AN INVESTIGATION ON THE LOGICAL
STRUCTURE OF MATHEMATICS (III)”

FUNDAMENTAL DEDUCTIONS
SIGEKATU KURODA

In this Part (III) the proofs in UL are given for fundamental formulas

concerning the following dependent variables :

Elementary set {as, ..., an};
Ordered pair? la, b ;
Image® by ¢ of a da;
Image® by ¢ of elements of a da;
Domain of operator Ds;
Range of operator W,;
Uniqueness Un;
Bi-uniqueness Uns,;
Inverse operator ot
One-to-one mapping Map{"?;
Composition of operators goT;
Restriction of operator dha;
Identical mapping ‘.

The following defining formulas are used for these dependent variables :

uelay,. .., ant=u=av...vVu=an,

uelab) =u={alvu={ab},

ues'a=3Ax. {ax>soAucy,

ueqs‘a=3x. xearlxuy o,

usDo=3x. {uxdey,

ueW,o=3x. xweo,

ueUn=Vxyz. <xypdeurlszdeusry=z,

Received February 19, 1958.

9 See foot note 9 in Part (IV) published in this same volume.

U (a, b) is also written as {ab).

2 ¢'a as well ¢“a are also written in the same way as a° when the distinction is
clear by the context.
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22 SIGEKATU KURODA

ueUn,=ueUnanu'eUn,

wes '=3xy. u=<xy>A{yx> <0,

ueMap? ®=ucUn,ADy=aAW,=b,
ucsoor=3xyz. u=<xz2>Axy> Ay =0,
ueoMa=3xy. u=<{xy)AucoAx<a,
uer=3x. u=<a%.

Besides these dependent variables, we use the universal constant V and anb.
All the dependent variables used in the following deductions are the variables
listed above, or those which are results of successive substitutions of the above
listed dependent variables, such as <{aa”, (so7)‘a, D;Ma etc.

Since the variables defined above belong all to the consistent V-system,”
all the formulas proved in this Part (III) are not only theorems of UL, but
also theorems of the consistent V-system of UL. Specifically, the variables
Un, Un;, Map? b, and also D,;,, W, with independent or dependent variable m
are not used as sets but only as concepts in the following deductions."

The formulas proved in this Part (III) are not an arbitrary collection of
formulas but are those which are needed as ordinary cuts in the deduction in
UL of some branches of mathematics. Hence, most of the fundamental proper-
ties, though not all, of these dependent variables are deduced in this part.

Our purpose of these deductions is to construct mathematics, as fas as
possible, consistently in UL. On the one hand, we know some part of abstract
mathematics is consistent. On the other hand, we know also some part of
concrete mathematics is consistent. The most essential part of the consistency
proof consists in those subsystems of UL in which concrete and abstract
mathematics, or our formal and intuitive knowledge, are combined. In virtue

of the strong theorem of Gédel on the impossibility® of the proof of consistency

8 Cf. Part (VI).

1) What dependent variables are used as sets (see Part (X)) can be seen from each
proof, although we do not list up in each case. Such a list is needed, for instance, in
the observation of Burali-Forti’s contradiction.

%) Impossible in the sense precisely formulated and proved by Gédel. Moreover, if
there were a criterion for any premise ¢ of UL to be consistent or inconsistent, then
either the proof for the criterion could be, after Godel mapping, formalized in UL and
the premise 7 of the formalized proof for the criterion would turn out to be inconsistent
by the criterion itself, or UL would be still narrow enough to formalize our logical
thought. This would mean almost absolute impossibility of such criterion; or else, the
criterion or the proof for it would be expressed by means of such part of intuitive logic
or mathematics that would be susceptible of no formalization.



LOGICAL STRUCTURE OF MATHEMATICS (111) 23

as well as in virtue of the difficulty of the problem shown by the development
in these decades, it seems almost hopeless to solve the consistency problem by
a “once-and-for-all” method as was originally planned by Hilbert. However, it
seems there remains yet a ‘‘step-by-step” method by which we gradually
incease the parts of mathematics which are proved to be consistent. Hence
we should construct actually even a small part of mathematics consistently.
The deductions in this Part (III) will serve as preparation for this purpose.
Another purpose of this Part (III) is to show some examples and the elegance
of the actual deductions in UL.”

