Q{Z Z Z]k _ZZ Z )\(s hffkhg?k

s=11ijk=1 st=1k,i<j
t) t)
+2 Z Z )\8)\( zykhggk}
st=1k,i<j

where A is the Laplace operator of the induced metric on X.

Now we shall calculate
QA (x2) — |V>|<Q|2

(6) A(lnxQ) = FoE

By formula (2), the covariant derivative of {2 is

7) (0 =—*Q(ZZA )

s=1 i=1
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Plug this and equation (5) into equation (6) and we obtain:

3

8)  AE) =Y Z (h0)? + Z Z AN R

s=11ijk=1 st=114ijk=1

Set Ay = (A, AP A®)y and by, = (hﬁj,l, hﬁj,l, hﬁj’;) So

(9) Aln[xQ)Y {Z hiji(I 4+ AT A, )h”k}
ijk=1

We may rewrite (9) as

(10)  Aln[+Q)Y { > hije(3I+ ATA; + AT Ap + AL A; )h”k}
ijk=1

Set S;; = $(ATA; + A]TAi). We have the following:

THEOREM 3.2. Let ¥ = (z, Vui, Vug, Vug) be an n-dimensional min-
imal Lagrangian submanifold of R*. If there exist 6, K > 0 such that

NI <K, and Sij+ Sjp+ Sk > (=34 6)I
fori g ke {l,...,n}, s €{1,2,3}, then ¥ is an affine plane.
Proof. Set
Fiji(X) = X(3I + AT Aj + AT A, + ALA)XT
= X(3I + Sij + Sj1. + Spi) X T
for fixed 4, j, k and any X € R3. By the assumption we have
Fije(X) > 0|1 X .

From (10) we have

A = 1S B > 4 3 dlhil? = Sol4°
z]k 1 Z]k 1

where A is the second fundamental form of 3. Note that \)\Z(.S)\ < K means
3 is of bounded slope. So we may perform blow down to get a minimal
Lagrangian cone. Obviously the minimal Lagrangian cone also satisfies the
assumption. By applying maximum principle we conclude that the minimal
cone is flat and then Allard regularity theorem implies that 3 is an affine
plane. 0
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COROLLARY 3.3. Let X = (x, Vuy, Vug, Vug) be a minimal Lagrangian
submanifold of R*". If there exist 6, K > 0 such that

N <K, and S > (—g +5)1
where i,j € {1,...,n}, s € {1,2,3}, then ¥ is an affine plane.
Proof.

Fyji(X) = X (31 + AT Aj + AT A, + ALA)XT
=3 X2+ XS XT + XS X7 + XS XxT.
It is easy to know that

XSZ']‘XT = (X,Az)(AjyX)a
XSJkXT = (X,A])(Ak,X),
XS XT = (X, Ap) (A, X).

Observe that one of (X, A;)(X,A;), (X, Aj)(X,Ag), (X, Ag)(X,A;) must be

nonnegative. From the assumption, we know
Fijr(X) > 20| X

ie.
Sij + Sjk + Ski > (=3 +20)1.

The conclusion follows immediately from Theorem 3.2. 0

Remark 3.4. When u; and uo are constants, we can recover Wang’s
result in [8] for special Lagrangian submanifolds.

COROLLARY 3.5. Let ¥ = (z, Vuy, Vug, Vug) be a minimal Lagrangian
submnanifold of R™. If there exists a small positive number § such that

|Ai\§\/g—5

forie{l,...,n}, then X is an affine plane.
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Proof. By the assumption |[A;| < \/% —¢ for ¢ = 1,...,n and the
Cauchy-Schwarz inequality, we have

3
XSyXT = (X, A)(X,Ay) = (=5 +8)IX

for any fixed 4,7 € {1,...,n} and X € R3. So the symmetric matrix S;;
satisfies

3
Sl'j > <—§ + 5)[
Therefore the conclusion follows immediately from Corollary 3.3. 0

Remark 3.6. If uy and wug are constants, then ¥ = (z, Vui(x),0,0),
which may be regarded as a minimal Lagrangian graph ¥ = (z, Vuy(x)) in
C™. So the above Corollary generalizes those results in [8] and [11].

In the following, we will consider two special kinds of minimal La-
grangian graphs: ¥ = (z, Vu,0,0) or ¥ = (x, Vu, Vu, Vu) in H". We have
already pointed out that the previous case is just the special Lagrangian
graph.

THEOREM 3.7. Let ¥ = (z,Vu) be a minimal Lagrangian submanifold
of C™. If there exists a positive constant C' < \/6/12 such that

Hess(u) > —C1
then X is an affine plane.
Proof. We identify C with R? as follows:
Cox+V-1y— (z,y) € R

For a + +/—1b € SU(1), its real representation matrix on R? is given by

a —b
a=(5 )
where a? 4+ b% = 1.

