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ON THE KOHNEN-ZAGIER FORMULA IN THE CASE

OF ‘4 × GENERAL ODD’ LEVEL

HIROSHI SAKATA

Abstract. We study the Fourier coefficients of cusp forms of half integral

weight and generalize the Kohnen-Zagier formula to the case of ‘4×general odd’

level by using results of Ueda. As an application, we obtain a generalization of

the result of Luo-Ramakrishnan [11] to the case of arbitrary odd level.

§1. Introduction

Let g be a Hecke eigen form of half-integral weight k + 1/2 and f be

the form of weight 2k associated to g by the Shimura correspondence. It

was found by Waldspurger [20] that the square cg(r)
2 of the r-th Fourier

coefficient of g for squarefree r is proportional to the central value L(f, ψ, k)

of the L-function of f twisted by the Dirichlet character ψ. When ψ equals

to
(

D
)

with a fundamental discriminant D, Kohnen-Zagier [6] (see also

[4]) derived a remarkable explicit formula, by which L(f, ψ, k) is expressed

explicitly as the product of cg(|D|)2 with some elementary factors. Here g

is the image of f under the D-th Shintani correspondence, which belongs

to Kohnen’s space.

Kohnen-Zagier’s results have been generalized in several modular forms.

Namely by Kohnen [5] to the case of primitive form f with arbitrary odd

level and the trivial character, by Kojima-Tokuno [10] to the case of primi-

tive form f with arbitrary odd level and arbitrary character, by Shimura [14]

to the case of Hilbert modular forms g of half integral weight over totally

real number fields, by Baruch-Mao to the case of primitive form f with

squarefree odd level and arbitrary fundamental discriminant, by Kojima

to the case of Maass wave forms g of half integral weight over imaginary

quadratic fields, and also to the case of Jacobi forms g of integral weight by

Gross-Kohnen-Zagier [2], Kojima [9].
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It should be noted that these results are all obtained under the condition

that Kohnen’s spaces satisfy the multiplicity one theorem. On the other

hand, it is known that Kohnen’s spaces do not necessarily have multiplicity

one theorem for the general level N . This fact causes a serious difficulty

when one wants to find an analogous result in the case g has an arbitrary

level.

In [7] Kojima obtained a result when Kohnen’s spaces have multiplicity

two theorem, in the case of primitive form of squarefree odd level and general

character, by embedding Kohnen’s spaces into the space of Hilbert modular

forms of half integral weight and developing Shimura’s method on the latter.

The author, on the other hand, derived in [12] a similar formula in the

case of primitive form of odd prime power level pm by explicitly determining

the multiplicity of Kohnen’s space using a refinement of Shimura’s trace

formula by Ueda ([16], [17], [18]), and developing Kohnen-Zagier’s method

in several multiplicity cases.

The purpose of this paper is to go a step further toward a generalization

of Kohnen-Zagier’s formula. We treat here the case of primitive forms with

arbitrary odd level. In such a case the result we obtain is not expressed

as |cg(|D|)|2 for a single form g, but rather the average of them in the

set of primitive forms g belonging to the same Hecke eigen system. Our

proof is based on the complete determination of the multiplicity of Kohnen’s

spaces using Ueda’s trace formula, and on the extension of Kohnen-Zagier’s

method with the basic identity of the Kernel function of Shimura-Shintani

correspondence and with some basic properties of period integral valid in

all multiplicity cases.

We shall also apply our formula to prove a generalization of the re-

sult of Luo-Ramakrishnan [11] to arbitrary odd level, which asserts that a

Hecke eigen new form g is uniquely determined from the data {cg(|D|)}D

for fundamental discriminants D.

§2. Preliminaries

2.1. General notations

Throughout this paper, we use the following notations.

We denote the cardinality of a finite set A by #(A). The disjoint union

of two sets A, B is denoted by A + B. For an integer m and a prime p,

ordp(m) means the p-adic additive valuation, that is, pordp(m) ||m. If N is a

positive integer, Π(N) denotes the set of all prime divisors p of N such that

ordp(N) ≥ 2. The subset of Π(N) consisting of p such that ordp(N) ∈ 2Z
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(resp. ordp(N) ∈ 2Z + 1) is denoted by Π(N)even (resp. Π(N)odd), so that

we have the decomposition Π(N) = Π(N)even + Π(N)odd. Furthermore we

denote the set of all prime divisors p of N with ordp(N) = 1 by I(N). We

frequently write ν1 = #I(N), ν2 = #Π(N)even, and ν3 = #Π(N)odd for

simplicity.

For c, d ∈ Z with d 6= 0,
( c

d

)

denotes the quadratic residue symbol

defined by Shimura (cf. Shimura [13]). If z ∈ C and x ∈ C, we put zx =

exp(x log(z)) with log(z) = log(|z|) +
√
−1 arg(z), arg(z) being determined

by −π < arg(z) ≤ π. We put e(z) = e2π
√
−1z for z ∈ C. The complex upper

half plane is denoted by H. For a non-negative integer k, a complex-valued

function f(z) on H, α =

(

a b
c d

)

∈ GL+
2 (R) and z ∈ H, we define a function

on H by f |[α]k(z) = (detα)k/2(cz + d)−kf(αz).

For a positive integer m, we define an operator δm, the shift operator

U(m) and the twisting operator Rm on formal power series in e(z) by

∑

n≥1

a(n)e(nz) | δm = mk/2+1/4
∑

n≥1

a(n)e(mnz),

∑

n≥1

a(n)e(nz) |U(m) =
∑

n≥1

a(mn)e(nz),

and
∑

n≥1

a(n)e(nz) |Rm =
∑

n≥1

( n

m

)

a(n)e(nz).

Let V be a finite-dimensional vector space over C. We denote the trace

of a linear operator T on V by tr(T ; V ).

