ON AN APPLICATION OF INTERMEDIATE LOGICS

TOSHIO UMEZAWA

In [1] I investigated some logics intermediate between intuitionistic and
classical predicate logics. The purpose of this paper is to show the possibility
of applying some intermediate logics to mathematics namely, to show that some
mathematical theorems which are provable in the classical logic but not provable
in the intuitionistic logic are provable in some intermediate logics. Let LZ be
the logical system obtained from LJ', a variant of Gentzen's Lj [2], by adding
as axioms all those sequents which can be obtained from a sequent scheme Z
by substitution for propositional, predicate, or individual variables. Among many
intermediate logics, LM, LK°, LMK°®°, LE, LD, and LD* are used in this paper
where M stands for -7 A, 77 A, K° for -7 7V¥x(A(x)V7A(x)), MK®° for
7 7V¥xA(x), 7 73x7A(x), E for 77 3xA(x)-»3x” 7 A(x), D for ¥x(A(x)
VB)->V¥xA(x)VB, and D* for Vx(A(x)V7B)>VxA(x)V7B. These are
proper sublogics of the classical logic.

An interpretation of classical arithmetic is given in §1. Let us denote by
7 7T the result of applying 77 to each formulas of I. Then it is proved that
if I"> 4 is provable in LK, then 7 /I'-> 724 is provable in LMK®.

In §2 we investigate an arithmetic of real number-generators. As for the intui-
tionistic terminologies not mentioned explicitly, we refer to Heyting [3]. Let
us suppose that the intuitionistic theory of rational numbers has been developed.
A sequence {a.} of rational numbers is called a J- or K° or E-(real) number-
generator, if it satisfies VEInVDlanip—an! <275 77 VEInVH|anrp — anl
<27k or YEi773nVplaniy—anl <27% where the ranges of variables are the
set of all natural numbers., Any J-number-generator is a K°-number-generator
but not vice versa and any K°-number-generator is E-number-generator but not
vice versa. It is proved in Theorem 2 that in LE as well as in LD there is
only one form of number-generator if we consider weakening in terms of double

negation. Let « and B be arbitrary number-generators. We say that a and 5
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J-coincide, if YVEInVplanip—bn:pl <27%; that a is J-inequal to 3, if &V¥n3Ip
|Gnip—buip! =27%; and that « lies J-apart from B, if 3kInVp|anip— bnsp]

22"". The other weakened forms of these notions in terms of double negation
are given. In LE as well as in LD there is only one form of definition for
coincidence, inequality, and apartness respectively and moreover inequality is an
equivalent notion to apartness and negation of coincidence to apartness.

In §3 a definition of real numbers is given. Let X, Y, and Z stand for one
of J, K° and E. The species of X-real number-generators which Y-coincide
with a given Z-real number-generator is called a (X, Y, Z)-real number. It is
shown that there are nine forms of real numbers which are not known intui-
tionistically to be equivalent and relations of these forms of real numbers are
given in a diagram. In LE as well as in LD there is only one form of real
number.

In §4 irrational numbers are treated. A J-real number-generator {a@,} is
defined to be rational or irrational if 3rV&3InVplanis—7| <27 or Vr3kVn3p
{anip—7] >27% where 7 ranges over the set of rational numbers. It is proved
in Theorem 6 that in LD any real number is a J-rational number or a J-irrational
number.

In § 5 order relations are investigated. « <3 means that 3k3nVp(anp+27%
< bn+p) where an+p and b,+p are the n + p-th components of a and j respectively.
There are three weakened forms in terms of double negation which are not
known intuitionistically to be equivalent and are equivalent in LD as well as in
LE. We obtain » a>BVa=FVa<pin LE as well as in LD. Let aZ B be
E-coincidence between a and 8. In LM as well as in LD¥* > a 28V > (a £p)
is provable. Also it is proved that in LM a virtual order relation is equivalent
to an actual order relation.

