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LARGE DEVIATIONS FOR RADIAL RANDOM WALKS
ON HOMOGENEOUS TREES

KANJI ICHIHARA

Abstract. Donsker-Varadhan’s type large deviation will be discussed for the
pinned motion of a radial random walk on a homogeneous tree. We shall prove
that the rate function corresponding to the large deviation is associated with a
new Markov chain constructed from the above random walk through a harmonic
transform based on a positive principal eigenfunction for the generator of the
random walk.

§1. Introduction

In [5] Donsker-Varadhan’s type large deviation results have been ob-
tained for the pinned motions of two classes of diffusion processes (Brownian
motion on a hyperbolic plane and reversible, periodic diffusion processes on
R™) which have a strong transience property in general. It has been shown
that the corresponding rate functions are related to new diffusion processes
defined through harmonic transforms based on positive principal eigenfunc-
tions for the generators associated with the original processes. This type of
large deviations seem to be of great importance for the study of Schrodinger
kernels.

Analogous large deviations can be considered for Markov chains. In
fact, Chiyonobu, Ichihara and Mituisi [1] have obtained large deviations for
a class of periodic, reversible Markov chains on Z". The main result in the
paper can be extended to a class of reversible Markov chains on a discrete
group of polynomial volume growth.

In this paper we shall discuss the above problem for random walks on
a class of trees. There occurs a crucial difference between discrete groups
of polynomial volume growth (euclidean type) and trees (hyperbolic type)
where principal eigenfunctions play an important role. Thus another scheme
is required.
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Let T9*! (¢ > 2) be an infinite homogeneous tree of order g+ 1. Namely
it is a connected graph without loops or cycles and each vertex has (¢ + 1)-
nearest neighbours. One characteristic feature of the tree is that for every
pair of vertices x, y there is a unique path connecting x and y with length
d(x,y), where d(z,y) is the number of edges in the path and plays the role
of a distance on T9*1,

Let X,, be a random walk on T9"!. We are interested in an asymptotic
behaviour of the Feynman-Kac type expectation:

(n9) n—1
(1) gl {exp <— Zm(Xk)> } as n — 00
k=0

where P(((: xy)) denotes the probability law of the process X. pinned as Xy =
z, X, = y and m(x) is a bounded function on T4T!. The first step to
investigate such a behaviour is to establish large deviation results for the
occupation time distribution of the pinned random walk.

From now on, we consider a random walk on T9T! whose one step

transition probability p(z,y) satisfies the following conditions:

(A.1) The transition probability p(x,y) depends only on the distance d(z, y).
(A.2) inf{p(e,y) | d(z,y) < 1} > 0.

This type of random walk on a homogeneous tree has been treated in
Sawyer [8]. He has discussed asymptotic behaviors for the radial part of the
sample function and for the n-step transition probabilities. Some further
results in this direction can be found in [6], [7], [9], [10] and references
therein.

Define a difference operator L for a function u(x) on T¢+! by

Lu(z) = > p(z,y)(u(y) — u(z)).

yG’]T‘P‘rl

Denote by o the counting measure on T9"!. Then L is a self-adjoint oper-
ator in the Hilbert space L2(T9t!, 1g).

Let M be the set of probability measures on T9*! endowed with the
weak topology. Let , be the space of all sequences Xy, X1, Xo,... with
Xo =z and X; € T9T!. We have a probability measure on €2, induced by
p(-, -), which is denoted by P, and is called the random walk associated



LARGE DEVIATIONS FOR RADIAL RANDOM WALKS 77

with the transition probability {p(x,y)}. For each w € Q,, each positive
integer n and a subset A of T4t! define

n—1
4) = =3 va(Xiw)
k=0

and for a measurable subset B C M,

QY (B) = PI¥(w ' Lu(w, -) € B).

In this paper a large deviation principle for Q( y)) will be investigated.

In order to introduce a rate function appropriate for our formulation, we
first discuss a generalized eigenvalue problem for the difference operator L
related to the random walk (X, Py).