Finally Γ0(N) denotes as usual the congruence subgroup of level N ,

that is,

Γ0(N) =

{(

a b
c d

)

∈ SL2(Z)

∣

∣

∣

∣

c ≡ 0 (mod N)

}

.

2.2. Modular forms of integral weight

Let k and N be positive integers.

We denote by M2k(N) (resp. S2k(N)) the space of all holomorphic mod-

ular forms (resp. cusp forms) of weight 2k with trivial character on the

congruence subgroup Γ0(N). Also we denote by S2k(N)new the subspace of

S2k(N) spanned by new forms. Moreover we denote by S∗
2k(N) the space of

‘very new forms’, that is, the orthogonal complement of the space S2
2k(N)
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generated by liftings of cusp forms of lower level (< N) with twisting oper-

ators Rp (p ∈ Π(N)) in Snew
2k (N) (cf. Ueda [17], [18], [19]).

Let α ∈ GL+
2 (R). If Γ0(N) and α−1Γ0(N)α are commensurable, we

define a linear operator [Γ0(N)αΓ0(N)]2k on S2k(N) by

f |[Γ0(N)αΓ0(N)]2k = (detα)k−1
∑

αν

f |[αν ]2k ,

where αν runs over a system of representatives for Γ0(N)\Γ0(N)αΓ0(N).

For a positive integer n with (n,N) = 1, we put

T2k,N (n) =
∑

ad=n

[

Γ0(N)

(

a 0
0 d

)

Γ0(N)

]

2k

,

where the sum is extended over all pairs of integers (a, d) such that a, d > 0,

a|d and ad = n.

Let Q be a positive divisor of N such that (Q,N/Q) = 1. Take an

element γQ ∈ SL2(Z) which satisfies the conditions:

γQ ≡



























(

0 −1

1 0

)

(mod Q) ,

(

1 0

0 1

)

(mod N/Q) .

PutWQ = γQ

(

Q 0
0 1

)

. ThenWQ is a normalizer of Γ0(N). There it induces

the Atkin-Lehner operator [WQ]2k which is a C-linear automorphism of

order 2 on S2k(N); this operator is independent of a choice of an element

γQ (cf. Ueda [15]).

Let S∗,τ
2k (N) be the subspace of S∗

2k(N) generated by Hecke eigen forms

which have eigen values τ(p) with respect to the Atkin-Lehner operators

Wpordp(N) (p ∈ Π(N)).

If f and g are cusp forms of weight 2k on a subgroup Γ of finite index

in Γ0(1), we define their Petersson inner product 〈f, g〉 as follows:

〈f, g〉 =
1

[Γ0(1) : Γ ]

∫

Γ\H
f(τ)g(τ)y2k dxdy

y2
(Re(τ) = x, Im(τ) = y).
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2.3. Modular forms of half-integral weight

Let k be a positive integer, M be a positive integer divisible by 4, and

χ be an even Dirichlet character modulo M such that χ2 = 1.

Let G(k + 1/2) be the group consisting of pairs (α,ϕ), where α =
(

a b
c d

)

∈ GL+
2 (R) and ϕ is a holomorphic function on H satisfying

|ϕ(z)| = (detα)−k/2−1/4|cz + d|k+1/2

with the group law defined by (α,ϕ(z)) · (β, ψ(z)) = (αβ,ϕ(βz)ψ(z)). The

group algebra of G(k + 1/2) over C acts on complex-valued function f on

H by

f |
(

∑

ν

mν(αν , ϕν)

)

=
∑

ν

mνϕν(z)−1f(ανz) .

For M = 4N with N ≥ 1 and an even Dirichlet character χ (mod M)

we denote by ∆0 = ∆0(M,χ)k+1/2 the subgroup of G(k + 1/2) formed by

elements (α,ϕ) with α =

(

a b
c d

)

∈ Γ0(M) and

ϕ(z) = χ(d)
( c

d

)

(−4

d

)−k−1/2

(cz + d)k+1/2 .

We denote by Sk+1/2(M,χ) the space of cusp forms of weight k + 1/2 with

even Dirichlet character χ on Γ0(M), that is, the space of holomorphic

functions on H which satisfy f |ξ = f for all ξ ∈ ∆0(M,χ)k+1/2 and vanish

at all cusps of Γ0(M). Especially, if χ is the trivial character, we denote

Sk+1/2(M,χ) simply by Sk+1/2(M).

If f and g are cusp forms of weight k + 1/2 on a subgroup Γ of finite

index in Γ0(4), we define their Petersson inner product 〈f, g〉 as follows:

〈f, g〉 =
1

[Γ0(1) : Γ ]

∫

Γ\H
f(τ)g(τ)yk+1/2dxdy

y2
(Re(τ) = x, Im(τ) = y).

Let ξ ∈ G(k + 1/2). If ∆0 and ξ−1∆0ξ are commensurable, we define a

linear operator [∆0ξ∆0]k+1/2 on Sk+1/2(M,χ) by

f |[∆0ξ∆0]k+1/2 =
∑

η

f |η ,

where η runs over a system of representatives for ∆0\∆0ξ∆0.
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For a positive integer n with (n,M) = 1, we put

T̃ (n2) = T̃k+1/2,M,χ(n2)

= nk−3/2
∑

ad=n

a

[

∆0

((

a2 0
0 d2

)

, (d/a)k+1/2

)

∆0

]

k+1/2

,

where the sum is extended over all pairs of integers (a, d) such that a, d > 0,

a|d and ad = n.

These operators T̃ (n2) ((n,M) = 1) are hermitian and commutative

with each other on Sk+1/2(M,χ) and are called Hecke operators.

2.4. The Kohnen space

We keep to the notation in Section 2.3. Suppose that N is a positive

odd integer. Then we have χ =

(

N0
)

for some positive divisor N0 of N .