Equality (=)

Il

*1 a<a

wy T T
- WEa’WEa

= %2 a<SbAb<Sc»acc

1 asEdb

2 b=c

- a<c
- YX. xeasxec

3 w=a

4 wec
a —-

, ~
-7Vx. xeasxed

- 7. wea’sweb
wea 5 web
(3) (2)
- 7Vx. xebaxec
- 7. webswec

web wee
(5) (1)

- = k3
o Vx. xea=xea
- wea=wea

1 wea 1 wea

weEa wea
() (1)

6) See Part (IV); Compendium for deductions, contained in this same volume.
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a=bab=a
- = %4
1 a+xb
- b=a
- Vx. xeb=xca
“)2 web=wea
- 7Vx. xsa=x<b
(2)3 weaxwesb
4 wea 4 web
5 web 5 wea
(3) (3)
web weéa web  wea
(5) (4) (4) (8)

a=bAb=c=a=c

- :*5

- 7Vx. xcsa=xeb
- 7Vx. xeb=xec
- Vx. xea=xec

(w)
- wea=wec
weaFfweb
2 webFwec
3 wea 3 wee
4 weC 4 wea
(1) n
wea 5 web wea 5 web
(3) (2) (4) (2)
web  wec web  wee
(5) 4) (5) (3)
a=b=a<brb<a
i = *6
- a+b
1 asbabca
2 7Y%, xcsa=x<b
(1) -
- ac<h - b<a

a0y Vx. xsa=>x<b a0y Yx. xebayxca

-  wea=”web -  web9wea
3 wea 3 web
14 web 1 wea
(8) o e e (2)
-  weaxweb -  weaxweb

wea web wea web
(3) (4) ) (3)
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=7 a<bab=a=sa=) .
- =7
1 aseb
2 bEa
- a=b

- Vx. xea=xsb

{(w) -
- wea=wed

3 wea 3 web
1 web 1 wesa
(3 T 1) -
- 7Vx. xesbaxea - 7Vx. xsaaxeb
- 7. wesbawea - 7. wea’»wesb
web wea wea we=b
(4) (3) 4) (3)

=%8 a=b=a<bab<a (From =%6 and =*7.)

=9 bSaApebapea

Elementary set (El)

El*l {al) EEEIE Y anl)Q(bh « o ooy bn}q V 3 (Z,=bj
i=1j=1
- E=
- {ai, ..., @urs={by, ..., ba}
1 VY 3ai=b;
Ly

-aisia, ..., am} 2 01$<[)1, c e ey but

ai=ai :
=*3 alﬂe{blr ce ey bn}
(1) = e e e Rt
- 3 al:bj o o e 3 am:bj
RN e 2=1
3 ai=b Symmetric to
. the left
4 a =bn
(2) e . . . . .
a1+h ce a1%by
(2) =Y
El=2 Y Jai=bi>{a, ..., an)<{bi, . .., bu}
1=1j=1
- Elx2
1 7Y 3 ai=b;

lae, ..., ami<{by, . . ., ba)
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B Ry A= ooy

(w) . ot
2 welay, .., an!
T oowelby, oo bay
3 w=b
4 w:bn
o n—-
5 . 7 3 a1=bj
i=1,
(2) o
6 wka; P wan
(5) )
al"#:sbl. . 'aﬁsb," Symmetric to
(3,8) B 1’1
- e left
Cut=*5 Cut==x5 t
m n n m

El+3 lay, .oy any={by, ..., bu}= ‘v’1 Aa;=bjAV alai=bj
i=1j=1 j=1i=
From El*1. E1*2 and =+8.
El+«4 {a, by ={c, d}»[a=cab=dIvia=drb=c]

- El*4
1 {a, b} =+{c, d}
2 a=cAb=d
o o G=dAb=c __ Cut =*8
4 {a, b}E{c, d}
s {¢, d}E{a, b} Cut El*1
- 7. {a, by<{c, dys3la=cva=dIA[b=cvb=d]
{a, b} ={c, d} ¢ 7.a=cva=d

W T 7.b=cvb=d Cut Elx*1

- 7 e, d} E{c_z,_b)-)['c=aVc'=b]A[d=avd=b]

{c, d‘b)—é{a, b} s 7.c=avc=b
® s 7.d=avd=b

@)=

10 a=c 10 b=d
(B) e o i e e e e (3)
1 g=d 11 b=c 11 a=d 11 b=c
(6)-———— 8) {9) (7)
atc a+d c+a c+b d+a d=*b brc bo+d
(10) (11) (10) (1) (11) (10) (11) (10)

El+5 Lab>={{a}, {a, b))

