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§ 1. Introduction

Let. Γ be a ring with unit element and let A be the Ore extension of Γ

with respect to a derivation d of Γ [4, 3]. It is shown in [3] that l.gl. dim A

^1-+ l.gl. dim Γ. It is not in general possible to replace this inequality by

equality.

We consider here the special case where Γ is the polynomial ring in n

variables over a commutative ring K. If d is a /ί-derivation of Γ then A be-

comes a K-algebra and we prove that if further A is a supplemented K-algebra,

we have l.gl.dim A = 1 -f l.gl.dim /' (Theorem 1). The proof consists first in

constructing a Λ-free complex of length n 4-1 for /(, which we prove to be

acyclic (Proposition 2) by putting a suitable filtration on this complex and

passing to the associated graded. We use this resolution to prove that \ΛimκK

~n-hl. We then employ a spectral sequence argument to complete the proof

of Theorem 1. If A is not supplemented, Theorem 1 is not necessarily valid
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§2

Let K be a commutative ring with 1 and let Γ=^ K {_xXi . . . , xnl be the

polynomial ring in n variables over K, Let d be a ^derivation of Γ into

itself. Clearly d is uniquely determined by its values // on Xi. Conversely,

given n polynomials / / G Γ , l<i<n, there exists a K-derivation d of Γ into

itself with d(x;) =fi, \<i<n.

Let A be the non-commutative polynomial ring in one variable xn+ι over

Γ with respect to d. Then A is the iΓ-algebra with generators xu . β . , ΛΓ«+I

and relations given by
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and xn*\Xi-

PROPOSITION .1. The K-algebra A is a supplemented algebra if and only if

there exist αi, . . . , ocn^K such that fiioiu . . . , <xn) = 0, l<.i<n.

Proof Let ε : Λ-*K be a supplementation and let ε(x/) = αr, , l ^ / < ^ . We

have

ε(xn)) = ε(/,(#i, . . . , xn))

= ε(xn+ιXi "" ΛΓî n+l)

= 0.

Conversely, let aj^K, \<j<n with /,(αri, . . . , an) =0, l<i<n. Define. e(*y)

= <χj, l<j<,n, ε{xn+i) = 0. It is easily verified that e can be extended to a K~

algebra homomorphism of A onto K.

From now onwards, we assume that A is a supplemented algebra, that is,

there exist aj^K, l<>j<>n with fi(ocu . . . , an) = 0, 1 < i ^ n. It is easy to

verify that there exists a if-algebra automorphism φ oί^A such that Φ(xi) =

#i + αι, , l < / < ^ and 0(^n+i) = ΛΓ«+I. Thus, we may assume without loss of gener-

ality that aj = 0, l^jζn and the supplementation ε is given by ε{xj) =0, l<.j

<n -h 1. We may now write

//= H fsiXj, filer.

The matrix (/,>•) defines a Γ-linear map δι of the first homogeneous component

E\(yu - - , yn) of the exterior algebra over Γ in the variables yu . . . yyn>

given by

Let 5 denote the extension of <?i to a derivation of ^ Γ ( J Ί , . . . , yn) into itself;

We write Xi = A<S)KEi(ylt . . . ' ^ n + i ) , (/>0), where

fi(jΊ,. >yn+i) is the ith component of the exterior algebra over K in the

variables yu . . . 9 yn+ι. We identify Xo with A. We define the left Λ-homo-

morphisms dk : XΛ->XΛ-I (&>l) as follows:

For />2,
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= Σ (-I)* M *Λ®ΛΊ 5v* - ^ h<

=
and

where tf(#i * * 'yjt-J e £ίΓ-i(j>i> . > J«^ = Γ® K J B I - I ^ , . . . , yn+ι)

PROPOSITION 2. T/?β sequence

(*) 0—^Z r t + ι--^Z«—> ->Z!—^Xo-^i^—>0

is a left Λ-free resolution of K considered as a left Λ-module through e.

Proof Since erfi(l®^, ) =ete) =0 for l < / < ^ + l, it follows that eβJi = 0.

We now verify that 5/-I°JI = 0, K / < ^ + l . We write z=yj\ yji. If

i ί<« + 1, we have di-i°di(l®z) = 0 since, in this case, di is the usual boundary

homomorphism in the Koszul-resolution for K considered as a Γ-module [1,

p. 151].

Let ji = n + 1. We write j^ = yj, -^Λ ̂  and yu = ̂ \ yh ' ' #3V<-ι W e

have

Now

yn+ι) = Σ ( -
l ^ f c ^ 1

Σ (-i)* + 1 *, *®5>*b'«M + (-i)''~2 Σ ( -

(-D'-1 Σ (-D^fj^yk+i-iY-'δi ΣΣ
Σ (-

( -1)1'"1 Σ ( -

Hence

~ Σ (-
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Since δ is a derivation of Ev(yu . . , yn) and d = (di) restricted to EΓ(yu . . . ,

yn) is an antiderivation, it follows that dδ - δd is an antiderivation of

EΓ(yu . . . ,yn). Further,

(dδ-δd)(yi)=d( Σfjiys)

Hence it is clear that

= Σ (-

Thus rf/-io5f(l®^y»+i) = 0.

Thus (*) is a complex of left Λ-modules and it is clear that Ker ε = Im dι.

To prove the exactness of (*) we define a suitable filtration of the complex

Q-+Xn+i-* * -+XQ

whose associated graded complex is .exact. By a well-known lemma on filtered

complexes, the exactness follows immediately.