We define the Kohnen space SK
k+1/2(N,χ) as follows:

SK
k+1/2(N,χ)

=







g(z) =
∑

n≥1

cg(n)e(nz) ∈ Sk+1/2(4N,χ)

∣

∣

∣

∣

∣

cg(n) = 0 for
χ2(−1)(−1)kn

≡ 2, 3 (mod 4)







,

where χ2 is the 2-primary component of χ. In particular we simply write

SK
k+1/2(N,χ) = SK

k+1/2(N) if χ is the trivial character.

It is shown by Kohnen [3] that SK
k+1/2(N,χ) is invariant under the

action of the Hecke operators T̃k+1/2,N,χ(n2) for all positive integers n with

(n, 2N) = 1.

§3. Twisting operators and the decomposition of the Kohnen

space

Let M = 4N (N being an odd natural number) be, k be a positive

integer, and χ be an even Dirichlet character modulo M such that χ2 = 1.

Denote by HN the subalgebra of the Hecke algebra with respect to

Γ0(N) and

{(

a b
c d

)

∈ M2(Z)

∣

∣

∣

∣

c ≡ 0 (mod N), (a,N) = 1, ad − bc > 0

}

,

which is generated by the double cosets Γ0(N)

(

a 0
0 d

)

Γ0(N) over C, where

a, d > 0, a|d and (d,N) = 1.



ON THE KOHNEN-ZAGIER FORMULA 69

Define a linear map R̃ from HN to EndC

(

SK
k+1/2(N,χ)

)

by requiring

that

R̃

(

Γ0(N)

(

a 0
0 d

)

Γ0(N)

)

= a(ad)k−3/2

[

∆0(M,χ)

((

a2 0
0 d2

)

, (d/a)k+1/2

)

∆0(M,χ)

]

k+1/2

.

Then R̃ is a representation of HN . On the other hand, we have a represen-

tation R : HN → EndC(S2k(N)) defined by

R

(

Γ0(N)

(

a 0
0 d

)

Γ0(N)

)

= (ad)2k−1

[

Γ0(N)

(

a 0
0 d

)

Γ0(N)

]

2k

.

Note that R̃ and R are semisimple. Therefore, if we can take two linear

subspaces S̃ in SK
k+1/2(N,χ) and S in S2k(N) satisfying

tr(R̃(ξ) ; S̃) = tr(R(ξ) ; S) for all ξ ∈ HN ,

the representations R̃ and R are equivalent. In other words, if the cou-

ple of two linear spaces S̃ and S satisfies that tr(T̃k+1/2,M,χ(n2) ; S̃) =

tr(T2k,N (n) ; S) for all natural numbers n with (n, 2N) = 1, S̃ and S are

isomorphic as modules over the Hecke algebra.

When N is a squarefree integer, we have

tr(T̃k+1/2,M,χ(n2) ; SK
k+1/2(N,χ)new) = tr(T2k,N (n) ; S2k(N)new)

for all n ∈ N with (n, 2N) = 1, where SK
k+1/2(N,χ)new is the subspace of

SK
k+1/2(N,χ) consisting of all new forms(cf. Kohnen [3]). Therefore we have

the strong ‘multiplicity one theorem’ for SK
k+1/2(N)new in this case.

On the other hand, this trace relation does not necessarily hold when

N has a square factor.

When N is a general odd natural number, Ueda [18] investigated the

trace relation of SK
k+1/2(N) and Snew

2k (N) as module over the Hecke algebra

and established a complete theory of new forms for SK
k+1/2(N). To be more

precise, we define the space of new forms of SK
k+1/2(N) as follows.

Definition 1. (Ueda [18]) Let k be a positive integer with k ≥ 2, and

N be an odd positive integer. Define the space of old forms DK
k+1/2(N) in
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SK
k+1/2(N) by

DK
k+1/2(N) =

∑

0<B|N
B 6=N

∑

0<A|(N/B)

∑

ξ

SK
k+1/2(B, ξ)|δA

+
∑

0<B|N
B 6=N

∑

0<A|(N/B)2

∑

ξ

∑

(el)l∈Π(N)

0≤el≤2

SK
k+1/2(B, ξ)|U(A)

∏

l∈Π(N)

Rel

l .

Here, ξ runs over all even quadratic Dirichlet characters defined modulo 4B

such that ξ
(

A
)

= 1.

We denote the orthogonal complement of DK
k+1/2(N) in SK

k+1/2(N) by

NK
k+1/2(N), and call it the space of new forms of SK

k+1/2(N).

These operators δA, U(A) and Rl (l ∈ Π(N)) commute with the Hecke

operators T̃ (n2) (cf. Ueda [17]). Therefore, DK
k+1/2(N) and NK

k+1/2(N) are

stable by them, so that one can decompose the latter into common eigen

subspaces as follows:

N
K
k+1/2(N) =

⊕

κ∈Map(Π(N),{±1})
N

K,κ
k+1/2(N),

where

N
K,κ
k+1/2(N) =

{

g ∈ N
K
k+1/2(N)

∣

∣

∣

∣

g|Rp = κ(p)g for all p ∈ Π(N)

}

.

N
K,κ
k+1/2(N) has an orthogonal C-basis consisting of common eigen forms for

all Hecke operators T̃ (p2)k+1/2,M,1 (p : prime, p 6 |N) and Shift operators

U(p2) (p : prime, p|N) (cf. Ueda [17]).

Let k ≧ 2, N be a positive odd integer and M1 be the ‘square-free part’

of M = 4N so that M1 =
∏

p∈I(N) p. Then we have the following theorem.

