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In memory of TADASI NAKAYAMA

The author discussed questions of the type treated here at various times

with his friend Tadasi Nakayama. There had been plans of a collaboration bet-

ween Nakayama and him in an effort to broaden our knowledge of the part of

the character theory on which this present work is based. Nakayama's untimely

death destroyed the hope of such a collaboration. I wish to dedicate this paper

to his memory.

§ 1. Introduction

In a previous investigation [1], the author has studied finite groups © of

an order g = pgo where p is a prime and go an integer not divisible by p. This

work has been continued by H. F. Tuan [51 Let t denote the number of

conjugate classes of ® which consist of element of order p. Tuan dealt

with the groups ® for which t^2 and which have a faithful representation of

degree less than p - 1. We shall assume here that ί>3.** We shall also suppose

that ® does not have a normal subgroup of order p. We state here two

results. We shall show (Corollary, Theorem 1) that if 7 is a faithful irreducible

character of ® of degree n which has T > 1 conjugates over the field of the

go-th roots of unity, then

n> ^T~mp"\

In Theorem 2, we assume that ® has an irreducible faithful representation of

degree n<p~l. It is then shown that
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382 RICHARD BRAUER

Thus for a fixed t, only finitely many primes p are possible. In a later paper,

S. Hayden and the author will study small values of t and give further exten-

sions of the results.

§ 2. Preliminaries

Let © be a finite group of order g^pgo where p is a fixed prime and

where gQ is an integer not divisible by p. Let φ be a ^-Sylow subgroup of

®. The centralizer &(φ) and the normalizer 9?0β) of φ then have the form

(2.1) δ = S ( P ) = φ x » , 9? = 9?(P) = < (φ),

Here, 55 is a group of order υ prime to p and M is an element whose order

m over S(φ) divides p-1. If we set

(2.2) p-l = mt,

t is the number of conjugate classes of © which contain elements of order p.

Distribute the irreducible characters of $ into classes Fo, Fu . . . , F/_i of

characters associated in 5W. It is shown in [1] that © has / ^-blocks Bo, B\,

. . . , Bι-ι of full defect, and we have a one-to-one correspondence Fλ->Bχ.

Let 0λ be a character belonging to F λ and suppose that F λ consists of rλ cha-

racters, i.e. that the inertial group of θ\ has index n in 9?. Then τ λ | m ; we

set

(2.3) m

so that

(2.2*) p-l = mχh, U = 0 , . . . , / - l ) .

The degree of 0λ will be denoted by / λ = 0 λ (l) .

As shown in [1], J5λ consists of raλ

 unon-exceptionaΓ' characters Coλ), Cίλ), . . . ,

Cĵ i-i and h exceptional characters 7iλ), Z^λ), . . . ϊM\ The values of these

characters for ^-singular elements of ® can be given explictly, only certain

± signs remain undetermined. Let p denote a primitive p-th root of unity

and let c denote a primitive root (mod jf>). We form the Gauss periods of

length mx

(2.4) α>ίλ) = Σ t f V

where z> ranges over the integers, k, k 4- tx, k + 2 tx, . . . , Λ + (wλ - l)fχ. Clearly,
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cn(

k

λ) remains unchanged, if k is changed (mod tλ). If P is a fixed generator

of φ and if F G % we have with d\V) = θ{M~ιVM)

(2.5) T/\PV) = £ ( A 1 Σ V ( ^ ) ^ U

(2.6) C | V

with είλ), e λ ) = ± 1 ; cf. [1] I, Theorem 4.

We take Bo as the principal >block of ®. Then 0o = l, r o = l , i.e. U = f,

m0 = m. We shall choose here the notation such that Cί,0) = 1 and that s 0) = 1

for i = 0, 1, . . . , a - 1 and s 0) = - 1 for z = a, a + 1, . . . , m - 1.

Set ω{k] = 7?/,. The ^ are the Gauss periods of length m. It is seen easily

that

(2.7) 7ι= τ Σω/ x Λ/.
v = 0

As is well known, τ?ι, τ?2, . . . , /̂ form a Z-basis for the ring of algebraic in-

tegers of the field Q ί ^ c Q ^ ) *> we have

(2.8) Σ T ? / - - 1 .
t = l

With each ηt, the conjugate complex number rji appears in {771,^2,... :ot).