Finally in §6 we investigate many forms of convergences of rational num-
bers and of real number-generators. Let {a.} be a sequence of number-
generators. {a,) is called a J- or K°- or E-fundamental sequence of the number-
generators, if VEInVplanip—anl <275 77VEINVPlany — anl <27F, or
YEZZ3AnNVplanip — anl < 27* The convergence of fundamental sequences of
J-number-generators is treated. For any fundamental sequence {a.} of any
number-generators, it holds in LE as well as in LD that 3a VEInVpla — anspl

< 27% where « ranges over J-number-generators.
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§1. An interpretation of natural number theory

Since the most part of classical elementary arithmetic is provable in the
intuitionistic mathematics except some assertions like the principle of the least
number, we here prove a theorem concerning an interpretation of classical
arithmetic.

The system of intuitionistic elementary arithmetic is given by adding the
following mathematical axiom sequents and the complete induction to LJ'.

Terms and formulas are introduced as usual (cf. Kleene [4] Chap. IV).

a=b-oa=b. ad=b->a=b a=0-». a=b,a=c->b=c.
>a+0=a ->a+b=(@+b). »a<0=0. »a*b=a"b+a.

I > A(0) Ala), I'-> Ala")

Inducti
nduction s VxA(x)

where a shall not occur in the lower sequent.

Let us denote the result of applying 7 to each formulas of I" by 1.

TuroreM 1. For the elementary arithmetic, if I' > 4 holds classically, then
77T > 774 holds in LMK®°.

Proof. We use the induction on the length of a given classical proof. As
for the sequent A - A it is obvious. It is also true as for the mathematical
axiom sequents, because for natural numbers @, b 77 (a=b)>a=0b is true.
We treat only V-in-succedent and Induction.

V-in-succedent. We omit evident inferences, inserting a double line to

show a finite number of occurrences of inference.

T7r>774, 77 Aa)
ZA@), 77T >774
T Ax), 77T >774
74 Elx‘/A(x) 77 -
B 74, 77T > 73x7 Alx)
773x7A(x) 74, 77T >
> 77VxA(x), 773 7 Alw) 7 73%Ax), 77T > 774
770> 774, 7 7V %A(x)

As for induction, we use the fact that K° is provable in LMK®°.

77T - 7 7A0) 77 Aa), 77T > 77 Ala')
771“—>Vx77A(x) Vx77A(x) - 7 7VxA(x)

77> 7 7VxA(x)
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Thus, the theorem has been proved.

§2. Arithmetic of real number-generators

The intuitionistic theory of rational numbers, including their order relation,
is supposed to have been developed. In the following a mathematical sequent,

which is intuitionistically provable, is admitted as an initial sequent.

Def. 1. A sequence {a.} of rational numbers is called a J-real number-
generator, or shortly a J-number-generator, if for every natural number k& we
can find effectively a natural number #, such that |@nrp — anl <27F for every

natural number p: written symbolically,
(2.1) YEIAnVD | anip— an) <27%,

Unless mentioned otherwise, quantifiers range over the natural numbers.
We consider the forms of number-generators in which double negations

stand before quantifiers. They are called weakened forms.

Def. 2. A sequence {a,)} of rational numbers is called a K°-(real) number-

generator or E-(real) number-generator if it satisfies (2.2) or (2.3) respectively :

(2.2) ZIZVEInNplaniy — anl <277,
(2.3) YE773AnNYp| anep — anl <275

Any other weakened form is equivalent to one of these three. Obviously
a J-number-generator is a K°-number-generator, which is also a ZE-number-
generator. We prove that (2.1) is a stronger condition than (2.2).

Let M be a finitary spread consisting of all infinitely proceeding sequences
in which only 0 and 1 can be members, while 1 can only be followed by 1. By
the definition of M we can show that 3x(ax=1) > VEInVplan.p— anl <ok
and 73x(ax=1) > YEInVYplanp~anl < 27% hence Ax(a,=1)V 73xla,=1)
~»YEIAnVD | @nip—anl <27% Since -»77(Ix(ax=1) V 73x(ax=1)) is prova-
ble intuitionistically, we obtain — 7 7VYEIAnYP|an:p — an] <27*. Hence, every
element of M is a K°-number-generator. Assume that (2.2) entails (2.1). By
the definition of M (2.1) is equivalent to — FnVplanip—asl <27'. If we take
the least value of such 7, then for any element « of M a number is determined.
We write the number as f(a). In virtue of the fan-theorem (cf. [3] p. 42),
f(a) must be known after a finite number of components are given. However,
it is impossible, g.e.d.
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An example which satisfies (2.3) but does not seem to satisfy (2.2) was
given in [5].