Theorem 1. For each κ ∈ Map(Π(N), {±1}), we have the following

isomorphism as modules over the Hecke algebra:

N
K,κ
k+1/2(N) ∼= S∗,τκ

2k (N) ⊕
⊕

Π(N)2=I+J+K
I+J 6=φ, I,J⊆Π(N)∗2

⊕

τ̃κ

S∗,τ̃κ

2k



M1

∏

l∈J

l
∏

p∈Π(N)−(I+J)

pordp(N)





∣

∣

∏

p∈I+J

Rp,
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where τκ is the element of Map(Π(N), {±1}) whose value at p is 1 or

κ(p)
(

−1
p

)k
according as p ∈ Π(N)even or p ∈ Π(N)odd,

⊕

Π(N)2=I+J+K
I+J 6=φ, I,J⊆Π(N)∗2

is the direct sum extended over all partitions such that

I + J +K = Π(N)2 = {p ∈ Π(N) | ordp(N) = 2};

I + J 6= φ, I, J ⊆ Π(N)∗2 =

{

p ∈ Π(N)2

∣

∣

∣

(−1

p

)

= 1

}

,

and τ̃κ runs over all elements of Map(Π(N), {±1}) whose value at p is 1 or

κ(p) ×
(

−1
p

)k
∏

q∈I+J

(

p
q

)

according as p ∈ Π(N)even or p ∈ Π(N)odd.

Proof. By the above argument, it suffices to show that

tr(T̃ (n2)k+1/2,M,1 ; N
K,κ
k+1/2(N))

= tr(T2k,N (n) ; S∗,τκ

2k (N)) +
∑

Π(N)2=I+J+K
I+J 6=φ, I,J⊆Π(N)∗2

∑

τ̃κ

tr



T2k,N (n) ; S∗,τ̃κ

2k



M1

∏

l∈J

l
∏

p∈Π(N)−(I+J)

pordp(N)





∣

∣

∣

∏

p∈I+J

Rp





for all natural number n with (n,M) = 1. From Ueda [18, Theorem 2], we

have the following trace relation:

For all n ∈ N prime to 4N ,

tr(T̃k+1/2,M,χ(n2) ; N
K,κ
k+1/2(N))

=
∑

Π(N)2=I+J+K

∑

τ∈Map(Π(N),{±1})
σ∈Map(Π(N)−(I+J),{±1})

Ξ((ν(I, J)l), I + J, (τ, σ))

× tr



T2k,N (n);S
∗,(τ,σ)
2k



M1

∏

l∈J

l
∏

p∈Π(N)−(I+J)

pordp(N)









∣

∣

∣

∏

p∈I+J

Rp,

where S
∗,(τ,σ)
2k (N) = {f ∈ S∗,τ

2k (N) | f |RlWl = σ(l)f |Rl for all l ∈ Π(N)}
and Ξ((ν(I, J)l), I + J, (τ, σ)) are the constants determined in Ueda [17,

(2.22)]. On Ueda [17, (2.22)], we find that multiplicities Ξ = Ξ((ν(I, J)l),

I + J, (τ, σ)) as Hecke modules satisfy Ξ ≤ 1 for all possible κ and τ . Also
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χ is the trivial character, Ξ does not depend on eigen systems σ. Therefore,

we can obtain the necessary conditions for Ξ = 1 by using the formula Ueda

[17, (2.22)], that is,

(CASE 1) I = J = φ and τ = τκ,

or

(CASE 2) I + J 6= φ and τ = τ̃κ.

The above trace relation in these situations implies the desired result.

Example 1. We further assume that Π(N)odd = φ. Then we have

the following isomorphism (as modules over the Hecke algebra) for each

κ ∈ Map(Π(N), {±1}):

N
K,κ
k+1/2(N) ∼= S∗,1

2k (N) ⊕
⊕

Π(N)2=I+J+K
I+J 6=φ, I,J⊆Π(N)∗2

⊕

σ(p) = 1 for
p∈Π(N)−(I+J)

S∗,σ
2k



M1

∏

l∈J

l
∏

p∈Π(N)−(I+J)

pordp(N)





∣

∣

∣

∏

p∈I+J

Rp.

Especially, in the case N = p2m with an odd prime number p, we have the

following

N
K,±1
k+1/2(p

2m) ∼=















Snew,+1
2k (p2m) if m ≥ 2

S∗,+1
2k (p2) ⊕

1
2

(

1 +
(

−1
p

))

(Snew
2k (p)|Rp ⊕ S2k(1)|Rp) if m = 1.

(Note that, for m ≥ 1, we also have

N
K,±1
k+1/2(p

2m+1) ∼= S
new,±

“

−1
p

”k

2k (pm)

by Theorem 1 (cf. Ueda [16]).)

Corollary 1. Let the notation be same as Theorem 1. Put ν2 =

#Π(N)even (0 ≤ ν2 ≤ #Π(N)). Let f be any primitive form in Snew
2k (N).

Then, there are 2ν2 number of common Hecke eigen forms {gν} in

NK
k+1/2(N) corresponding to primitive form f via the Shimura correspon-

dence (the Shimura correspondence will be referred to in the next section 4).
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Proof. There exist 2ν2 mappings {κ} corresponding to an eigen system

τκ (resp. τ̃κ). Therefore NK
k+1/2(N) has 2ν2 common Hecke eigen forms

which have the same system of Hecke eigen values as a primitive form in

S∗,τκ

2k (N)



resp. S∗,σ
2k



M1

∏

p∈J

p
∏

p∈Π(N)−(I+J)

pordp(N)









by Theorem 1. Thus we have the above result.

Remark 1. In Corollary 1, we can say about the situation that

NK
k+1/2(N) satisfies the ‘multiplicity 2ν2-condition’.

§4. Periods of cusp forms and the Shimura correspondence

Let N be a positive odd integer, D be a fundamental discriminant with

(−1)kD > 0 and (D,N) = 1, and ∆ be any positive integer satisfying

∆ ≡ 0, 1 (mod 4) and D|∆.