Let Si(z) be the sphere centered at x with radius £k € NU {0} i.e.

Sk(x) = {y ) d(:v,y) =k, y€ Tq+1}'

Evidently, |So(z)| = 1 and |Sy(x)| = (¢ + 1)¢* ! (k > 1).
Under the assumption (A.1), we may set

p(z,y) = A(d) = Ag, d=d(z,y)
and
P(d(Xp41,Xp) =d | Xp=2) = Ay =¢" g+ 1)Aq, d>0

with A§ = Ag. Note that the numbers {A;} satisfy a relation

Ao+ 3 g+ A= 1.
d=1

For a fixed point z¢ € T¢H!, define

(2) up(z) = <1 + %d(mo,x)> g wo2)/2 g e Tat!
q

(3) di d/2<1+T1d>A2.
(0,1).

It is easily verified that A\ €
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THEOREM 1. [t holds that for ug(x) and Ao defined above,
Lug(z) + Moug(z) =0, 2 € T

It should be remarked that the number )\ is the greatest lower bound
of the L2-spectrum of the difference operator —L, see [10] and that ug(z) is
a corresponding (generalized) eigenfunction. This theorem is an immediate
consequence of the following lemma which is implicit in Proposition 2.4,
Chapter II, [4].

LEMMA 1. Forxz € T9"', meN

S ) = ) (14 S Juote)

y:d(z,y)=m

Making use of the function ug(z) above, a new transition probability
function p°(x,y) is defined by

pO(x7y) _ (p(:z,y)uo(y) T,y € Ta+1

1 — Ao)uo(x)’

Let (X2, P?) be the Markov chain on T4*! induced by {p®(z,y)}. From
the definition of p°(z,y), the Markov chain (X0, P?) is reversible with re-
spect to u3 i.e. up(x)?*p°(x,y) = uo(y)*p°(y,z). Denote by p2(z,y) the n-
step transition probability of the Markov chain X. Then p!(z,y) satisfies

Set
mlu(z) = D @ y)uly).
yeTat!
Denote by U the set of positive functions u on T4*! for each of which there
exist constants a and b such that 0 < a < u(x) < b < oo for all z € T+
We now introduce a functional on M which plays the role of a rate
function in our case.

U

0
Io(w) = — inf > log(—)(:r)u(w% pe M.

u

Note that Io(p) < oo for any p € M. In fact, under the assumption (A.2),
we have that for any € Tt}

S

(z,2) u(z) = p(zo, 7o) u(zx).

0
>
ﬂu(w)_l—)\o 1— )Xo
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Hence

~Io(w) = inf Y~ 1og<7T “> e )Zlog(p;xﬁi’i?)>>—oo,

:EGT‘I‘H

which implies that Io(u) < oo for any p € M.
Our main results are the following.

THEOREM 2. (i) For any compact C C M,

hmsup logQ ( ) < —inf Io(p).
n—o0 ped

(ii) For any open G C M,

(ny) _
hnrgggfnlogQ(M( ) 2 — inf Io(y).

THEOREM 3. For any bounded function m(x) on T+,

JinéoélogEP((o @) {exp < Zm (Xk) )}
= _;Liéljf\;l{lo(ﬂ) + Z m(z),u(a:)}

zeTat1
§2. Proof of Theorem 2: Upper bound

We shall first prove the upper bound in Theorem 2.
Set for a function u € U,

V(z) = nu(z), W(z) = log (Z((;) )

From the definition of the pinned process,

E <(5wy>){ (X, exp< ZW (Xp) )}
s sl Erie
1
:pn(az,y) Z w(zp—1) exp< ZW :Ek;)

L1, Tp—1 €TIHL

X p(wn—l, y)p(z, 961)19(951, x2) - p(Tp—2,Tn-1),

79
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inserting p(z,y) = (1 — Xo)uo(z)p°(x,y) /uo(y) into the above,

0 ) g Mp< ZM)

pn(x,y) Z1,...,Ep_1€TIH]