Since 77 VxA(x) is equivalent to Yx7 7 A(x) in LK®°, a E-number-gener-
ator is a K°-number-generator. Therefore K°-number-generator and E-number-
generator are the same conception in LK°. Kuroda [6] has developed a theory
of real numbers on the assumption that K° is intuitionistically true if x or
every variable, which may eventually occur in the inner construction of A(x),
range over a denumerable infinite species, hence the real number theory in LK°
(cf. [61, [7] and [8]).

THEOREM 2. In LE as well as in LD there is only one form of number-

generator for weakening in terms of double negations.

Proof. 1f suffices to prove the sequent Y&773nVplani,—a.l <27%
> VEInVplaniy—anl <27% in LE and in LD. Let us abbreviate [@nip— anl
<27 by Ak, n, p).

i) Since 77 VxA(x) »>Vx77A(x) and 77Uk, n, p) » Uk, n, p) hold
intuitionistically, we can obtain the desired result by applying E.

ii) The proof in LD is as follows.

- Uk, m, p), 7UE, n, p)
oWk, 1, p), Fp7 Uk, 1, p) P T Uk, 1, p) > ZVDUK, n, p)
Uk, n, p), 7VDPUEK, n, p)
oYUk, n, p), 7NPpUL, n, p)
aBanﬂf(k n, p), 7Y pUE, n p)
S 3AnVpUk 0, p), Yn /DU k, n, p) Vn ZNPpUk, n, p) > 7AnNVPUE, n, p)
- AnVpU(k, n, p), 7AnVpU(k, n, p)
o 7773‘1_1‘Vp‘2[(k n, p) > AnVpUAk, n, p)

V&7 73nVpUk n, p) > InVPUA(k, 7, p)
YEZ 7 3nVpUk, 5, p) » VeIV U(E, 1, p)

where -~ A(k, n, p), 7U(k, n, p) and other sequents are provable intuitionistical-
ly, q.ed.

If in the following, a number-generator is denoted by a small Greek letter,
then the number-generator shall be understood that it denotes any one of the
above three forms. Let number-generators {a.} and {b.} be denoted by a and
B respectively.

Def. 3. « and B J-coincide, a = 3, if
(2.4) VEInVpia,p—bapl <27,
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Def. 4. « and B K°- or E-coincide in case of (2.5) or (2.6) respectively.

(2.5) Z7YEInND | ansp - buspl <275
(2.6) YEZ 73AnND| @nsp— buspl <275

We can prove in the same way as in Theorem 2 that in LK° K °-coincidence
is equivalent to E-coincidence, and in LE as well as in LD, J- and K°- and E-
coincidence are equivalent to each other.

Def. 5. « is J-inequal to B, if
(2.7) ALV 3P | anip — buipl = 27"

There are other weakenings which are not known intuitionistically to be

equivalent :

(2.8) A7 7Y N3P | anip—bnspl =275
(2.9) 773k 13| Gnip — bnrpl =275
(2.10) VYR 7 7 3P| @nip— baspl =275
(2.11) 773N 07 73p anip — burpl =27,

In LK° there are three forms which are not known to be equivalent, i.e.
(2.7), (2.8) and (2.9). In LE as well as in LD these five forms are equivalent
to each other.

As for the relations among the different forms of coincidence, inequality
and their negations in LJ' or in LK°, we refer to [5] or [6] respectively.

Def. 6. « lies J-apart from B, a %8, if
(2.12) 2kANYD | anip — buip) =275

The other weakenings which are not known intuitionistically to be equiva-

lent are as follows.

(2.13) 327 73nNplan.p = bupl =275
(2.14) In 7 73RYD | ansp— barpl =275
(2.15) ZZ73RAnND| ansp — bnipl =275,

(2.14) is a weakening of an equivalent form Fn3IEVp|anip—bnip! =27% of
(2.12).