Denote by QN,∆ the set of all integral binary quadratic forms Q =

[a, b, c](X,Y ) = aX2 + bXY + cY 2 with b2 − 4ac = ∆ and N |a. The action

of Γ0(N) to [a, b, c] = [a, b, c](X,Y ) is defined by

[a, b, c] ◦
(

α β
γ δ

)

(X,Y ) = [a, b, c](αX + βY, γX + δY ).

We denote by QN,∆/Γ0(N) the set of Γ0(N)-equivalence classes of forms

in QN,∆. Furthermore we define the automorphisms WN ′ (N ′ ||N) on

QN,∆/Γ0(N) by

Q ◦WN ′ =
1

N ′Q ◦
(

αN ′ β
γN δN ′

)

, where α, β, γ, δ ∈ Z, αδN ′ − βγ
N

N ′ = 1.

Put another way, this map is the action of the Atkin-Lehner operator to Q =

[a, b, c]. The ‘period’ of a cusp form f in S2k(N) associated to QN,∆/Γ0(N)

is defined by

rk,N(f ;D,∆) =
∑

Q∈QN,∆/Γ0(N)

ωD(Q)

∫

CQ

f(z)Q(z, 1)k−1 dz,

where ωD is the genus character given in Kohnen [4] and CQ is the image

in Γ0(N)\H ∪P1(Q) of the semicircle a|z|2 + bRe(z) + c = 0 oriented from

(−b−
√

∆)/2a to (−b+
√

∆)/2a if a 6= 0, or of the vertical line b Re(z)+c = 0,



74 H. SAKATA

oriented from −c/b to
√
−1∞ if b > 0, and from

√
−1∞ to −c/b if b < 0, if

a = 0.

Next we define the D-th Shimura correspondence Sk,N,D which maps

SK
k+1/2(N) to M2k(N) (to S2k(N) if k ≥ 2 or if N is cubefree) by

g|Sk,N,D(τ) =
∑

n≥1





∑

d|n,(d,N)=1

(

D

d

)

dk−1cg

( |D|n2

d2

)



e(nτ)

for any g(z) =
∑

n≥1
(−1)kn≡0,1 (mod 4)

cg(n)e(nτ) ∈ SK
k+1/2(N). Then we have

the following fact.

Theorem 2. (Kohnen [4, Theorem 2]) Let N be a positive odd integer

and k be an integer satisfying k ≥ 2. For any fundamental discriminant

D with (−1)kD > 0 and (D,N) = 1, the adjoint map of the Shimura

correspondence Sk,N,D with respect to the Petersson inner product coincides

with the D-th Shintani correspondence defined by

f |S∗
k,N,D(z) := (−1)[k/2]2k

∑

m≥1
(−1)km≡ 0,1 (mod 4)





∑

t|N
µ(t)

(

D

t

)

tk−1rk,Nt(f ;D, (−1)kmt2)



e(mz)

for any cusp form f ∈ S2k(N).

Especially, for new forms f ∈ Snew
2k (N) in which we will be interested,

the Shintani correspondence is expressed as

f |S∗
k,N,D(z) = (−1)[k/2]2k

∑

m≥1
(−1)km≡ 0,1 (mod 4)

rk,N(f ;D, (−1)km)e(mz).

Remark 2. The ‘lifting’ maps Sk,N,D and S∗
k,N,D preserve old forms and

new forms respectively and commute with all Hecke operators.
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§5. Kohnen-Zagier’s formula in the case of ‘4×general odd’ level

In this section we generalize the result of Kohnen-Zagier to the case of

‘4 × general odd’ level by using Theorem 1.

Let k ≥ 2 and the assumptions on N and D be the same as in The-

orem 2. Suppose that f(z) =
∑

n≥1 af (n)e(nz) is a primitive form in

Snew
2k (N), and

g(τ) =
∑

n≥1
(−1)kn≡0,1 (mod 4)

cg(n)e(nτ)

is a form in NK
k+1/2(N) corresponding to f under the Shimura correspon-

dence Sk,N,D.

Remark 3. We note that g(τ) belongs to NK
k+1/2(N ; f), which fol-

lows from the compatibility of the Shimura correspondence with the Hecke

operators. Here NK
k+1/2(N ; f) is the subspace of NK

k+1/2(N) having the

same Hecke eigen values as f for all Hecke operators T̃ (p2) (p : prime,

ordp(N) = 0) and U(p2) (p : prime, ordp(N) ≥ 1), that is,

N
K
k+1/2(N ; f) =

{

g(τ)
∣

∣

∣ g|T̃ (p2) = af (p)g for all prime p such that p 6 |N
}

.

We take two (disjoint) subsets I and J of Π(N)∗2 (see Theorem 1).

Suppose that f belongs to

S∗,τ
2k



M1

∏

p∈J

p
∏

p∈Π(N)−(I+J)

pordp(N)





∣

∣

∣

∏

p∈I+J

Rp,

which has the eigen value τ(p) for Wpordp(N) such that τ(p) = 1 for all

p ∈ Π(N)even − (I + J). If, in particular I + J = φ, we assume that f

belongs to S∗,τ
2k (N).

Remark 4. The eigen system τ for the Atkin-Lehner operator auto-

matically satisfies the condition

τ(p) = 1 for p ∈ I + J (⊆ Π(N)∗2),

because we have the following lemma which is proved by straightforward

calculation.
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Lemma 1. Let p be an odd prime and M be a positive integer prime to

p. For any f ∈ S2k(pM), we have

f |RpWp2 =

(−1

p

)

f |Rp.

By Theorem 1 we have the following isomorphism as modules over the

Hecke algebra:

N
∗,κ
k+1/2(N) ∼= S∗,τ

2k



M1

∏

p∈J

p
∏

p∈Π(N)−(I+J)

pordp(N)





∣

∣

∣

∏

p∈I+J

Rp ,

where κ belongs to Map(Π(N), {±1}) satisfying the following condition

(parity condition):

τodd : κ(p) = τ(p)

(−1

p

)k
∏

q∈I+J

(

p

q

)

for all p ∈ Π(N)odd

and N
∗,κ
k+1/2(N) is a certain subspace in N

K,κ
k+1/2(N). Therefore, we have the

orthogonal decomposition

NK
k+1/2(N ; f) =

⊕

κ∈Map(Π(N),{±1})
κ with (τodd)

N
K,κ
k+1/2(N) ∩ NK

k+1/2(N ; f).