X Mpo(x, 21)p° (1, 22) -+ P (Tp—2, 20 1)
uo(Tn—1)
(1= ule) e n-1:9)
_ p:(x’y)o EP { ( 1 exp< ZW Xk) (Xgl 3 }

Making use of the boundedness of p(z,y)/up(z) in z for a fixed y and an
estimate of p,(x,y) for a large n, see Theorem 19.30 in [10], page 215, we
have

(n,y)
E0w {u( exp( ZW Xk >}

n— n—1
<4 ‘A(’g “O(x)EPa‘?{ (X0 1>exp<—ZW<X£>)}

Pn(z,y) =

|
—

< Czn3/2uo(?J)ec?’d(x’y)g/”EPg{ -1 eXP(

b
Il
o

following arguments in [2], page 8

= an3/2u0(y)ec?’d(x’y)g/"u(:z).

Thus we have obtained

pins n 3/2 Csd(z,y)* /n
@ E Py {exp( S wix >} <o uQ(y)e u(z)
k=0

inf, epat1 u(x)

The definition of Q ’ )) implies

7

n—1
E (((;l:vy)){exp <—ZW(XI<)>}
k=0
_E é&?{exp(_n Z W(Z)Ln(w,{z})>}
zeTa+1
— 0 ny){exp (—n Z W(Z)M(Z)> }

zeTatl
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Consequently it follows that for any measurable subset C' of M

(5) B9 [exp(—n 3 W(Z)M(Z))]

zeTat+1

z@§3,52<c>exp<—nsup ) W(Z)M(Z)>~

pec zeTat+l

Combining (4) and (5), we obtain

3/2 Csd(z,y)%/n
1o (y)e u() ‘exp<

inf,cper1 u(x)

n sup Z W(z)u(z)) .

el ettt

Since u is an arbitrary element of U, we have

7TO’U,

(6) lim sup llog Qggg))(C) < inf sup Z log(—)(z)u(z).

u
n—oo T ue “ecze’ﬂ‘ﬁl u

The upper bound in Theorem 2 now follows from the same reasoning as in
[2], page 9.

83. Proof of Theorem 2: Lower bound

We need some auxiliary results from [3].

Let Myqt1ye+1 be the space of all probability measures on T4+ x T4+1
and let M, g be the set of all A € Mrg+1,7¢+1 With first marginal o and
second marginal 3. U; denotes the set of functions u(x,y) on T4 x T4F! for
each of which there are constants a and b such that 0 < a < u(z,y) < b < 0o
on T4F! x T9*L, For any A € Mupg+1yrat1, we define

f(A)Z—Jggl{log{ > U(w,y)ko(x,y)}

Ta+1 xTaq+1

_ Z 10gu(x,y)-/\($,y)}

Ta+1 xTag+1

where \o(z,y) = 7(2)p°(z,y), v being the first marginal of \.

Let a probability measure yu € M have full support. As is remarked
after the introduction of the rate function Iy(\), Io(\) < oo for any A € M.
Applying Theorem 2.1 in [3], we see that

7 1 = inf I(\).
@ o) = inf 10V

Hop
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Since I()) is lower semicontinuous and since M, ,, is compact, the infimum
in (7) is actually attained. Denote the element of M, , where this infimum
is attained by A, i.e., [(A) = Ip(u). We write A(x,y) = u(z)p°(z,y), for all
(z,y) € T x T9FL. Note that p¥(z,y) becomes the transition probability
of a new Markov process on T¢*!. The probability measure y is an invariant
measure for p¥, since p is not only a first marginal for A but also a second
marginal. Denote by P° the probability for the stationary discrete param-
eter Markov process having p°(x,y) as its transition probability and the
invariant measure y as initial distribution. Denote by P2 the corresponding
probabilities for this process starting at x. In the proof of lower bound in
Theorem 2, we need the fact that the stationary process P° is ergodic. In
order to show this, we proceed as follows. From the definition of I(x), there
exists a sequence {u,} in U such that

tim > o) (ohuto) = I

Let

and let \ be as above.
Since Ip(p) < 0o, Lemma 2.4 in [3] implies that

lim [\, — A =0

n—~oo

where the norm is the variation norm. Taking the discrete situation into
account, this gives that for any (z,y) € T4+ x Td*!