We shall use the notation

(2.9) Vi = Vi"

We also give some formulas for the multiplication of the 77/. These can be

proved easily directly, but we apply a group theoretical method.

Let Wp,t denote the metacyclic group of order p(p - I) ft defined as group

with generators P, M with the relations

Pp = l, Mm=l, M

Then Ίίlpj satisfies our conditions for @ and t= {p — l)/m is the number of

conjugate classes of elements of order p. Here, B) is the only >block. The

non-excepetional characters can be identified with those of sDί/,,//</*>, i.e. of

a cyclic group of order m. For suitable choice of the notation, we have

Q0) = Ck, (0£k<m), C a character of degree 1. The characters Z 0) have degree

*> We use the notation Q for the field of rational numbers and the notation Z for
the ring of integers.
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m, ε{0) = l. The product VTγf will contain : \ if and only if Zy0)C* = Z 0).

Taking the element P, we see that this is so, if and only if i- j . Hence we

may set
ί τ n - 1

Li Ij = 2 J CtfrAr + 0,7 2-1 C
r = l fc=0

with integral ajr^O and Kronecker <5/; . For the element P, this yields

t

(2. 10) Ύ}i7jj - Σ C,7r Ύ]r + Wl5ι7ι
r = l

while for the element 1, we find

t

(2.11) *Σcijr = m- δij.

r = 1

Since ajr is the multiplicity of the principal character in JTYP'ϊT> we see that

\Z. ΊLZ) Cijr — Cirj =z Crij' -

§ 3. Characters of 9Ϊ

The results stated in §2 apply in particular to the group ?ί in (2.1). We

shall write here bx instead of 2?λ. Since $<|S7?, no i>-block of defect 0 occurs

for ϊί.

The irreducible characters of 55 have the form θ^. They may be con-

sidered as characters of i£ = $ x φ . Let (p) denote the linear character of &

defined by

(p){PiV)=pi

for KG 5β. If the element M is chosen suitably, we may assume that

(3.1) (p) J I=(p) c ί.

For any y e Z, the character (p)cJθλ of S has w associates in ϊ?. It follows

that this character induces an irreducible character

of 5Ϊ. Using (3. l) we see without difficulty that

(3.3) ^ ' i e = Σ β ; t t Σ ( p ) e V

μ = 0 V

where in the inner sum, v ranges over all members of a residue system mod
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p-1 for which ^ Ξ ; + ^ ( m o d ίλ). Comparison of (3.3) with (2.5), (2.6)

shows that £oX), ξ[λ), . . . , £#Lj are the tλ exceptional characters in b\. The

signs e(λ) here are + 1 . It is now also clear that ξjλ) remains unchanged, if j

is changed mod tx. The degree of ?}X) is mθχ(l) = m/λ.

We next form the irreducible character θt of 91 induced by the character

0λ of 55. If ψ is an irreducible constituent of βt, necessarily

with integral e>0. Comparing this with (2.5), (2.6), we see that ψ is a non-

exceptional character of bχ and that e = 1. Hence ψ has degree rλ/λ and it ap-

pears only once in θΐ\ This shows that θt splits into the mλ non-exceptional

characters of bχ each appearing with multiplicity 1. In our present case, the

signs ε/X) are also + 1 .

The characters of the principal block b0 have kernels including $. Since

9i/® is cyclic of order m, we can find a linear character ψί0)GbQ such that

φ{0)(M) is a primitive m-th root of unity while ψ{0} | (£ = 1. Then the non-excep-

tional characters of bo are

Let 0(X) now denote a non-exceptional character of bχ. It is clear that,

for any z",

(3.4) 0i λ ) =(0 ( O ) ) f > ( λ ϊ

is also an irreducible non-exceptional character of bχ. Conversely, if ψ is an

irreducible non-exceptional character of bλ, then ψψ{λ) must contain a consti-

tuent in &o. This can be seen from (2.6). It also follows from the general

theory. Since the kernel of ψψ{λ) includes $, this constituent can only be a

ψ{i\ It then follows that ψ is the character ψiλ). We see that the non-excep-

tional characters of bλ are the </> λ ) with i = 0, 1, 2, . . . , mλ -1. Necessarily,

(3.5) # V ° O m λ = 0! λ).