We prove that for J-number-generators (2.12) is equivalent to (2.7) and
for any number-generator (2.13) to (2.8) and (2.15) to (2.9).
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For any {a») and {b,} 3kInYD|anip—burpl =27% > ALVRAP| anip— buss)
=27% can be proved easily. The converse is proved for J-number-generators
as follows. From the sequent | @nimip — @nl < 27°7% |@nimsr — anl <2775 |@nim+i
= bnrmetl <277 bminst = bl <277 Nbminsp = bl <277 > {@nimip — bnrmspl
< 27* we obtain Vp!|an+p —anl <27%7, VPlbmip — bm! <27%% |@nimep — bnimip]
227" \aneme1 = bnemer) =27%7% and further Vo | ansp — anl <277%, YD1 bimsp — bl
<277, Vndplanpy—bnipl Z27% > VDl animep— bnimipl =272 Then (e):
AnNDlanip — anl <2775 ANNYD | barp — bp] <27%7% V0P| anip — bnipl =27
> 3AnVplans — bnipl Z227%7% is obtained. Hence, using —» YEInVp|an-p— anl
<27 and - VEInVP|buip—bal <27% we can obtain F&VnIp|an.p— ba+sl
=27% Ae3AnNVplanip —burpl = 27%. Therefore for J-number-generators (2.12)
is equivalent to (2.7).

3k 7 7AnND| Gnip = burp) =27 - L7 7Vn3P|@nip — bnipl < 27% can be
proved intuitionistically. From (¢) we obtain V&7 73nVp|an:p—anl <275,
YE7 Z3AnNP | brip—bpl < 275, BE7 V03P |anip — burp| =27 » 367 73nVD
|@n+p—bnspl =27%  Then for E-number-generators, hence for any number-
generators, 3k 7 7Y n3p | anip— bnipl Z27F > L7 7AnND | anip— bnspl Z27F is
provable. That is, (2.13) is equivalent to (2.8). The equivalence of (2.15) to
(2.9) can be proved similarly. a2b6 » 7 (a=>5) is provable intuitionistically but
not conversely (cf. [3] p. 117). However, it can be proved that “(a=5b) - a#b

holds in LE as well as in LD. Hence we have

TuroreMm 3. In LE as well as in LD there is only one form of definition
for coincidence and inequality and apartness respectively. Inequality and apart-

ness are equivalent notions and negation of coincidence is apartness.

§3. Real numbers
Let X, Y and Z stand for any one of J, K° and E.
Def. 7. The species of X-real number-generators which Y-coincide with a

given Z-real number-generator is called a (X, Y, Z)-real number.

Lemma 1. Let X stand for any one of J, K°, and E. Any number-generator

which X-coincide with a X-number-generator is a X-number-generator.

Proof. The sequent laminit = bminl < 2—u—~2’ l@nimer—anl < 2—u—2, l@nim

- in < 2~lh2, }dm in = bm rn| < 2#‘42 - ibn Lm+] bm’ m! < 2_u iS intuitionistica]ly
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provable. From this we obtain (8): 3nVp|anip—an! <27%7% AnVP|ansp — buspl
<27* > 3nVplbnip—bal <27% Further by V-in-succedent and V-in-antecedent,
we obtain (¢) : YEInVD | anip— anl <27F, YEINYD | @nip— bnip) <275 > VEANYD
[Buep—bn| < 2%, Therefore if {@.} is a J-number-generator and {a,}, {ba} J-
coincide, then {b,} is a J-number-generator. From (¢) we can obtain 77 VkAnVp
l@nip—an| <27%, 7 Z7VRANNPlansp— bpsp| <275 > 7 ZVRANND bsp — bal <27,
Hence if {a@.} is a K°-number-generator and {a.}, {b»} K°-coincide, then {bx} is
a K°-number-generator. Using (4), we can prove that if {a,) is a E-number-

generator and {a@,}, {b,} E-coincide, then {b,} is a E-number-generator, q.e.d.

TueoreMm 4. (K°, ], )- and (E, ], J)-real numbers and every (J, X, Y)-real
number, in which X and Y stand for each of J, K° and E, are equal.