- Ess
- Vx xedaby=sxeilar, {a, b1}
- welab>=we{{a}, {a b}}

(w)
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- welaby - wellal, a, b))
Lo E_\iq} {a, bz} 1 we(ab)
- w=lahvw=leb) - w=lalvw={ab}
2 w={a} 2 w={a}
3 w={a, b) 3 w={a, b}
() e e e e e
- Zow=lajvw=la o) - 7. w=lalvw=la b}
w={a} w#(ga, b} w+{at wt(a b}
2) (3) 2)

+*El+6 Lab? ={cd>»a=cAb=d

- - El+ 6 )
1 <ab>$<cd>
2 a=cAb= d VCut El=5

3 abp+{ia), {a, b))
- ledy+{{ch {c, d}}

5 Ua} {a, b}Y=={{c), {c, d}) Cut El<1
s 7. {a>c<c}-)a ¢ Cut El*1

T 7. {c,d)C{a)-)a cha=d

s 7. a, b}C(c}-)c anc=b Cqﬁ El#4
" 7. {a, by<{c, dy»la=cab=dIv[a=dnb= ]

v 7. Har={einla bi={c, dilvial ={c, dir{a, bi={c}]

{3)

11 a=c¢ 11 b:d
(%) (%%
(%)
12 {a}={c} 12 {a}+{c. d}
(6 ng.',,,,-,,. S (T)Spf' AR, I
{a}s{e} a=xc {¢, d} ={a} axc
(12) (11 (12) Spf a(:ﬁ)d
(10) o (% %)
12 {a} +{c} 12 {a}=+{ec, d}
o) {a, br+{c, d} 1 {a, b} +{c}
e . , y
- 7.la=cAb=dlv[a= dAb -¢] {c, d)={a} Spf. azxc
(12)
*Spf. axc 1 a+d & M axd
bxd bxe {a,b}{c}  cxa
{1 (6)- . (13) C b
{a)C(C) axc R
12) (11, 14,13, =)

Remark: Cut =+6 is used at every place indicated by (12) and (13) in
the proof of El:6.

*El+7 ab> =<{cd>a=cab=d (From +El+6)
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El+8 a=cAb=d=><ab> =Lcd>

2 b+d
- Lab) =Led>

w~ Vx. x=labdsxeled)
- ﬁ}gi@b)-)ﬁw_i(cd)

- welaby
- weled)

3 Z.w={alvw={a, b}

- w={cvw={c, d}

- w={c}
- w={c, d}

1 Vx. xew=x={c}

o’ Vx. xew=xe{c, d}

s wx{al ¢ wx{a b}
(%) (k%)
6 ()
ot 7Y% xew=x<{a}
(.\5 rew=re{c)
. rewxre{a)
10 rew - re{c}
- re{c) 1 rew
1 r¥c 11 r=c
() e e (9)
rew - reda) rew - re{a)
10) S 10) -
r=a r+a
(1, 1) (1, 11)
Cut == Cut =+5
Cut =5
6 (% %)
s “Vx. xew=x<{a, b)
, B
8 rew=relc, d}
(7)
9 rewfre{a, b}
(8)
10 rew - relc, d}
- relc, d) 10 rew
o n 7. r=cvr=d -~ r=cVr=d
rew - rela, b} 1 r=c
(10) —_— o —
- r=avr=b o r=d
. _ rew - rela, b}
12 r=a oy _ =% 9r
13 r== - Z.r=avr=b
an =6 I A S SR
T%C r+d r+a r+b
(1, 12) (2,13) (1,11) (2, 12)
Cut =+4 Cut =+4 Cut ==5 Cut =%p
Cut =+5 Cut =)
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El+9 a=cANb=d=<ab) =<cd> (From El%8, =+8)
. El%10 ascAbeca{a, b} =c

- El*x10

! a<sc

: bec

- {a, bY=c

avy Yx. xla, b)=x=c

- wela, byswec

- we{a, b)

2 wece

- 7.w=avw=>b
wxa u'ftb
43 b 2,3, 1)

El*11 Vxylxcarysasx=vIapeasra={p}

- Elx11 -
1 N xy. xsanysadrx=y
2 b=a
- - a={p}
0, V. xea=x={p}
- weaswelpy
3 wea - wel{p)
- welp) 3 wea
u::l:? ”)4 w=p
(2,3, I .
- 7. weakpsasw=p
waea DPea  w=p
\3) (2 1)
Image of Operator (Im)
Im=*1 seUnar So=>reUn
- Im*1
- ceUn
- TSR0
- reUn
1 IV xyz. <gyPsoAlxzeosy=z
2 7YX, xer=ax€0
- Vxyz., {xwerAlxperay=z
(S, fy et ML R AR PRI T
- rperArt>ers=t
2 {rsyer
i rtver
iy S:t
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(2) - e