We now have

(3 A) The block bx of 9? consists of the tx exceptional characters ξ λ ) and

the πix non-exceptional characters ψγ\ O^j<tx\ 0^i<mλ. The ξjλ) have

degree mfx while the ψiλ) have degree r λ / λ . The kernel of each ψiλ) includes φ.
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Since the sign associated with each ψ^ is + 1 , the tree corresponding to

bχ is a "star" whose center corresponds to the set of exceptional characters

while each free end point corresponds to a ψiλ). This shows that the modular

irreducible characters φ\X) of bλ are simply the restrictions of the ψiλ) to the

set of ̂ -regular elements / = 0, 1, 2, . . . , ntχ - 1. The chief indecomposable

character Φ^ corresponding to φ\X) then is given by

(3.6)

It also follows that, for ̂ -regular elements <;G51, we have

(3.7) f}λϊW = l Σ 1 0l λ ) ω.

Taking the element 1 in (3.6) and using (3 A) and (2.2), (2.3) we obtain

{3 B) The character Φf] has the degree pτxfλ.

The next statement is also an immediate consequence of (3.6)

(3 C) The Z-module of functions spanned by the irreducible characters in

has the basis Φγ-\ ξf] with i= 0, . . . , πi\ - 1 and j = 1, 2, . . . , ί λ.

We conclude § 3 with the proof of three lemmas concerning the products

of the characters of 9ΐ.

(3 D) For i^j (mod t), ί/λ)?yλ) is a sum of exceptional characters.

Indeed, it can be seen from (3.3) that, for ί =fc./'(mod f), £fλ)?yλl|(£ is a sum

of irreducible characters θ(p)k where θ is a character whose kernel includes

$ and where (p)k*l. It follows that each constituent of ςj λ)fyλ) is non-trivial

on φ. By (3 A), all constituents are exceptional characters.

(3 E) We have formulas

ι-i ffir-i

0.8) rr=ΣΣ«'

where qΐkT e Z and where

(3.9) 0^f^r*/α/β//τ.

Proof. We can set
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Ϊ - ] ?ttot-l

Ψk Φ^ = 2-i 2 J a^kΦi
α = 0 z = 0

with fl J e Z , afjl>§. This formula remains valid, if each 0 is replaced by

the corresponding φ. Now [4], (64) and (76) show that

/ r n τ - 1

w 10/ Φi φv = 2 J 2 J tffvjA

We claim that (3.8) holds with

m β - 1
T(3.

v = o

Since the chief indecomposable characters Φ vanish for ^-singular elements,

it suffices to check (3.8) for ^-regular elements a. Here, (3.8) is obtained by

summing (3.10) for v = 0, 1, . . . , m^ - 1 and using (3.7) and (3.11). It is now

evident that ^ T G Z , qΐkΎ>0.

We note next that affl is the multiplicity of the principal character in

cf. (3.4). For fixed α, j9, r, then ^ ^ depends only on k + p-i. Moreover,

(3.5) shows that afϊl remains unchanged if one one of the indices /, z>, or k

is changed modulo the greatest common divisor d of mΛ, rap, tnr. Let dU

denote the sum of the a"$l where one of the subscripts ranges over a residue

system mod d. Then (3.11) reads

(3.12) q$r

On the other hand, since a% is the multiplicity of ψ(

k

r) in

(3.13) φi ψj = 2 J 2 J

On comparing degrees, we have

Now (3.12) shows that (3.9) holds.