Proof. In virtue of Lemma 1, all members of (K°, J, J)- and (E, ], J)-real
number are J-number-generators, hence (K°, J, J)- and (E, J, J)-real numbers
are equal to (J, J, J)-real numbers. Similarly (J, J, K°)- and (], J, E)-real
numbers are (J, J, J)-real numbers.

Since for J-number-generators J-, K°- and E-coincidence are equivalent by
[512.51, (J, K° J)- and (], E, J)-real numbers are equal to (J, J, J)-real numbers.

(J, K°, K°)-, (J, K°, E)- and (J, E, K°)-real numbers are (], E, E)-real
numbers. Let 8={b,} and r={cx} are arbitrary members of a (J, E, E)-real
number. By definition, 8 and r E-coincide with a E-number-generator, say
a ={as}. We can prove easily that V&7 Z73nVp|an:p — bnsp| <275, Y&7 73AnVD
|Grip—Cnipl <2 ¥>VEZ 7AnNYD | bnsp— cnrpl <27F, therefore B and r E-coincide.
Then by [5] 2.51 8 and 7y J-coincide, because 8 and 7 are J-number-generators.
Hence, if we consider a member, say 0 = {d,}, then all members of the (], E, E)-
real number J-coincide with 4. Consequently any (J, E, E)-real number is a

(J, J, J)-real number, q.ed.
Def. 8. Real numbers in Theorem 4 are called J-real numbers.
Lemma 2. For K°-number-generators K°- and E-coincidence are equivalent.

Proof. Let {a,} and {b,} be K°-number-generators which E-coincide. From
an intuitionistically provable sequent |a@nim—anl <277 lanimei— anl <277
l@nimer = busmerl <277 [bminst = bml <277 1bmen = bl <2774 l@nem = bneml
>2%', we can obtain VEZZ73nVplanis — Ouipl <275 Vplaniy — asl
<27 P bmip = b <277, |@nem — burm| 22771, By the assumption,
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> VYEZ773AnNVplancp — buipl < 27% is true. Using intuitionistically provable
sequents - |@pim — bpim| <277 {@nim — bnem| 2277 and |@pimer — anl <277
l@nim — anl < 2_u—4, lanim — brim| < 2—u—1’ [bmin — bml <2—”_4, [ bmin+s — bm)
<27 S | @nimit = barmer] <27% we obtain VP la@uip — anl <277 Vplbmip
= bm| <27 > lanimet — burmst) <27% From this, the sequent 77 Vi3nVp
{Gnip — an| <27F  ZZVEInPlbnip — bnl <27% > Z7YEINVD| Gnrp — bnrpl
< 27F can be obtained. Since, by the assumption, {a,} and {b,} are K°-number-
generators, we obtain —» 7 7VEkInVp|anip— bnrpl <27%, which means that {a,}
and {6} K°-coincide. K°-coincidence entails E-coincidence, so the lemma has
been proved.

Tueorem 5. (I) (K°, J, K°)-, (E, J, K°)-, and (K°, J, E)-real numbers are
equal. (II) (K°, K°, J)-, (K° E, J)-, and (E, K°, J)-real numbers are equal.
(ITII) (K°, K°, K°)-, (K°, E, K°)-, (E, K°, K°)-, (K°, E, E)-, and (K°, K°, E)-

real numbers are equal.

Proof. (K°, J, K°)-real numbers are both (E, J, K°)- and (K°, J, E)-real
numbers. Since J-coincidence entails K°-coincidence, (E, J, K°)- and (K°, J, E)-
real numbers are, in virtue of Lemma 1, (X°, J, K°)-real numbers, hence (I)
has been proved. It can be proved similarly, that (X°, K°, J)- and (E, K°, J)-
real numbers are equal. By Lemma 2, E-coincidence in (X°, E, J)-real numbers
is equivalent to K °-coincidence, therefore (II) has been proved. In the same way
(IIT) can be proved except for (K°, E, E)-real numbers. The equivalence of
(K°, E, E)-real numbers to (K°, K°, K°)-real numbers can be shown analog-
ously as in (], E, E)-real numbers, q.e.d.