- z. <rs>e .-‘-)A<rs> =]

AT L in L S
{rsyer T {rs) o
(3) \6)
rer 8 rv>eo
1) (1)

- 7. <rs}EqA<rt>Ea-)s=t_ i
{rsdeo <rts>eU- s+t
(8)

(7 (3

Im=*2 ceUnalabd>es>a’=b

- Im=*2
1 g&Un
2 lae«a
- a’=b
()~ Yzx. xea’=xeb
- wea’ 3 web
3 web - wea’

- 3x laveshwex - 73x {axdeshwex

Z (By)- - e T _
- fLab>esrwsb - 7. <abyeohweb;
{ab)>es web 4 {abp &a
(2) (3) 5 wab[

(1)
- 7 Vxyz. ayreohlxzreody=2

- 7. <ab>EUA<ab1>Eo'-)b_f?1u
lab>eo <ab(1>)Ea b+b;
(2) 4

(2,5, =)

Im=*3 ceUnAaeD,3<aa") o

- Im=*3

! seUn

B a<D,

i , laa”)eq

- 7 3x. Lax>eo

° ar>ss Cut Im+2

- 7.o0sUnAlarega’=r
oeUn <a7'>Ea aa'—‘Ff

(1) (3) 2,3, =,1)

Im=*4 scsUnAaeDsAacsA>a’cA°

- Im=4
1 g¢Un 3 asA
2 agD, 1 g’eA°

[€ S [ - .
- 3w xsAraDes
- acAnlaa®)eq
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laa>es Cut Im*3
(3) e -
- 7. annAaEDa-)<aa°>e{rr

¢€Un asD, {aa™ s0o
(1) 2) (5)

Im=*5 AcSBaA°<B’

- Im=*5

1 A%£B

- A°eB’

- VYx.xeAsxeB”
- ssA'9seB”
- seA’

- seB’

"~ 73y, xeArxsdes
2 3x. xeBA(xs>Ea

- 7. rEAi§<rs>Ea

3 reA
4 rsysa

(2) m e i

- 7“'EBA<7’S> co

reB {rsyeg
(1) e e — B o

" 7V xedsxeB

- 7 féA-);'EB
reA r«eB

(3) 3)

@

Im*6 seUnAaeDosa’ceW,

- Im+6

1 seUn

- azD,

- a’eW,
-~ 7 3x. Laxpeo

S ;<da°560 ~ Cut Irr_ljgi
- ?jfonA‘{qﬁewm“:r )

eeUn <ardes a’xr
(1) (3) (3,4, =, 1)

Im=*7 lab>&o»acsD,
Im=8 Kab>easbeW,
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Im#9

- 11

- 1%2
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;"

»=(Dg)°
- Im=9
o Vx.2eW,=xe(D,)°
- seW,=se(D,)°
- seW, - se(D,)°
- s&(Dy)° - seW,
1 3y e 1 3x. x=DoAlxsdes
- 73x. x=DoAlxsd> 0 - 73 xs>es
- 7.reDaAGrdes r o G9es
Spf r&D, - reDA{rs> 0
: s - yeD,  {res
<rsyeo - 3x. Grxdes ®
R
(2)
Inverse Operator (—1)
(6™ 'sq
- — 11
- as(s™)™!
1 acsqg
s 3xye a=AGredt
- 7.a=<rsoAisres!
2 ax<r
- {sao™
sy 2 3xy. Lo =l Ayx> 0

- 7=l nspes

s s
{risp o
1,2, =, 1)
seUna (67 'eUn
- —1%2
1 o¢Un
2 (¢7)7'eUn Cut Im=*1

- 7. ocUnAls ™) Soa(a™) 'elUn
scUn (v ™)7'se (o) 'eUn
{n - 1...,1 (2)
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—1%4

— 15

~ 16
— 127
—1+8
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seUn,»s 'eUn,

- 7.0€UnA¢ 'eUn

1 ¢ 'eUnA(¢™")*eUn
2 cUn

3 o 'elUn

[¢3]
) — e T
- 7. 0eUna (o)l

osUn (7 eUn
(4)

Do =W
- ~1%4
- a<D,
- acWo-1
(- 7 3x. Laxd>eo
1 Ax. {xadeo”
L aes
- ra>es™ )
- 3w GO=Gpames

- o=oNares
<ra>:)<m> lar)eq

(2)

1

Wo-‘ g_Do
- — 145
- aeWo-X
- <Dy

n-  73x. <xades?
1 Ax. {ax>eo
- lrapes™?