We consider the transformation A™ = (A4,...,4) on C'x---xC =
—_———

n

R?" defined by

(11) {xza@*—kby

y=—br+ay
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where (z,9), (Z,y) € R"XR" = C". Seta = h/v1+h?and b= 1/v1+ h?,
where h is a constant to be chosen. It follows that ¥ has a new parametriza-
tion

1
r=——(hx + Vu
! \/1+h2( )
(12)
vy -

Since u + 3C||z||? is a convex function, we have

1
(13) |i‘1 — :Z‘2|2 = WVLSEQ + VU(:EQ) — hxy — VU($1)|2

= Ll = O — ) + (Vu(e) + C) — (Vule) + O
= (= Ol - P

+2(h — C)(z2 — 21) [(Vu(z2) + Ca2) — (Vu(z1) + C1)]

-+Kvu@a)+cma)—(vu@qy+cxgﬁ}

1 2 2

Now we assume h > C. Then (13) implies that ¥ is still a graph over the
whole z space R". Further X is still a Lagrangian graph over z, that means
Y has the representation (z, Vu(z)) with a potential function u € C*°(R™).
We may derive from (12) that

Hess(u(z)) = (hI + Hess(u(z))) ™" (—I + h Hess(u(z))).
From Hess(u) > —C1I, we see that

_1+hC

(14) C I < Hess(u) < hl.

By solving h = 1};"_ hg , we get h = C'++/C? + 1 which obviously satisfies the
previous assumption A > C. So (14) becomes

(C+V/C2 T 1)I < Hess(a(z)) < (C +/C2 + 1)1

The condition C' < v/6/12 implies that any eigenvalue A of Hess(%) satisfies

\/\\§0+\/02+1<\/§.

From Corollary 3.5, we know that X is an affine plane. U
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Remark 3.8. When n = 3, Yuan [11] showed that the lower bound for
Hess(u) in Bernstein Theorem can be relaxed to be an arbitrary constant.

THEOREM 3.9. Let X = (z,Vu, Vu,Vu) be a minimal Lagrangian sub-
manifold of RY. If there exists a positive constant C' < \/2/12 such that

Hess(u) > —C1I
then X is an affine plane.
Proof. We identify H with C? as follows:
Hox+Iy+Jz+Kw= (x4 J2) +I(y+ Jw) e (x+Jz,y + Jw) € C*

For a matrix M = A + jB € SU(2), its real representation on R* is given

by
(A -B
“\B A

with AAT + BBT = I, and ABT = BA”. Obviously if a® + 3b*> = 1, then

=~
f v e 8
f nwwe 8

a b b b
b a b b
(15) D= b b a4 b € SU(2) = Sp(1).
-b b —-b a
We consider the transformation D™ = (D,...,D)on H x --- x H = H" =
—_—
R*" defined by
T=azr+by+bz+ bw
y = —bxr + ay + bz — bw
(16) Y ’
zZ=—br —by+az+ bw
w = —bx + by — bz + aw

where (z,y, z,w), (Z,7, Z,w) € R"XR"xR"xR" = R*. Set a = h/\/1 + h2
and v/3b = 1/v/1 + h2, where h is a constant to be chosen. It follows that
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> has a new parametrization

z:m(mr\fvu)
- g:m( ?x—l—hVu)

z:m( \/gx—l—hVu)

w:m( \}gx—l-hVu)

Since u 4+ 3C||z|? is a convex function, we have

(18)
1
|71 — Za|? = —h2|h:c2 +V3Vu(xy) — hay — V3Vu(x)?

h2‘ (h — V3BC) (s — 1) + V3[(Vu(x2) + Caz) — (Vu(z1) + Ca1)] |

_ ﬁ{[(h — V3O s — 1

+2V3(h — V30)(z2 — 21) [(Vu(w2) + Cx2) — (Vu(z1) + C1)]
+3|(Vau(xs) + Caz) — (Vu(zr) + Cx1)|2}

>

e (h —V3C)|zg — 1]

Now we assume h > v/3C. Then (18) implies that ¥ is still a graph over
the whole z — R"™, that is 3 has the representation (z, f1(Z), f2(Z), f3(7)).
Since ¥ is still minimal Lagrangian, we see from (3) that f = Vu, that is,
¥ = (z,Vu,Vu, Va) for some function u € C*°(R"™). We may derive from
(17) that

Hess(a(z)) = (hI + /3 Hess(u(z )))—1(—%I+hﬂess(u(a;))).

From Hess(u) > —C1I, we see that

+ hC
750

h
I < Hess(u) <

1
(19) hf N
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L +he
By solving % = if\/ﬁc’ we get h = V/3C + v/3C2 + 1 which obviously

satisfies the previous assumption h > /3C. So (19) becomes

V3C +3C2 +1 . VBC+V3CTH1
- 7 I < Hess(u) < 7 I

The condition C' < 1/2/12 implies that any eigenvalue A of Hess(u(%))
satisfies
V3C+V3CT 4T _ \ﬁ
V3 2

Then the singular values A; = (A, i, \i) of ¥ = (z,Vu(z),Vu(z), Vu(z))
satisfy:

Al <

3
A <VBC+ V302 +1 < \/; for i € {1,...,n}.
Hence, by Corollary 3.5, we know that X is an affine plane. 0

COROLLARY 3.10. Let ¥ = (z,Vu,Vu,Vu) be a minimal Lagrangian
submanifold of R*. If u is a smooth convex function on R™, then ¥ is an
affine plane.
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