From this, we obtain the following

g(τ) =
∑

κ∈Map(Π(N),{±1})
κ with (τodd)

gκ(τ), gκ(τ) ∈ N
K,κ
k+1/2(N).

Here, gκ(τ) are all Hecke eigen forms which have the same Hecke eigen

system as f . Furthermore, from the definition of f and the Shimura corre-

spondence Sk,N,D, we have the following relation:

cgκ(n2|D|) = cgκ(|D|)
∑

d|n,(d,N)=1

µ(d)

(

D

d

)

dk−1af (n/d)

among Fourier coefficients of gκ and f . Therefore, we have gκ|Sk,N,D =

cgκ(|D|)f for each κ satisfying the parity condition. Namely, assuming

gκ 6= 0 for all κ satisfying the parity condition, we have

∑

κ∈Map(Π(N),{±1})
κ with (τodd)

cgκ(|D|)
〈gκ, gκ〉

gκ|Sk,N,D(z) =
∑

κ∈Map(Π(N),{±1})
κ with (τodd)

|cgκ(|D|)|2
〈gκ, gκ〉

f(z).
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Taking the Petersson inner product of each side with f , we obtain the

following

∑

κ∈Map(Π(N),{±1})
κ with (τodd)

cgκ(|D|)
〈gκ, gκ〉

〈f, gκ|Sk,N,D〉 =
∑

κ∈Map(Π(N),{±1})
κ with (τodd)

|cgκ(|D|)|2
〈gκ, gκ〉

〈f, f〉.

Observe that the left hand side is equal to the |D|-th Fourier coefficient

of f |S∗
k,N,D, because {gκ}κ∈Map(Π(N),{±1})

κ with (τodd)

form an orthogonal basis of

NK
k+1/2(N ; f). Therefore by the ‘primitivity’ of f and Theorem 2, we get

∑

κ∈Map(Π(N),{±1})
κ with (τodd)

|cgκ(|D|)|2
〈gκ, gκ〉

〈f, f〉 = (−1)[k/2]2krk,N(f ;D,D).

We next calculate the period rk,N (f ;D,D). For any positive integer

M , we can show that the set

{

[0,D, µ] ◦Wt

∣

∣

∣µ(mod D), t ≥ 1 such that t ||M
}

,

is a complete representative system of QM,D2/Γ0(M), because they are ob-

tained by reducing to the representative system {[0,D, µ] |µ(mod D)} of

Q1,D2 (cf. Gross-Kohnen-Zagier [2, Chap. 1]). Putting I(N) = {p1,i}1≤i≤ν1 ,

Π(N)even = {pe,j}1≤j≤ν2 and Π(N)odd = {po,l}1≤l≤ν3, this set can be writ-

ten in the set







[0,D, µ]◦WQ

1≤i≤ν1
p

αi
1,i
◦WQ

1≤j≤ν2
p

βj
e,j

◦WQ

1≤l≤ν3
p

γl
o,l

∣

∣

∣

∣

∣

αi ∈{0, 1},
βj ∈{0, ordpe,j

(N)},
γl ∈{0, ordpo,l

(N)}







.

Then, we get

rk,N(f ;D,D) =
∑

t||N

∑

µ(mod D)

ωD([0,D, µ] ◦Wt)

×
∫

C[0,D,µ]◦Wt

f(z)([0,D, µ] ◦Wt(z, 1))
k−1 dz
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=
∑

t||N

∑

µ(mod D)

ωD([0,D, µ] ◦Wt)

×
∫

C[0,D,µ]

f
∣

∣W−1
t (z)([0,D, µ](z, 1))k−1 dz

=
∑

(αi,βj,γl)

∑

µ(mod D)

ωD

(

[0,D, µ] ◦WQ

1≤i≤ν1
p

αi
1,i

◦WQ

1≤j≤ν2
p

βj
e,j

◦WQ

1≤l≤ν3
p

γl
o,l

)

×
∫

C[0,D,µ]

∏

1≤i≤ν1

τ(p1,i)
δ(αi)

∏

1≤j≤ν2

τ(pe,j)
δ(βj )

∏

1≤l≤ν3

τ(po,l)
δ(γl)

× f(z)(Dz + µ)k−1 dz,

where δ(t) = 0, 1 according as t = 0 or t 6= 0. On the other hand, by

straightforward calculations we have

ωD

(

[0,D, µ] ◦WQ

1≤i≤ν1
p

αi
1,i

◦WQ

1≤j≤ν2
p

βj
e,j

◦WQ

1≤l≤ν3
p

γl
o,l

)

= ωD ([0,D, µ])
∏

1≤i≤ν1

(

D

pαi

1,i

)

∏

1≤l≤ν3

(

D

pγl

o,l

)

=

(

D

µ

)

∏

1≤i≤ν1

(

D

p1,i

)αi
∏

1≤l≤ν3

(

D

po,l

)γl

.

Therefore, from the definition of τ (or f), the period rk,N(f ;D,D) is equal

to

2ν2





∑

(αi)1≤i≤ν1

∏

1≤i≤ν1

(

D

p1,i

)αi

τ(p1,i)
δ(αi)





×





∑

(γl)1≤l≤ν3

∏

1≤l≤ν3

(

D

po,l

)γl

τ(po,l)
δ(γl)





×
∑

µ(mod D)

(

D

µ

)∫

C[0,D,µ]

f(z)(Dz + µ)k−1 dz.