- 7 Axy. <ray =<xy> A yx>€q

(71, @1)__

- 7. < =<{na>ANaross

2 {ra) £<raw
(1)3 (am) €q
lar>eo
2,2 =,1)

Dy=Ws- (From —1#4, —1%5 and =+7)
W,SDg-1 (Similar to —1+%4)
D1 =W, (Similar to —1%5)

seUn  +  ()7'eUn Cut —1s2

33
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—~1%9 Wo=Do-1 (From —-1x7, —1*8 and =x7)
—1x10  Do=(W,)*"
- —-1*10
- reD, . - re(Wy)"
- re(Ws,)° B - _r¢D, o
1 Ix. {rxpeo 1 Jx. reW, Al e
w73 xeWoAaes™ - TEx mpes
- 7. seWAlsres? ol <rs>¢o'
Spf. seW, - seW,Alsres™
1 —
- _ <Sf>$0’ _ SEWa _ <S1’>Ea 1
(s,r)~ 7 3y, <= <xy>A<yx>ea - st>ea - axg 777{5(}7?<xy>7/7\9x>50
- 7 As=LsirpAnsp o {rs)eq - s =LsAlrs> e
2 s Elsiry @ “;Z;ﬁ {sr> <rs>Ea
(”3 {risp o - (=)
{rs)es
2,3, =,1)
—-1+11 aEMap‘z"b-)a'lsMapg’“
- —1*11
- oanap
- g'eMapr®
7. 0eUnADo=aAW,=b
1 L g EUI:I:_’LDG-I—'bAWG_"—
2 G$Ung
3 Da#:a
4  Woxb o
JhleUnz Do—!-:b Wo-*l—-a
2) 4, =) (3, =)
Cut —1#3 Cut —-1*9 Cut —1%6
—-1x12 oeUnaaeDoa’ '=a
- - —1%*12 B
1 sUn 3 a¢ga
2 ¢ '¢Un 1 a° =a Cut °*2
- 7. qEUnAaEDo-)a“ ‘—a"» T
aE“I)Jn ai})a 5 a’® ’4:a” te Cut :*}2
- 7 a EUn-)a l°a—¢l‘Da
U—I(Ez)Un s o togx¢MNDs Cut l‘*?_
- 7. aEDo-ba‘”’”—a
aeD, 7 ‘“’"-t:a Cut 2

(3)
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(a“)“:_ o

gseUnAasDs=a a
- ~1+13
1 geUn
2 asDs
_ a(o")ﬂ:ao
N ) V";O—:l)_rlr_ ag
w V% xea” | =xea’
- wea“’—”_lzwea"
- wegd™ ™ s wead’
3 wea’ - wea !
- 3x. adelo ) Awex & 7 3x. laxde(o” 1yt AwEL
- <aa%e(o™ H™ ‘Awea’ - 7. <abdelot) IAweb
- <aa®ela™Ht wed® - ALabpe(a™H)!
(3)
- Ldlapes? @nt_ web _
’%<~7<q¢£>ed Cut Im+ 3 (a, b\:_,,‘gb_ngv_,,
- 7. O'EUnAaEDa-)<aa Seq L Cut Im*2
oeUn aeD, <aa™>éos f,fAZfi’f@,ﬁ?w Ed2a —,b ,
w & “" ceUn <abdes a’+b
(1) (5, =, 1) (8,4, =)
ceUnhacWoaa® *=a
- 1kl
1 oa‘:Un,
2 ag_yva
3 7a° ° =a Cut -—1*127
- 7d eUnzAaEDx—l-)(l T g
¢ teUn, aEDa-x 4 a’ o~Heh ‘+a Cut —1+13
) (2, =) - o -
Cut —1#3 Cut —1%49 - 7. ceUnAa” eD,aa” " =g
oeUn 5 ¢ 'eD, a” "7 xq"
(1) e e (3,4, =)
Cut —1x7
- 7 aEWo-)aEDq—x
acW, ¢ aeEDq—x Cut Im*6