Let us denote by X = Y that X-real numbers entail Y-real numbers. Then
relations among real numbers of various forms are shown in the following

diagram ;

J - (K°, K°, J) » (E, E, J)

\ \ 4
(K, J, K°) » (K°, K°, K°) » (E, E, K°)
4 4 ¥

(E, ], E) » (E, K°, E) » (E, E, E).

A (E, E, E)-real number was called a weak real number in [3] p. 111.

It can be proved that in LE as well as in LD there is only one definition
of real number.
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§4. J-irrational number

Def. 9. Let {an} be a J-real number-generator. {a,} is called a J-rational

number-generator, if
yVEInYD| anip—rl <275,

in which 7 is supposed to range over the rational numbers.
The species of J-number-generators which J-coincide with a J-rational num-

ber-generator is called a J-rational number.

Def. 10. Let {ax} be a J-real number-generator. {a.} is called a J-irrational

number-generator, if
Y73kVn3plans—rl =27%

where 7 is supposed to range over the rational numbers.

The species of J-number-generators which J-coincide with a given J-irrational
number-generator is called a J-irrational number.

Any sequence of rational numbers which J-coincides with a J-rational or J-
irrational number generator is a J-rational or J-irrational number-generator
respectively.

TaeoreM 6. In LD any real number is a J-rational number or a J-irrational
number.

Proof. Let a be an arbitrary member of a given real number. In virtue
of Theorem 2, we may assume that « is a J-number-generator. In the same
way as the foregoings, we can prove that in LD « is a J-rational number-
generator or a J-irrational number-generator. If « is a J-rational number-
generator, then the given real number is a J-rational number and its members
are all J-rational number-generators. If a is a J-irrational number-generator,

then the given real number is a J-irrational number.

§5. Order relations
Def. 11. For real number-generators « and B, a < B, if
(5.1) eInVD(anis+27F < buip)

where an+p and bn+p are the n+ p-th components of @ and 3 respectively. « > 8

means the same as 8 < a.
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There are three weakenings which are not known intuitionistically to be

equivalent, where (5.3) is a weakening of an equivalent form of (5.1).

(5.2) 37 73AnVD(@nip+27% < baryp).
(5.3) T 7 73RV (anip+ 27 < bussp).
(5.4) 7733V ansp+27F < bnip).

Equivalences are also not known in LK°. As in Theorem 2, we can prove

that these four are equivalent to each other in LE as well as in LD.

TaeorReM 7. In LE as well as in LD there holds —» a =8N 7{a =), hence
by Theorem 3 »a=8V azp.

The proof is similar to Theorem 2. Since a#f8 - a > 3V a < B is provable
intuitionistically (cf. [3] p.25), we obtain by Theorem 7

Corollary 7.1. In LE as wellasin LD » a=8Va>BVa<p From this,
we obtain further.

Corollary 7.2. In LE as well asin LD 7(a> ) »a=fVa<p and a xf
> Z(a>8)V 7(a <B) hold.

Proof. Asto 7(a>B)—-»a=8YV a <, it is obvious. From Corollary 7.1
axB->a>BVa<p follows. Since a > - 7(a<B) and a < B> 7(a > B)

are provable intuitionistically, the assertion can be obtained by cuts.
Def. 12. a 2 8 denotes K°-coincidence of a and 8 and a £ 8 E-coincidence.
TaeEOREM 8. In LM - a 2 RN 7(a = 8) holds.
Proof. Obvious.

TuaeoreM 9. Im LM as well as in LD* - a = 8V 7 (a £ 3) holds.

EN

Proof. Since 77 (a £ B) is equivalent to « = § intuitionistically, we obtain
»a BV 7(atB) from » 77 (a £B)V Z(a £ B) in LM.