Especially, if we assume the additional condition τ(p) =
(

D
p

)

for all p ∈
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I(N) + Π(N)odd, then we see that this is equal to

2ν1+ν2+ν3
∑

µ(mod D)

(

D

µ

)
∫

C[0,D,µ]

f(z)(Dz + µ)k−1 dz.

Remark 5. If for some prime p of I(N) + Π(N)odd we have τ(p) =

−
(

D
p

)

, then rk,N (f ;D,D) = 0. Actually, we can show that

∑

(αi)1≤i≤ν1

∏

1≤i≤ν1

(

D

p1,i

)αi

τ(p1,i)
δ(αi)

=
∑

(αi)1≤i≤ν1

∏

1≤i≤ν1

τ(p1,i)=−
„

D
p1,i

«

(−1)αi

∏

1≤i≤ν1

τ(p1,i)6=−
„

D
p1,i

«

(

D

p1,i

)αi

τ(p1,i)
αi = 0,

and
∑

(γl)1≤l≤ν3

∏

1≤l≤ν3

(

D

po,l

)γl

τ(po,l)
δ(γl) = 0

in the same way.

Furthermore, we have

∑

µ(mod D)

(

D

µ

)∫

C[0,D,µ]

f(z)(Dz + µ)k−1 dz

=
∑

µ(mod D)

(

D

µ

)∫ ∞
√
−1

−µ/D
f(z)(Dz + µ)k−1 dz

= (D
√
−1)k−1

√
−1

×
∫ ∞

0

∑

µ(mod D)

(

D

µ

)

∑

n≥1

af (n)tk−1e

(

nµ

|D| +
√
−1nt

)

dt

= (D
√
−1)k−1

√
−1

(

D

−1

)1/2

|D|1/2

∫ ∞

0

∑

n≥1

(

D

n

)

af (n)e−2πnttk−1 dt

= (−1)[k/2](2π)−k|D|k−1/2Γ (k)L(f,D, k),

where L(f,D, s) is the twisted L-function

L(f,D, s) =
∑

n≥1

(

D

n

)

af (n)n−s (Re(s) ≫ 0),
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which is extended to C as a holomorphic function.

From the above argument, we now have the following Theorem.

Theorem 3. In the same notation as above, assume that the eigen

system τ for the Atkin-Lehner operator of f satisfies the following

τ(p) =

{

(

D
p

)

if p ∈ I(N) + Π(N)odd

1 if p ∈ Π(N)even − (I + J)

for two (disjoint) subsets I, J in Π(N)∗2. Then we have

∑

κ∈Map(Π(N),{±1})
κ with (τodd)

|cgκ(|D|)|2
〈gκ, gκ〉

= 2ν(N) (k − 1)!

πk
|D|k−1/2L(f,D, k)

〈f, f〉 ,

where ν(N) denotes the number of different prime divisors of N .

Remark 6. This result is a generalization of Kohnen [5, Corollary].

Remark 7. By Remark 5, if for some prime p of I(N) + Π(N)odd we

have τ(p) = −
(

D
p

)

, then rk,N (f ;D,D) = 0 so that we have cgκ(|D|) = 0 as

well for any κ satisfying the parity condition (τodd).

Theorem 4. Let the assumptions on f and τ be the same as in The-

orem 3, and suppose we take a Hecke eigen form g(τ) in NK
k+1/2(N ; f)

satisfying the condition

∑

S, S′⊆Π(N)even

κ(S)κ(S′)〈g|RS , g|RS′〉 6= 0.

Then, we have









∑

κ∈Map(Π(N),{±1})
κ with (τodd)

∣

∣

∣

∑

S⊆Π(N)even
κ(S)

∏

p∈S

(

|D|
p

)∣

∣

∣

2

∑

S, S′⊆Π(N)even
κ(S)κ(S′)〈g|RS , g|RS′〉









|cg(|D|)|2

= 2ν(N) (k − 1)!

πk
|D|k−1/2L(f,D, k)

〈f, f〉 ,

where κ(S) =
∏

p∈S κ(p), κ(φ) = 1, RS =
∏

p∈S Rp and Rφ = 1.
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Proof. By straightforward calculations, we have

gκ(τ) =
1

2ν2

∑

S⊆Π(N)even

κ(S)g|RS(τ)

for each κ satisfying the parity condition (τodd) and an arbitrary new form

g(τ) ∈ NK
k+1/2(N ; f). Actually, we can check that the right hand side of this

equation has the same eigen system as κ with respect to twisting operators

Rp (p ∈ Π(N)). Therefore, we obtain the above result by putting it in

Theorem 3.

§6. Examples of Kohnen-Zagier’s formula

In this section we give some examples of Kohnen-Zagier’s formula by

using Theorem 3 and Theorem 4. Thus the notation and assumptions are

the same as in Section 5. Especially, we assume that k ≥ 2, N an pos-

itive odd integer, D a fundamental discriminant with (−1)kD > 0 and

(D,N) = 1, f a primitive form of Snew
2k (N) and the eigen system τ of f for

the Atkin-Lehner operator satisfies the same condition as in Theorem 3 and

Theorem 4.

6.1. The case of Π(N) = φ

Suppose that Π(N)odd = Π(N)even = φ. Then, Theorem 4 induces

Kohnen-Zagier’s formula in the case of square-free level, that is,

|cg(|D|)|2
〈g, g〉 = 2ν(N) (k − 1)!

πk
|D|k−1/2L(f,D, k)

〈f, f〉

for an arbitrary new form g(τ) ∈ NK
k+1/2(N ; f) (cf. Kohnen-Zagier [6];

Kohnen [4, Corollary 1]).