(3 F) We have formulas

ι-imr-i

(3.14) Φ α ) 0T = Σ Σ -
r = o fc = o
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where A^l^Z and where

(3.15)

Proof. Again, it suffices to consider ^-regular elements in (3.14). On

adding (3.8) for j= 1, 2, . . . , fp and (3.10), we see that (3.14) holds with

Now (3.15) is obtained from (3.9), since (3.13) implies tf?K^

§ 4. Some results concerning the characters of ©

It follows from (2.5) and the results of §3 that the difference Z}λ )l^~

ε(λ)ί}λ) is a generalized character of ϊί which vanishes for all ί>-singular elements

U = 0, . . . , Z — 1 / = 1, 2, . . . , tx). Consequently, the difference is a linear

combination of the chief indecomposable characters Φ(

k

a) of 9? with coefficients

u in Z, (cf. for instance [2], Theorem 17). Moreover, since the values of the

Φ(

k

Λ) lie in the field Ω of the £0-th roots of unity over Q, application of an

element of the Galois group of Ω(ρ) over Ω shows that the coefficients u do

not depend on j. Hence we may set

(4.1) Xf\ 5R = e(λ )ff + Σ u(lWra)

a, r

w h e r e in t h e sum on t h e r ight, a ranges over 0, . . . , / - 1 and, for given a,

r ranges over 0, 1, . . . , mΛ — 1.

{4 A). In (4 .1), the integers u{a,]r are non-negative. If ε ( λ ) = — 1, there

exists an r for which *Λλ,V is positive.

This becomes evident, if we use the formulas (3.6) to express (4.1) by

means of the irreducible charcters of 9ΐ. Since Xyλ)|9ί is a character of 9?, the

coefficients of each ψψ and each £/λ) must be non-negative.

(4 B) Choose a fixed value of λ. There exist coefficients hΛ?r e Z such that

(4.2 a) X^W] = Σ C + hhiirXP + Γ+ Δn
μ = 0 ?' = 1

ί0)
(4.2 b) ZS X) ψ = Σ Cί0) + ΣhijrX^ + Γ+ Δa

for iΦj mod tx. Here Γ is a character whose irreducible constituents are non-

exceptional characters Ĉ 0) e Bo and which does not depend on i, j, and Δ^ is a
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character whose irreducible constituents do not lie in BQ. {The integers h^r and

the characters Γ and Δ^ will depend on λ).

Proof. Choose i&j (mod tx) and form the generalized character

C _ yίλ)y(λ) y(λ)yιλ)

a — ki Ij Λ& Ik -

Then Ξ vanishes for all ̂ -regular elements of ®. Express Ξ by the irreducible

characters of (§ and let So denote the sum of the terms which lie in Bo, say

Then SO also vanishes for ̂ -regular elements. On the other hand, for every

value of r,
α - l m-1

μ — ε l r

μ=0 v=α

vanishes for ̂ -regular elements, cf. [1] I, Theorem 6. If we set z=Σzr> it

follows that

Σ (*μ + ε(0)

2)Cμ

0) -f Σ (y> - ε(012)Cl0)

μ = 0 V = a

vanishes for ̂ -regular elements. Since the C/0) are still linearly independent on

the set of i>-regular elements, we find #μ = - ε(0)2, y^ = ε(012. Now, the prinicipal

character Cί0) appears with the multiplicity - 1 in Ξ; we have xo= - 1. Hence

(4.3) e(0ϊ = 2 = Σ2r, *μ= - 1 , ^ = 1.
r

Thus,
α -1 m-1 t

(Λ λλ y(λ)y(λ) _ y(λ)y(λ) _ "S^Λ ί 0 )_l. V Λ((P _l_ V^ <? 7 ( 0 ) _L CT*

μ O V = α r = l

where Ξ*jk is a character of ® whose irreducible constituents lie in blocks

other than Bo. In particular, this shows that Cί0), Cί0), . . . , CaU are constituents

of XkX)fk] and that C^0), . . . , C^U are constituents of Zi λ)Zyλ).

We may choose our notations such that (4.2 a) holds for i-1 and that

hur, Γ, Δn have the significance stated in (4B). Then (4.4) with k-1 shows

that (4.2 b) holds, if we set hijr = hur + zr. It follows from (4.3) that

ε(0)
(4.5) ΣA«yr= Σ/*πr+ε ( 0 ) .

Γ=l r = l

If we now apply (4.4) with any k, we see that (4.2 a) holds in general. In
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addition, we have

(4.6)
r = l

This completes the proof of (4B).