lim A\, (z,y) = Az, v).
n—oo
From this, we get
LEMMA 2. Under the assumption that supp(u) = T9T!

o up(y)
M) = 2 @)

exists and is strictly positive for all (x,y) € T+ x TIFL,
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Proof. First note that (A.1) together with the hypotheses guarantees
the existence of lim,, oo tun (y) /7%y, (z) for all x and y satisfying d(z,y) < 1.
Since Io(11) < oo and muy,(x)/u,(z) is uniformly bounded below by a
positive constant p°(xq,zq)/(1 — A\g), we have
lim mtun ()

< oo, xeTith
n—00 Uy ()

For z and y such as d(z,y) > 2, choose a sequence xx, k =0,1,...,ny such
that

Lo =Ty, Tlyevey Tng =Y
d(zg, k1) =1, k=0,1,...,n9— 1.

Then we have

un(y) o Un(xl) 7Toun(xl) un(xQ)

Oup(z)  mOup(w0) un(z1) mun(zr)
. Un(Tng—1) TUn(Tpe—1)  Un(Tnp)
7Toun(ﬁnon) un(ﬁnofl) 7Toun(ﬁnofl)

Hence letting n — oo, from the above we get the existence of lim,, ..
un(y) /7%y (z) for all x and y in T9". Applying Lemma 2.5 in [3], we get
that there exist two functions a(x) and b(y) such as

=, 0

where 0 < a(x) < oo and 0 < b(y) < oo. Since h(z,x) > 0,
0 < a(x), bly) < oo
for any x, y. This completes the proof of Lemma 2. 0

We shall now complete the proof of the lower bound in Theorem 2.
Assume g € G has full support on T?t!. Denote by A an element of M L
for which I'(\) = Io(p) as before. Define p%(z,y) by Ma,y) = u(z)p’(z,y).
Since

5 a(x)

Az, y) = u(ﬂf)@po(ﬂc,y),
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it follows from Lemma 2.1 in [2] that

Io(w)= > log(a(z)/b(y))A(z,y).

Ta+1 xTg+1

It is possible to find a sphere S(u,€) with center p and radius € > 0 with
respect to the Prokhorov metric such that S(u,e) C G. Set

n—1
Foe= {w = (25)j20 € Qa ; ﬁ > log(a(aj—1)/b(x;)) < To(u) + 6}-
j=1

Let PY and Pxo be the probabilities introduced before. The P° process is a
stationary process and, by Lemma 2, is a mixing process. Hence by virtue
of the ergodic theorem, we have

P%(w ; Ly(w, -) converges to p as n — oo) = 1

15;?( nh_{gon_ Zlog _1)/b(X3))

= Z 10g(a(w)/b(y))ﬂ(ﬂf,y)>—1.

Ta+1xTa+1

Making use of the same harmonic transform as in the proof of the upper
bound, we get

PO (w5 La(w, ) € G) = PG (w i Lu(w, ) € S(1,6))

(0,x) (0,z)
(1= o)™ tug(x) pO{P(Xglay) }
— Ereq——="2 L, S(u,ey,
pn(xv y) uO(ngl) (M )

which is expressed by means of the Markovian measure (X9, P?) as

(1 — )\o)nfluO(l‘)
Pn(z,y)

X W Zog _1:X7) |5 Ln € S(ps€)
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(1 — AO)”_luo(az)

pn(%y)
B 70
% EP{]% exp(—(n — D[Io(u) +€) ; Ly € SW)}
> U _;2; " oxp(—(n ~ 1){Io(4) + )
,O _0 3
EP{% A€ S} “F}

Combining the estimate for p,(z,y) and the boundedness of p(-,y)/uo(-)
with the ergodicity of the process X7, we get by letting n — oo and € — 0
that

(8) lim —log Q) (G) > ~Io(p)

n—oo N

Let Mg be the set of probability measures on T¢T! with full support.
Then it is easy to prove that under our assumptions

f 1 inf I,
inf, o(n) = et o(1)

for any open subset G C M.
This together with (8) completes the proof of the lower bound.