- 7- 0' EUnAaEDc—l")a eWo—

-1
¢'eUn  ageDgt a” 'eWomt
(1) (6) 3, =)
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Composition of Operators (°)

oxl  AT=A"" (A" =(A%")
- o %]
1 tEAU’: 1 tEA"OD
- e AT - te AT
" 73 xe ARG eTos oo 73 xeANGtyer
—7 7 ?’EAA<7’t>Eroa o - 7 . i“if‘{’%s}?fﬂ,,
2 reA - seA°
- e&Eroa 2 <st> &7 B
astn” ~ Axyz. <rb>= <xz>A<xy>eaA<yz>Er . 73)&7{&‘AA<J€S>EG B
- 7. < =Lntoans>eoilstyEeT - 7. 1€ ANrsyEg
3 ) £4ntw 3 reA
4 {riseo 1 <rs> &0
(1) = e —
(1,5 st &t - 3x. xEAA<xt>Eroo
B ) __,a,.x' xEA A<xt>e..7. - rEA’SSTEZ?E"”k,,, )
- o seA’ A<st>er B reA - <rt>Eroa
- 4 = (3) T T
sed (§S£> =5 - 3xyz. Krty =<xpAxydeanlyder
. "335.', * ;AA(xs} R - & =<{rt>ArsD>ecrlster
- reANSrs)eo - Gt>=4t>  {rsdeg stHer
reA {rs>eq =) ) @
(2) (3,4, =,1)
o %2 osUnAageDsaa” =a"*° (@ =(a’)")
- o *2 o
1 aéﬁUn
2 a<D,
- a’JT aTOG
w . VEzed 7":;;,, -
B o - wea” —wea - - 7
3 wea”™ 3 wea*®
- wea - wfg{ "
o  73x. <ax>EroaAwex m;?ax. {a x>eu\wex
- 7. {acyetoorwee - 7+ La’ c>Ez-Awec 7
- lacy&too 4 {a c)er
s | wee Wt wee
@b o 3xyze <ac)=<xz) My eorlyzer - 3. <“x2,e,7,?_¢ﬁzf’ex
© 7 Cap=<acrnlabreonlberer - facrerosawee
5 lab>e&o - <a">eL oa wece
. 5)
@ <o c>,iﬁ - Jxyz. <ac> <xz>A<xy> EUA<_)’Z>ET -

3x. <a x ErAwEx

<aa "yegAa’coer
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- a® c>ErAch 6 <aa >Ea Cut Im*3  <a’coer
e s — e e 4
7 {a’c>er Cut Im+2 wec - 7. aEUnAaEDq-Kaa >Ea
(4) — e e
-7 aEUnA<ab>€o'-)a =p s€Un acD, <aa">$o
- N (1) (2) (6)
 seUn lab>es a’+b
(1) (5, =,1) (6,7, =,1)
o %3 ST pSTop
- o *3
1 gsET
- gopSToOp
- V. XEgopIXETOP
I
- WETo PHPWEToP
- WEgo P
2 wETop
s 73xvz. w= <xz>A<xy>EpA<yz>Ea B
- 7 w= <rt>A<rs>EpA<st>Ea
3 w¢<7t>
4 NOLT)
5 {steg

(1) e

RALL xea-)xer o
- 7. <sbeoalstder
<st(‘5>)Eo . {stret -
- Axyz. w=<xD A spalyDeT
- w=<Lrt>A{rsD>epAist>er

w=<{rt) <rvep <sHer
(3) (4) (6)

o%4 G=T=000=Top (From °*3 and =#*6, 7)
°*5  g=Tpog=porT (Similar to o %4)
o x6 po(roo‘) E(po‘r)oa
- o *6
- ae‘épo(‘too')
1 ac(pot)og o
ot 2 3xyz. a=<{xD A x> etogA{y2>Ep
T Tea=rwadtreroonlwep
2 a+{rw
- < &roo
3 {uyep
rsn 7 vz D =L{a>A x> sonlyer

- 7 o) =LrDArs>eoalsHer
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1 {rsdea
5 <st> &7
P