(4 C) In (4B), the hijr are non-negative. There exists a number H such

that

(4. 7) Σfc/r = H for imj (mod tx), Σfey = H- e(0).
l l

The first statement is obvious since h^r is the multiplicity of Xr' in X{a]χ(pλ).

The second statement is a consequence of (4.5) and (4.6).

Our next aim is to give an estimate for the number H. We shall now

make the following assumptions:

(I). t^3

(II). There does not exist a normal subgroup $ of (S such that ($/$ is

isomorphic with the met acyclic group ^lρ,t of order p(p — l)/t*.

Suppose that in (4.1) for λ = 0, all u^]k vanish. Necessarily ε(0) = 1 and

Xj0){l)=m<(p- l)/2. We take ft as the kernel of X[°\ By (2.5), P $ £ and

hence $ has an order prime to p. Then the principal blocks of (§ and of

® = ©/$ can be identified, see e.g. [3], Theorem 1. In particular, we see that

the number m remains the same if © is replaced by ©. Now the results of

Cl] II show that © — ΊRp,t, a contradiction.

We may therefore assume that (4.1) for λ = 0 reads

(A o \ y ί θ ) | <γ\ ( 0 ) A 0 _ L Λ , ( 0 ) /n( τ) _I_ Λ.(°) ^>1
\τc O / /.q \J( — S ζq*MΎ,k®k ~τ~ , Uγ, β ^ = l .

Since ί>3, we can choose imj (mod t) in (4.2 b). Restrict the arguments to

31 and express all characters of 5R by means of the ξ(f\ Φf\ cf. (3C), (3.6).

Now (4.8) shows that Φ{J} will appear at least with the coefficient H in (4.2 b).

On the other hand, on account of (4.1), we have

y ( λ ) r : ( λ ) | <ΛΛ £(\)~Z(λ) I ^ ^ ^""* _.(*),.#(*)/fi(<*)^Γ(i^)
/ / /y I JC — ζj ξj -ή- s ' ^jUarU^s Wr w s

a,r β, s

The assumption (II) is only used to eliminate the case that XjO){l) = (p-l)/t<*

/3
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where (a, r) and (β, 5) range over the pairs (q, μ) with q = 0, . . . , / - 1 and

μ = Q,l,...,mq- 1. Again express all the characters on the right in accor-

dance with ( 3 C ) . It follows from ( 3 D ) , ( 3 E ) , (3 F) that the coefficient of

Φι

k

T) is equal to

λ ) */ ( λ ) Δ °̂ T _1_ »(λ) V 1 */ (λ) ΓnaλT J_ naλr

r «ββ ^rsk + 5 JLJ Wα, rL<Zr£; + Qrk*
α, r p, s a, r

where we set ΊD(

k

T) = ̂ + ) . Now (3.9) and (3.15) show that in the case ε(Λ) = 1,

this quantity and hence H is at most equal to

it + rf α)/f ΐ Σ uίVva/J2 + 2Λ/7 ] Σ ^λΛ.Λ
α,r d, r

In the case ε(λ) = - 1, the second summand can be deleted. In either case

we set

(4.9) £ = Σ « « r W « .
cc, r

Then our result shows that

(4.10a) H^(t+l)R2 + 2fλR forε(λ) = l ;

(4.10 b) Ht^{t+l)R2 for ε(λ) = - 1.

Set n='/jλ)(l). Then (4.1) in conjunction with (3 A) and (3 B) yields

(4.11) n- e^fnfx+pΈuWτJa = ειλ)mfχ
a, r

ειλ) =Suppose first that ειλ) = 1. If we put n/β = K, we have

fλ =p/(K- R)/mS (t +1) (K-R)

and (4.10) becomes

Suppose then that ε(λ) = — 1. As remarked in (4 A), some «(

λV is positive and

hence

- mf\ -f mtτλfλ.

Thus, mfx<n(tx - I)" 1 . For nip = A', by (4.11)

R<K(1 + (tx - I)'1) = Λ»λ/(fe - 1) ̂  -f #.