6.2. The case of Π(N)even = φ

Suppose that Π(N)even = φ. Then κ satisfying the parity condition

(τodd) is only one. Therefore, by using it, we have the following representa-

tion:

|cg(|D|)|2
〈g, g〉






=







∣

∣

∣

∑

S⊆Π(N)even
κ(S)

∏

p∈S

(

|D|
p

)∣

∣

∣

2

∑

S, S′⊆Π(N)even
κ(S)κ(S′)〈g|RS , g|RS′〉






|cg(|D|)|2







= 2ν(N) (k − 1)!

πk
|D|k−1/2L(f,D, k)

〈f, f〉
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for an arbitrary new form g(τ) ∈ NK
k+1/2(N ; f). Namely, Kohnen-Zagier’s

formula in this case has the same form as in the case of square-free level (cf.

Sakata [12, Theorem 7]).

6.3. The case of Π(N)odd = φ

Suppose that Π(N)odd = φ. Then the parity condition does not make

sense. Therefore, we have the following

∑

κ∈Map(Π(N),{±1})

|cgκ(|D|)|2
〈gκ, gκ〉

= 2ν(N) (k − 1)!

πk
|D|k−1/2L(f,D, k)

〈f, f〉

for an arbitrary new form g(τ) ∈ NK
k+1/2(N ; f). In other words, by changing

D, we get the central value L(f,D, k) in either one coefficients of the 2ν2

different forms {gκ}κ∈Map(Π(N),{±1}) alternatively. In particular in the cases

of N = p2m (m ≥ 2) or N = p2 and
(

−1
p

)

= 1, the left hand side of this

formula is expressed by the following

∑

κ∈Map({p},{±1})

|cgκ(|D|)|2
〈gκ, gκ〉

=







∑

κ∈Map({p},{±1})

∣

∣

∣

∑

S⊆{p} κ(S)
∏

p∈S

(

|D|
p

)∣

∣

∣

2

∑

S, S′⊆{p} κ(S)κ(S′)〈g|RS , g|RS′〉






|cg(|D|)|2

=







∣

∣

∣1 +
(

|D|
p

)∣

∣

∣

2

2〈g, g〉 + 2〈g|Rp, g〉
+

∣

∣

∣1 −
(

|D|
p

)∣

∣

∣

2

2〈g, g〉 − 2〈g|Rp, g〉






|cg(|D|)|2

=
2
(

〈g, g〉 − 〈g|Rp, g〉
(

|D|
p

))

〈g, g〉2 − 〈g|Rp, g〉2
|cg(|D|)|2

under the condition g|Rp 6= ±g and 〈g, g〉 6= ±〈g|Rp, g〉. Therefore we have

Kohnen-Zagier’s formula (in the case of level 4p2m)

(

〈g, g〉 − 〈g|Rp, g〉
(

|D|
p

))

〈g, g〉2 − 〈g|Rp, g〉2
|cg(|D|)|2 =

(k − 1)!

πk
|D|k−1/2L(f,D, k)

〈f, f〉 .

(cf. Sakata [12, Theorem 6; Theorem 8]).
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§7. Generalization of Luo-Ramakrishnan’s result

Let k be an integer with k ≥ 2, N be a positive odd integer, and τ

be the eigen function defined in Theorem 3 in Section 5. The aim of this

section is to establish the following theorem by using Theorem 3 and the

same method as Luo-Ramakrishnan [11].

Theorem 5. Let κ be the eigen function with the parity condition

(τodd). Furthermore, let g1(τ), g2(τ) be Hecke eigen forms in N
K,κ
k+1/2(N),

with n-th Fourier coefficients cg1(n), cg2(n) respectively. Suppose cg1(|D|)2 =

cg2(|D|)2 for all (but a finite number of ) fundamental discriminants D with

(−1)kD > 0. Then g1(τ) = ±g2(τ).

This was given by Luo-Ramakrishnan (cf. [11, Theorem E]) in the case

of N being an odd and ‘square-free’ integer. Our approach is essentially the

same as [11].

Proof. For i = 1, 2, let fi(z) denote the primitive form in S2k(N)

associated to gi(τ) through the Shimura correspondence. Let τi denote the

eigen system of fi(z) under the Atkin-Lehner operator. Then we can take

a fundamental discriminant D0 satisfying

(−1)kD0 > 0, (D0, N) = 1 and τi(p) =

(

D0

p

)

for all p ∈ I(N) + Π(N)odd

by using the same argument as in [11]. For this D0, we define the set D

consisting of positive integers D satisfying

µ(D) 6= 0 and D ≡ ν2 (mod 4ND0) for some ν coprime to 4ND0.

From the definition of D, we see that for every D ∈ D, DD0 satisfies the

following conditions:

(−1)kDD0 > 0, (DD0, N) = 1 and

τ1(p) = τ2(p) =

(

DD0

p

)

for all p ∈ I(N) + Π(N)odd.

On the other hand, fi⊗
(

D0
)

is an primitive form (for each i) as (D0,N) =

1. So the hypothesis of this theorem implies, thanks to Theorem 3 (with D

replaced by DD0), the following identity:

L(f1 ⊗
(

D0
)

,

(

D
)

, k) =
〈f1, f1〉〈g2, g2〉
〈f2, f2〉〈g1, g1〉

L(f2 ⊗
(

D0
)

,

(

D
)

, k)



84 H. SAKATA

for all D belonging to the set D.

By using the remark following Theorem B in [11], we conclude that

f1 ⊗
(

D0
)

= f2 ⊗
(

D0
)

, which implies f1 = f2. Therefore we see that

g1 = kg2 for some k ∈ C by using Theorem 1. But then, from hypothesis

we deduce that g1 = ±g2.

From Theorem 5, we obtain the following result immediately.

Corollary 2. Let g1(τ), g2(τ) be Hecke eigen forms in NK
k+1/2(N)

with n-th Fourier coefficients cg1(n), cg2(n) respectively. Suppose cg1(|D|) =

cg2(|D|) for all (but a finite number of ) fundamental discriminants D with

(−1)kD > 0. Then g1(τ) = g2(τ).
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