- 3xyz. a= <xz>A<xy>EoA<vz>epor

- a=<{rup>A{rs)eoh{su>pot

a= <ru> <rs>eo - <su>Epoz'
() 4,=,1) — -

- Fxyz. swp= <xz>A<xy>ErA<J’z>50 B

- Ssw=<{swalseraltwep

<st>Ez- <tu>Ep
,D @
o x7 (pot)oa<pol(roc) (Similar to o *6) A
o %8 (pot)og=po(rog) (From o*6, o*7 and =x7)
o %9 (rog) t=¢"lor™?
- o *9
1 aE(roa)'1 1 aeg o™
T @%d ot L aglron)” -
ton 7Bz a=CDMyeT D - TEm. a=GpaGmeres
- 7.a= rdadtsyer A srdes! - 7. a=dnArtyetos
2 axr 2 ax=ar
- <ts>¢r:: - rtyetos
o _ <5”>$‘[> e 73x)z. <rt> <xz>A<xy>EaA<yz>Er
¢, 9 7 Axy. <t =<xWAyx> et B > T
. 73xy. Lsry=L{xy>A{yx> s e ~-~<rt> <rt>';<rs>EdA<St>§z~~~—~~
($,7) —n — —_— 3
- 7. s> =LtsyNstyeT . Z;z;‘_
T T s =lsalrdeg ~ m—~~——f~a~~ ——— P
a (her - 3wz a= <xZ>A<xy{,%?«,A<y%259_,_‘
1 {redea - a=<tro Aty erT A s
W Exy. a"‘g,';yﬂ{;;;;;;;"“  a (2<)tr> - {sper™t <S1’>EO' ‘
- a=<tn> A<rt>51-o s -Axy. 4s>=<xyA{yxd>ec  Similar
a= <{r>‘ - rbetos - > =Ksdadstrer ltgftthe
- Axyz. rDO=GDA D ey er <St>‘=;}' @ =0
- =4t alrsoeanlsber
{rsyes <¢t>Er
4, =,1) =1
010 seUnAarelUn=arooeUn
. 0 #10
1 s&Un
2 r&Un

- roceUn
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2

ot nyz. {xyerooA{rDEtooy=2
- {rivecoonlrthecogat=t'

- <1’t>$2‘od

- <7’t/>€‘£2'od

A ot 4 A )
(r,sut- 7 Axyz. rt) =L{xz>Axy>ecAly>er
73xyz. rth = <xz>A<xy>EaA<vz>Er

- 7. o=t Arspeohlsit>er
= T ALt =D M rsp eaAls:tDer
{rsy €a

<S;t> ET

{rs &q

<Szt'>$“

(1,2) S Gt . .
- 7nyz. <xy>EaA<xz>Eu-)y z
- 7vaz. <xy>e Axzperay=2
- 7. rspeahlrsdeors =
s 7. siperAlsitDerat= t’
rspes <rspes 9 S1ESs
4, =,I) 6, =, 1) (8)
<Slt>f7 <s; I>ET e 4
(3, =, I

(7,84, L)

LS T T TN

1) 3
o011 ceUnzAreUnearooeUn,

- ox11

- seUn;
- r&Un,
1 togeUn,

2 ann s }%Uh
3 ¢ '¢Un 5T eUn
tooeUn 6 (to0)” ’EUn Cut © %10

2,4y —————m——————
Cut o*10 -7 . v 'eUnac'eUnas ot 'eUn
t'eUn ¢7'eUn * ¢ 'or'eUn Cut o9
(5) (3)
-1

1

(rwa‘) 1#0 oT
=1

o %12 WOED-\:')D—.M;:DQ

T A

- W,os=D-

j- D_OO—DG

L 7Y szc,-)xED-
e Yx. xED7°7f.x_eD0 ‘
- r€D..s=7€Ds
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¢ geD..,  : yeD,
- 7D, - r®Dwe
.- 73x <rx>}e,;vh » " 7 3Ax. <7’x>€roa
ot _<_rs_>_$_a_ B - <7’t>$z'oo‘
- 7. seW,seD, sy 73w = <xz>A<xy>EaA<yz>Er
- seW, - s«D. - 7. <rt> <rt>A<rs>EaA<st>er o
- 3. {xsyeo - 7 3x. {sxper e Grdes
- sdes 4-"M-<st>$r ' Spf. <strer

@
(3) (2) e [ B
- 3x. xdeton 3. s

- rbetos rsyeo
EIxyz. $rty =<xzp A<xy>_ soNyz>er

- <rty= Loty Nrspeahlstyer

013 D: W W.o =W, (Similar to o *12)
° *14 WQ=D—9D100=D0AW-°1=W— (From © *12, ° >'].3 and = *6)

c

015 seMap{' * AreMap?' ‘570 seMap§”