This can be substituted in (4.10 b), We have now shown.
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(4 D) If © satisfies the assumptions (I) and (II), then

H<{t+l)n'/p2 (for ε(λ) = l ) .

H<{t + l){tl/(tλ-l)2)(nί/p2)<~-(t+l)n'/p2 (for ε(λ) = - l ) .

Here, n is the degree of the exceptional characters Xf\

§ 5. Proof of Theorem 1

THEOREM 1. Let % be a group of order g~pgo, where p is a prime and

where go is an integer not divisible by p. Assume that the p-Sylow group $ of

© is not normal in © and that © contains ί > 3 conjugate classes of elements of

order p. If Z(λ) of degree n is a faithful exceptional irreducible character of ®

{for the prime p), then

(δ. 1) p- Kw{w - 2 6(0))/(ί - 2)

where w = {t+l)t,nJ/p2 in the case ε(λ) = 1 and w = (t + 1) (tl/(tx - I) 2 ) (n2/p2)

in the case e(λ) = — 1. Here ε(λ) £m<i ε{0) are the signs belonging to the exceptional

characters of the p-blocks Bλ and Bo.

Remark. The assumption that Z ( λ ) is faithful is not needed in the following

two cases: 1) if Ίfrpj is not a homomorphic image of ©. 2) if %a\l)>

Proof. We shall first make the additional assumption that Wlp,t is not a

homomorpic image of ©. Then (4 D) applies. We give a lower estimate for

H. Form

It follows at once from (2.5) that

S( λ )

On the other hand, we can use (4.2) to find S(«V The equation (2.6) implies

that

ΓEΞJβ

Similarly, by (2.5)
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Since Jafi consists of constituents not in 2?0, a similar argument shows that

Σ Δ^iPV) =0.

Since e/0) = 1 for 0^i<a and ε/0) = — 1 for a£i<m, (4.2) implies

t

r = l

where # e Z does not depend on a, β and where 5«V = 1 or 0 according as to

whether or not a = β(mod tx).

Hence

(r o\ X ^ ( λ ) — ( λ ) (0) NΓΛ r. ^ • . .
V D . Z ; ^ i (Ort4-\jt(ύp + 'ut — £ ^ \tln.f.r"ήr ~T X

It follows from (2.7) that

\O o/ y]i~0J — / i f ) Cύj_j_ vίCί̂  j + u.t ~~~ x i f i (jύi-\-\ιtίύη-{.ut-\. \ιt.
V = 0 μ =» 0 \z=Ό μ = 0

If we set

(5.4) Cijr— Σ hij+μ.t,r,

substitution of (5.2) into (5.3) yields

(5. 5) ViVj = e(0) Σ Cijr-ηr + τxX 4- mδfj
r = l

where 5/y = 1 or 0 according as to whether or not i = j (mod ί). On account

of (4.7), we find

t

We may now compare (5.5) and (2.10). Since yl9 -η2, . . . , Vr are linearly

independent over Z and since their sum is - 1 , this yields

/r- rτ\ (0)/^ . . Λ

In particular, (2.12) shows that

(5. 8) CαpT = CαTp = Cταp'

It also follows from (5.7), (5.6) and (2.11) that

(5.9) ε
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Since f^3, we can choose i^j (mod t). We use (5.5) to express

in two ways as linear combination of -ηu τ?2, . . . , τ?m Comparing the coefficient

of Vj — Vjfy we find

Σ CurCrjr - e(0) Σ CurTxX - emmCaj +τλx + m
r=1 r=l

m

U r τ χ X - emCy,tn.
r = l

On account of (5.8) and (5.6), this becomes

Σ Cur Cjjr + m + 2 Γλ# = Σ C J yΓ.
l

Since all Cα?γ are non negative,

On account of (5.9), this becomes

which can rewritten in the form

(5.10) (P - 1) (f - 2) ̂ tkH (txH ~ 2 ε(0)).

Now, (5.1) is a consequence of (4D).

It remains to deal with the case that © contains a normal subgroup $

such that © = ($/$-9fli>,f. Clearly, ® then is the maximal normal subgroup

of ® of an order prime to p. This implies that the principal i>-blocks of ®

and of © coincide, cf. [3], Theorem 1. Since the ^-Sylow subgroup of @ is

self-centralizing, the natural homorphism of © onto © maps $ into β/ff and

we have $ £ $ . It is now clear that

(5.1D © = <#φ, M>

and that $φ is a normal subgroup of index m in ®.