Let us abbreviate |an-p—bnip! <27% by Ak, n, p). The proof in LD*
is as follows. From - A(k n p), 7Uk n, p) we obtain - Y(k, n, p),
ZNpUCk, n, p). Hence, by application of D*, we obtain - VpU(k, n, D),
ZNpU(k, n, p) and hence - 7 7IAnNpA(k n, p), ZVpUAk, n, p). So, in
terms of D* we obtain - 7 Z73AnVpU(k n, p), Va7 VpA(k n, p). Thence,
- 7 73nNpUk, n, p), Z7Nk773AnNpU(k, n, p) holds. By application of D,
we obtain - V&7 Z73nVpU(k, n, p), 7VEZ 7AnNpA(k, n, p).
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Def. 13. Let S be a mathematical species. If < is a predicate which

satisfies the following rules, then < is called a virtual order relation in S.

(V1) a<b->"(a>b) N 7(a=0>).
(V2) a=bANb<c->a<ec.
(V3) a<bANb=c-a<ec.
(V4) a<bAhNb<c-a<ec.
(V5) Za<b)N7(a>b)>a=hb.
(V6) Z(a<b)N7(a=b)—>a>b.

a > b means the same as b < a.

Def. 14. If < satisfies the following rule instead of V5 and V6, then <

is called an actual order relation in S.
(A) a=bVa>b\Va<hb.

TaeoreMm 10. In LM a virtual order relation is the equivalent notion to an

actual order relation.

Proof. An actual order relation is a virtual order relation. Conversely let
us consider a virtual order relation. From V1 and V6 we see that ¢ > b is
equivalent to “(a <b) A 7(a=1b), therefore to “(a<bVa=0>0). Hence
7 7(a>b) is equivalent to 77 7(a< bV a=0>b), consequently to “(a<bdbV a
=b). Therefore a>b is equivalent to 7 7 (a>b). From - 77(a>b), 7 (a>b)
we can obtain - a>b, 7 (e>b) by a cut. Then by cuts of V5 with - a <5,
7(a<b) and - a>b, 7(a>0b), we can obtain A.

§ 6. Convergence

Def. 15. Let a={a,} and B={b,} be number-generators and let ¢ be a
number. « —c, a ~ 8 and |a| means {a,—c}, {ar—bs} and {|a.l} respectively.

a < ¢ means a < {a,} where a,=c.

Def. 16. A sequence {a,} of rational numbers is called X1-, X2-, X3-, X4-,

or X5-convergent, if {a,) satisfies the following condition respectively =

(6.1) FaVEInVpa —an.pl <27%,
(6.2) a7 7VEInNDla —anip| <275,
(6.3) 3aVE7 73nVpla —an.p) <275
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(6.4) 7 73aYEIAnYPla — anipl <275
(6.5) Z73a k7 73AnNVpla — anep <27%

where « is supposed to range over the X-number-generators.
If {@) is X1-convergent, then it is X2-convergent. If {a.} is X2-convergent,
then it is both X3- and X4-convergent. If {a.} is either X3- or X4-convergent,

then it is X5-convergent.

TaeoreM 11. If {ax} is a J-, K°-, or E-number-generator, then {an} is J1-,

K°2-, or E3-convergent respectively and vice versa.

Proof. From the sequent |@niq—anl <27%7% l@nip—anl <2772 > |aGniq
—an+p| <277 we can obtain Vplanip—anl <277 > At30Vq(lat+q— an+sl
+277<27%). It may be written as Vp|anip—anl <27 [a™ —anipl <277
in which «* is the sequence {an}. And further we obtain (§): V&3InVplas+s
—an| <27F > YEInVpla®—anisl <27%.  Hence, if a*={a,) is a J-number-
generator, then - VEInVp|a®—anrpl <27% consequently — IaViInVpla
—anip) <27%, Namely, {a.} is Jl-convergent. From (/) we can obtain
Z7VkAnND | Gnip—an] <27F > 3a 7 7VEINVDla — anis] <27%. Hence, if a*
={a,) is a K°-number-generator, then a* is K°2-convergent. It can be proved
in a similar way, that if a®={a.} is a E-number-generator, then a* is E3-
convergent.