§4. Proof of Theorem 3

In this section we shall discuss an asymptotic behavior of the Feynman-
Kac type functional associated with the walk.

Let L?(T9"1 432) be the set of real valued functions on T9™! which are
square integrable with respect to the measure u3. Denote by (f, g) the inner

product on L*(T?H ud) i.e. (f,9) = > crart f(2)g(x)uo(z)?.
Let h be a bounded function on T9t!. Introduce an operator A for a

bounded function f on T¢*! by

Apf(x) = e "2 3" 0@, y)e W2 f(y) = e 27072 f) (2).

yETqul

It can be easily seen that the operator Aj defines a bounded operator on
L?(T9"! 43) and that

(Anf,9) = (f, Ang), f.g € L* (T4 ud),
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holds. Hence Ay, is self-adjoint on L2(T9F! u?).

Let u be in Y. We follow the same notations V(zx) = mou(x) and
W(z) =log(V(z)/u(x)) as in the proof of Theorem 2.
On the other hand, by the same reasoning as in [2], page 8,

EP {u(X_)) exp{~[W(X3) + W(X)) + -+ W(XI_)]}} = u(e
Thus

(9) BT {exp{—[W(XQ) + W(X?) + -+ W(XD_)]}} < L
infycpa+r u(y)

This implies the left hand-side in (9) is uniformly bounded for a fixed func-
tion u in U.
It is easy to see that

(10)  Afy f(2) = eV @ORER exp{~[W(X0) + W(X]) + -+ W(XD)]}
% eW(XS)/2f(X2)}_
In particular, A, 1 is uniformly bounded on T+ by a constant depending

only on wu.

We have for f € L?(Tt1),

(11) (AW f AR ) = Y (A ) (@)uo(e)?,

x€Ta+1

the Schwartz inequality applied to (AP, f)? together with the uniform
boundedness of Ayl and the symmetry of the operator Ay implies,

< ST AR @) ue()? < C Y AR (fuo(w)?
reTat1 zeTa+1
=C Y Apl@)f@)u@)’ <C* Y fl =C*(f. f).
zeTat! zeTat!
Hence we get [[Ay|[2(rat12) < €, n = 1,2,.... Denoting by Aw the

upper bound of the L? spectrum for Ay, the above implies that Ay is less
than or equal to 1 i.e.

Aw = sup (Aw/f, f) <1
F D=1
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Thus we have for a nonnegative function f with (f, f) =1,

0 > log(Aw f, f)

=10g< > e‘W(x)/on(w,y)e‘w(y)/Qf(y)f(x)ug(x)>

z,yeTat!

= 10g< > AT - g
ac,ye’]l‘q+1

e—m(:v)/QpO (.’L‘, y)e_m(y)/Zf(I)f(y)uO(x)2
% <Amf’ f> + 10g<Amf7 f>7

by virtue of Jensen’s inequality

5 () ()

z,yeTatl

e—m(:v)/QpO (.’L‘, y)e_m(y)/Zf(I)f(y)uO(x)2
y e +log(Anf, f)

(Amf) (@) f (x)uo(x)
(Amf, f)

v

2
+ log(An f, f).

Introduce a probability measure on T?t! defined by

 (Anl) @) (@) (2)?
w0 =N

Then the above inequality implies

5 tog( %) @) = X ey (o) > 08(Anf. ), e

reTa+1 €T+l

taking the infimum of the left hand-side over U, we get

_IO(:“m,f) - Z m(x):um,f(x) > 10g<Amfa f>

reTetl
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Noting that ji,,  is an element of M, we finally see

(12) sup {—IO(M) -y m(:r)u(w)}

neM

reTat+l
(13) > sup {—Io(um,f)— > m(w)um,f(:r)}
(fo):l reTa+1
f=0
(14) > sup log(Anf, f) = log Am.
<f7f>:1
f=0