We assume now that 1 is a faithful character of ®.

We now use induction with regard to m to prove that

(5.12) {p - 1) (f - 2) ̂ woiwo ~ 2)

with tϋO= (t+l)tκn
2lp2. This will imply (5.1). Since ί>3, we have p>Π. As
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$ is not normal in (§, it cannot be normal in $φ.

If m=ly then t=tx=p — l. It will suffice to show n^p-l since then

Wo>(p-l)(p-2) and hence (5.12) will hold. If n<p-l, it follows from

Hi] II, Theorem 1 and Corollary 2 that n — fx and that for the single non-

exceptional character Cίλ) of Bλ, we have Coλ)|δ=0λ, while lψ is obtained from

C$λ) by multiplication with a linear character of ^-®/^. Thus, φ belongs to

the kernel ξ> of Ĉ λ) and © cannot contain i>-regular elements G # 1 of ©. Hence

€>=$ and we have φ<j(8, a contradiction.

Suppose then that m>l. Let s be a prime dividing m and set M* = M\

Then ®* is a normal subgroup of (S of index s. Moreover, (S* is of the same

structure as © with m replaced by m* = nι/si i.e. with t replaced by t*=ts.

In (4.2 a), the CoO), . . . , CaU are the m linear characters of the cyclic group

(S/ίϊφ of order m a= m. Since s of them have a kernel including ($*, it

follows from (4.2 a) that X}λ)|©* is reducible. Consequently, # λ ) | ® * splits

into s irreducible characters of degree n* = #/s. The formulas (2.5) show

that some of these constituents belong to the block B£ of ©* associated with

0>. If r*, ί* have the same significance for Bt as rλ, tx have for 5 λ , clearly,

τt^τx and tΐ^stx. It we set H;0* = (t* + l)tϊn*2/p2, we have w;o*^o. It is

now clear that the analogue of (5.12) for ©* implies (5.12) and the proof of

Theorem 1 is complete.

COROLLARY. In Theorem Z, we have

Proof. If we have w - 2 ε(0) > 2 w, then εί0) = - 1, w<2 and (5.1) reads

p~1^8/(t-2). This is only possible for p= 7, t= 3. Since w<2 we have

12^2<98 and hence n^2. Then ^ = 2. In this case, the result holds.

Assume then that w - 2 ε(0)^2 w. By (5.1),

p - ^ ) 2 ) ] { ΐ A A \

Here,

and we obtain
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P5<63ttW<s4tW

and this yields the desired result.

Remark. If an irreducible character X of (S has defect 0, it vanishes for

i>-singular elements. Thus, all values of X lie in the field of the #o-th roots

of unity. This shows that the Corollary can be stated in the form given in

the Introduction.

§ 6. Proof of Theorem 2

THEOREM 2. Let © be a group of order g = pgo where p is a prime and go

an integer not divisible by p. Assume that (i) the p-Sylow group $ o / δ is not

normal in © and (2) that the number t of conjugate classes of elements of order

p is at least 3. If % has a faithful irreducible character X of degree n<p-l

then n = p- (p-l)/t and

(6.1) p^f-t + l.

Proof Since X has degree n<p-\, it follows from [1] II, Corollary 2

that X is an exceptional character X(/] of a i>-block of defect 1. It is also

clear that we have one of the cases

(6.

(6.

Case

2 a)

Case

2 b)

1.

2.

ε ίλ) = 1

e ( λ ) = -

where μ is one of the values 0, . . . , πi\ - 1.

Suppose that ® has a normal subgroup $ for which Φ)/® — Ήp,t. As in

§5 we see that ffφ is a normal subgroup of index m in (S and that $ c $ .