Conversely, from the sequent |bi+s — a@nsmsil <2771 =277, |bsit — @piml
<271 =27 5 | @pimet — @nim| <27% we can obtain tIrVq(brrg — Gnimsl
427 <27 B BrVa(brrg— Bnem| +27 <27 S [ Gpimit — Greml <274 Tt
may be written as |8 — @nsm+1] <277 18— Gnim| < 27% > |@nemer — Gnem| <275
From this we can obtain (¢): VEInVD|B — anisl <27% > YEERVYD|ansp— anl
< 27*  Since B occurs free, the sequent 3a VEInVp|a — anip| <27% > VEINVD
|@nip—an| <27 follows. Hence, if {a.} satisfies (6.1), then {a@,} is a J-number-
generator. From (¢), we can obtain a7 7VEInVp|la — anrpl <27 >
Z7YEk3nVD|anip — an| <27%. Hence if {a.) satisfies (6.2), then {a.) is K°-
number-generator. It can be proved in a similar way, that if {@.} satisfies (6.3),

then {a,} is a E-number-generator, q.e.d.

Remark. The statement of Theorem 11 still holds, if < in the definitions
(6.1)-(6.5) is replaced by any one of the order relations defined by (5.2)-(5.4).

Def. 17. A sequence {a,) of number-generators is called a J-, K°-, or E-
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Sfundamental sequence, if {a,} satisfies (6.6), (6.7), or (6.8) respectively:

(6.6) YEInVD| anep— an| <275,
(6.7) Z7VEAnVD| anrs—an| <27F
(6.8) YE7 73nYD|anip — an] <275

Def. 18. A sequence {a.} of J-number-generators is called X1-, X2-, X3-,
X4-, or X5-convergent, if {a,} satisfies (6.9)-(6.13) respectively:

(6.9) FaVEINVD|a — anip| <275,

(6.10) 3a 7 7VEInVD|a — anpl <275,
(6.11) "FaVEZ73nVhla — anis] <275,
(6.12) 773« VEInVp|a — anip) <275,
(6.13) 7 73aYE7 7AnVpla — anip) <275,

where a is supposed to range over the X-number-generators.

Tueorem 12. A J-, K°-, and E-fundamental sequence of number-generators
are J1-, K°2- and E3-convergent respectively.

Proof. Let a)’ be the n-th component of ay in {as}. We define a'* to be
ayl, where » is the least number such that Vp|ax— a$2:| <27%. Then |ax—a"™|
<277

Let d=Max (m+1, u+2). The sequent A3nVYp | aars — ailly | <270, IpVp
g —ais <27 YD lames — am| <2772 > | @ — g P| <27 is provable. Since
771a % - a' P | <27% 5 | !9 — ¢'P| <27 holds intuitionistically, we can obtain
YE773nNp ar— afls| <27 VDl amip— am| <27 2> |a' %" —a'® <27 Since
ar=1{a}’}) is a number-generator, — Yk 7 73nVp|ar—afl,| <27% is provable,
as is seen from the proof of Theorem 11. Therefore we have Vp|am+p — am|
<2775 @M — @D <27 hence TnVplanis — anl <272 AnYp|a™?
—a"™| <27 From this, we can prove that (A): if {as} is a X-fundamental
sequence, then {¢'”} is a X-number-generator where X stands for each of J, K°,
and E. ,

Let g=Max (n, u). The sequent InVp|ag: —alfil |27, |a—a®""|
<2771 |la—agl < 27" is provable. As before we can obtain V&7 73nVp
lar—afly) <27% |a—a®P| <27 ' o —agy] <27 Since - VEZ73nVp
lak —afl,] <27% holds, we obtain |a—a®™"| <27 ' > |a—agw] <27 Using

g=n, we can obtain AnVp|a —a”™?| <2777 5> AnVpla —anip| <27 From’
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this, it can be proved that if {a™} is J1-, K°2-, or E3-convergent, then {an} is
J1-, K°2-, or E3-convergent. In virtue of Theorem 11 and (A), the theorem
follows, q.e.d.

Since 77 |a—al <2 %> |a—al<2Fand 77 |a—B|<27%> |a—-Bl <27
are provable in LE as well as in LD, it can be proved that (6.1)-(6.5), that
(6.6)-(6.8), and that (0.9)-(6.13}, are equivalent to each other.

TaeorReM 13. In LE as well as in LD any fundamental sequence of number-

generators is J1-convergent.
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