Thus we have obtained

- inAfA{Io(u)Jr > 'm(w)u(w)} > log A

€
K reTa+1

Combining this with Theorem 2, (ii), we get

” -
(%) hmmf—logE <0 =) {exp( Z (Xk >}
k=0

> — inf { o(p) + Z m(:r)u(x)} > log A\

eM
a reTa+1

Consequently, in order to prove Theorem 3, it suffices to show

(15) lim sup — logE (0 2 {exp( Zm (Xk) )} < log Am.

n—oo N

From the definition of the pinned process

ol £
_ 1 ( Z (X)) y)
= pn(%‘,y) exXp m(Xp,) Xn-1,Y) ¢»
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making use of the same harmonic transform as in the proof of Theorem 2
(upper bound),

(1= X0)" ug(x ) & n_1:Y)
T @) {exp< ZmX’“) 0(X7_ n}
_ (1= 20)" ug(x) o—m(@)/2 gn—1 [ =m(-)/2PLoY)

PRENY a4 )

Applying the Schwarz inequality, we get from the above

An (6m< : )/2%) () = A Al (eW / 2’%) ()

U U
2 —m(z)
< efm(x)/2 p
<« |3 l:An—Q (em(')/2M>(Z)]2uO(z)2
z€Ta+1 uo(-)

< Cx,y\/ <A"m2 (em( - )/2p150'("y)) ) ,Ap? (em( : )/2%>>

where C, , is a positive constant depending only on z, y and m. Since
e=™)2p( y) Jup(+) is square integrable with respect to the measure ud,

At (e—m< g 2%) ()

< Cac,y)‘an\/<e m(- )/21:50( )) o—m(- )/2P;0(.y))>.

This implies that the inequality (15) is valid.

we get

Acknowledgements. The author is grateful to an anonymous referee
for useful comments, suggestions and calling his attention to additional
references on random walks and harmonic analysis on trees.



90

(1]
2]

3]

[4]

[5]
[6]

[7]

8]
[9]

[10]

K. ICHIHARA

REFERENCES

T. Chiyonobu, K. Ichihara and H. Mituisi, Large Deviation for Periodic Markov
Process on Square Lattice, J. Math. Sci. Univ. Tokyo, 13 (2006), 525-544.

M. D. Donsker and S. R. S. Varadhan, Asymptotic evaluation of certain Markov
process expectations for large time, I, Comm. Pure Appl. Math., 28 (1975), 1-47.
M. D. Donsker and S. R. S. Varadhan, Asymptotic evaluation of certain Markov
process expectations for large time, III, Comm. Pure Appl. Math., 29 (1976), 389—
461.

A. Figa-Talamanca and C. Nebbia, Harmonic Analysis and Representation Theory
for Groups Acting on Homogeneous Trees, London Mathematical Society Lecture
Note Series, vol. 162.

K. Ichihara, Large deviation for pinned covering diffusion, Bull. Sci. math., 125
(2001), 529-551.

S. Lalley, Finite range random walks on free groups and homogeneous trees, Ann.
Prob., 21 (1993), 2087-2130.

F. Ledrappier, Some asymptotic properties of random walks on free groups, Topics
in probability and Lie groups: boundary theory, CRM Proc. Lecture Notes, vol. 28,
Amer. Math. Soc., Providence, RI, 2001, pp. 117-152.

S. Sawyer, Isotropic random walks in a tree, Zeit. Wahr. verw. Gebiete, 42 (1978),
279-292.

S. Sawyer and T. Steger, The rate of escape for anisotropic random walks in a tree,
Prob. Th. Rel. Fields, 76 (1987), 207-230.

W. Woess, Random walks on infinite graphs and groups, Cambridge Tracts in Math-
ematics, vol. 138, Cambridge University Press.

Department of Mathematics
Faculty of Engineering Science

Kansai University
Suita, Osaka 564-8680
Japan

kchihara@ipcku.kansai-u.ac. jp