It is also clear that the irreducible constituents of X\^ lie in the rλ blocks

B* of $φ determined by the rλ associates of θT'. All irreducible characters

n*of B$ have the same degree n* and there is exactly one non-exceptional

character Cμ* in B*. Since n*<p-l, Corollary 2 of Cl] II shows that $ belongs

to the kernel of C(μ)*. Again, the exceptional characters of B^ are obtained

from the Cίμ)* by multiplication with the linear characters of φΛ/fi-φ. If

we form the character
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of ίfφ, we see that an element ϋΓe ® belongs to the kernel £> of Z only if it

belongs to the kernel of Xf\ i.e. if K= 1. Since $ c φ , we have φ<Iφff and

then $<](S, a contradiction. Hence ® satisfies the hypothesis (I), (II) in §4,

and all results of § 4 can be used.

We show next that the number H in (4.7) cannot vanish. Indeed, if

H= 0, (5.6) shows that, for i, j= 1, 2, . . . , t with i*j, we have

(ί, j=l,29

By (5.9), x= -m/tx. Then (5.7) yields djr = m/t for the same /,/,*•. It now

follows from (2.10) that

W/ = - m/t (for / # j).

This is clearly impossible, since ηίt 7j29 . . . , w are distinct and ί ^ 3 . Hence

It is now easy to see that the first case is impossible. Indeed, in this

case, R=0 by (4.9), while (4.10 a) shows that R*0.

Suppose then that we have Case 2. By (6.2 b)

Since mx^m^ip- l)/3, the assumption n <p - 1 implies that rλ = / λ = 1. Thus,

n = p- (p-D/L

It now follows from the results of § 3 that

for all ί and /. Then (3.6) shows that <λ ) |SS = ̂ χ . By (6.2 b),

Since Z}λ) was faithful, this implies that 3J is cyclic and that it belongs to the

center 3(®) of ®. Moreover, Z λ)%yM is trivial on S. Then the formulas (2.5)

and (2.6) show that the irreducible constituents of Z/X)ZyX)|5? belong to ^0. We

can therefore express ZίX)Zyλ)l 5ϊ as a linear combination of the 0μO) and the

exceptional characters in bo. Now ξίλψ?λ) contains the linear character ψ^,

if and only if ξ(

tt

λ) = 0io)f Jλ). Since ψ(

μ

0) is trivial on Φ x % this is so, if and only

if a = 0. Moreover, for α: = 0, the character </>ί,0) appears with multiplicity 1 in

ξίλψa

λ). A similar argument shows that ψ^ cannot occur in ξ'f'ψlλ). Finally,
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Φlλ)φlX) = l. It now follows from (6.2 b) and (3.6) that

(6.3) # λ ) # λ ) | 9ί = (* -1 + φφl" + Σ (t - 2 + (φ^C +
μ = l

where the dots on the right stand for exceptional characters in bo. On ac-

count of (3.6), this can be written in the form

zί T l 5R = (* -1 + φΦl" + Σ (* - 2 + φφ™ +
u=l

where the characters not written are again exceptional characters in bo.

We can apply the same method as in § 4 and compare our formula with

(4.2) (restricted to 31). Since H*0, it follows at once that in (4.8), only

terms Φ^ with γ-0 can appear with coefficients *4 r )#0. Moreover, H^t — 1.

Actually, our method shows that we can have H-t-1 only if (4.8) has

the form

(6.4) ;Cl9ί = e(O)£<o) + 0 r

We can then also compare the multiplicity of ψ(

0

0) in (6.3) for / = / and in

(4.2 a), restricted to 31. On account of (6.4) and (4.7) this yields

Thus, if H=t-1, we must have e(0) = 1. Then # 0 ) (l) = m + p. Since e(0)*ε(λ),

we have λ ̂  0. It follows that 3$ # 1 and hence that 3(®) # 1. Since eί0) = 1,

(6.1) is an immediate consequence of (5.10).

On the other hand, if H^t-2, (5.10) yields

p - l£t\t - 2) + 2 t = f - 2 f + 2 ί <ί 3 - t.

Γhis completes the proof of Theorem 2. We also have

THEOREM 2*. //* © has center 1, ίfeg inequality (6. l) m Theorem 2

replaced by

The same is true, if the degrees of the exceptional characters in the principal p-

block of (S are different frpm p -f {p — l)/t.
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