Let FpΛ be the ϋΓ-submodule of A consisting of all elements of A of degree

less than or equal to p in xn+\. Then A is a filtered ring whose associated

graded ring E°{Λ) is isomorphic to KLxi, . . . , Xn+il (See [5]). We define a

gradation on Ei(yu . . . , yn+i) by assigning the degree 0 to jv, \<i<n and the

degree 1 to yn*i. Moreover,

Eiiyu - - y yn+i) = Eiiyu > yώ ®Ei-Ayί9

We define

It is easily seen that {FpXi)p^ is a filtration of Xi and that di(FPXi) c Fp

We thus get the complex

0

We have

Let now (X*, rf/) be the Koszul resolution for K as a ϋί[>i, . . . , #«+1]-

module. We define a gradation on Klxlf . . . , #«+]] by assigning degrees 0 to ΛΓ, ,

and degree 1 to ^rtfi, We introduce a gradation on Xi by setting
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yit . . . ,yΛ)l®ZKZxi, . . . , Xn+dp-i

where iΠ>i, . . . , xn+ilp is the />** homogeneous component in the gradation of

KZxi, - . , Xn+ϊ\ defined above. It is easily seen that di(X$)<^X$-i, and that

the sequence

. U n + l . j^d\ .

A ±yP ^v^ ^ . . . ΎP Ϊ.V&

is exact for every p.

Clearly E°p(Xi) -X?. Since for any ψ e F/,-xyl and ̂ \ •^ ί . ι e jB, -i(,yi β

y»), we have ^(^y, 'yjt^) &FP-iXi-ι, it follows that Epidi) =df. Thus the

complex (Ep(Xi), Epidi)) is isomorphic to (Xf, df). Since (Xf, df) is exact,

it follows that (Ep(Xi), Ep(di)) is exact and hence (*) is exact. Since X, is

clearly a free left yί-module, the proposition is proved.

THEOREM 1. Let K be a commutative ring with 1 and let Λ be the K-algebra

generated by Xi, . . . , xn+i with the relations xtxj - XjXj = 0, 1</, j<,n, and

Xn+iXi ~~ XiXn+i = ft, fi & KZxu » #»], \<i<n. If A is a supplemented K-algebra,

and K is considered as a left Λ-module through the supplementation, we have

LdimΛiΓ= n -f 1. Further l.gl.dim A = n + 1 + gl.dim K.

Proof. As remarked earlier, we may assume that there exists a supple-

mentation e with ε(xi) = 0, \<i<,n -f 1. It follows from Proposition 2 that l.dimΛif

<>n + 1. We now prove that l.dimΛi^= n + 1. For this we first compute dn+i.

Let w^ l®^i 9 ^ n + i e Z r t f l and w, = ( - l)< + 1 l®jiβ 7/ 7 « f i e ϊ n

n + 1. We have

rf»+l(w)= Σ XiWi + Xn + iWntl- Σ fiiU)n + \
1—ί—n 1—Ί—«

= Σ #ί M>ί -H (Λ̂ « + i - Σ / « ) M'rt+i.

Let (? be the automorphism of Λ given by

We have

dn+l(w) = ΣΣ
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Thus Extl+1(Kt M) = iί«H(HomΛ(ϊ, M)), (AM)

' i, M)/Bn+1

where Bn+1 = {^GHomA(ϊ«u, M)I^(M ) = Σ O(xi)h(wi), for some AeHom

(Z«, M)}. It is clear that the if-isomorphismHomΛ(?«+i, M)^M given by

g-*g(w) induces an isomorphism

ExtTHK, M)~M/d(I)M

where / = Ker ε. In particular ExtΛ

+ 1(#, θ-iM) xM/IM. Taking Λf to be any

if-module and considering it as a left yl-module through e, we find that

..(*) ExtT\K, β-iAf)«Af.

Choosing M to be nonzero we find that LdimΔίΓ = n + 1.

We now prove that l.gLdim A - ^ + 1 + gl.dim K. If gl.dimϋί- oo, since

l.gl.dim Λ>glάim K [2, p. 74, Prop. 2], we have l.gl.dim ii = oo and we have

the required equality. Suppose then that gl.dim K = m < °°. Let Γ = ijTH î,. . -,

Λrrt]. In view of [6, Th. 1] or [3], it follows that l.gl.dim Λ<,1 + l.gl.dim Γ =

n + 1+ gl.dim K. To prove equality, we need the "maximum term principle"

Π2] for spectral sequences. The map ε : A -*K gives rise to a spectral sequence

(see [1, p. 349]).

K9 O) =*Extl(il,.C), (KA, AKK, ΔC) f

Since gl.dim iΓ=m and l .d im Λ ^=^ + 1 , we have that Extί(A, ExtQ

A(K, O )

= 0 if p>m or ^ > w + l . Thus ExtA(-A, C)~0 for r > w + » + l and we have

an isomorphism

ExtJ(il, Extl+1(iΓ, C))^ExtTn+\A, C).

Let i b e a if-module such that l.dim^A'= rn. Then, there exists a KO such

that Ext™(A, CO^F(O). Consider O as a left 7J-module through ε and take

0 = 9-10', where 6 is the automorphism of A defined above. We have by (*),

ExtΛ+1(iΓ, C)^:Cf and thus

Hence gl.dim yl>:m + n-\-1. This completes the proof of the theorem.

Remark. If A is not a supplemented algebra, we may have l.gl.dim A

! + gl.dim K. In fact, let Γ = KLxd, where ZΓis a field of characteristic 0.
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The if-algebra A on generators xu x* with the relation #2*1 - X\%% = 1 is an Ore-

extension of Γ and l.gl.dim A = 1 [5].
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