- 0 #15

- seMapy’
- r&Map?©
- rogeMapy ¢

- 7- UEUnzADo=aAWa=b

- 7e7€UnAD:=bAW-.=c

1 t00€UNsAD 0o =aAWroo=c

2 geUn, 4 Doxa ¢ Wb

3 T$Un2 5 D:r:b 7 W~:t:c Cut ox14

- 7 Wr; —D--)D'cad —DoAW-on —W
W,=D: s D:oo%Ds

b

o (5,6, =) 9 ‘7‘[:06**“7T
10 tooeUn, Cut °o*11 Diws=a Wiw=c
4,8, =) (1,9, =)

- 7. aEUnoArEUno-)ro aEUno

anng TEUnz roaeEUnz
2) (3) (10)

Restriction of Operator ([)

LS| AN A=t/

w) = Vx. xegMNasxeo
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S S — e

- w&a[‘a
1 UEg
- 73xy. w= <xy>Awe(;Axea
+Spf. sy
WeET
+Spf. rsa

(S5

r, s)

N2 asbashacald
- [\ 2

o s actb
- AN A= AN ]

1 7Yx. xsasxsb
- Vx. xEJPa-bxFan

- 7 Axy. w=<xy>Awé_z_zAxea
2 Axy. w=<x> AwegsAxsh

3 w=Lrsy
1 weo

-® N rea

w=<rs) wego 6 reb
3 o 1) o e
rEa reb
() (6)
M3 {ppeshpeasrl{pgesa
* x4 seUn=asPMasUn

- # Nk 4
1 oeUn
2 oMasUn Cut Im=1

- 7.o0eUnAaslacS oo MaceUn
seUn oPasa oMasUn

2)

) YN (2)
M5 ¢ 'eUn=a(oMa)'eUn

-

- )

- ¢ 'eUn
- (gPha)” 'eUn

1 7nyz. <xy>Ea A(xz>Ea 3y=z

(r, s,t)

- <rs>E(a!‘a)'1A<rt>E(of‘a) ‘-)s -t

- &rsd>edoha)”
- <rtde(oMa)™
2 .s=t

Yixyz. <xydel(ala) A xzde(aMa)™ Ty=z
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o 73wy, ro=<opalypesba
oL 3. o= aCyxreata

- {sroeola
T Unedla _
- 7« {srecAssa
- 7 <tr>§a/\tea -
3 {sroeg
4 {tro<o
*Spf. ssa
o iSef tea
- nggf§>ea_1/\<rt>ea_l-)s_———_t o
- rsdegt - Gegt s(:ft
{sryeq {r>es -
(3, =, 1) 4, =,1}
R geUny=¢ MasUn,
- * N6
- osUn,
' olesUn.
- 7.0sUnaseUn
2 s&Un
o o €Un
- ¢lasUnAl(oMa)'eUn
4+ gla=Un Cut *Mx4 4 (¢Ma@)'eUn Cut *M*5
- 7.0cUnaglacln - Zy.w({“EUn-)(al\rz)'lsUn
s=Un sMa<Un ¢ 'eUn (¢Ma)'eUn
{2) (4) (3) {4)
M7 bsa»(aMa) MNo=oMb
- M7
1 7Y%, xebsxca
~ (sMa) M bo=gDb
) Vx. xe(oha) No=xsglb
B - we(gha) Mo=wesoMNd
- we(gha) Mo - wes M
- weo b - welaPa) Mo
2 Jxy., w={sWAweslarxed - 2 Axy. w=<{gPYAwscAxcb

o 7 3y, w=yAweohxsd

7, - (7

S)‘~73xy. w=<{xyAweoParxsh

- 7. w=<Lrso> Aweghred

- 7. w=<{rs)Awees l\aArEb“

3 wLrsd 8 wx<rs>
1 weg - weo M a
5 reb 1 rebh



(2

- w=<{rs>AwegNarred
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. ey, s Ve WZMI/AWEIA=E
w=3<rs> - weoMa reb - 7. w=<ns>MvesAnea
- 3xy. w={oyAweohrvEa Spf. w+Lr1sY
- w=<{rdAwEsArea weo
Spf. ri€a
w=<rs) wes 6 rea @ — -
@ FTRE S - w=<rs)AwesAreb
- 7. rebarea e e s
S e w=Lrsy weg r€b
reb reqg 3 (3) 4
(3) 6)
Mx8 peasp™=p"
- ) M8
1 Dea
- para:pa
P £2 xep™i=xep”
- wep™=wep’
- wep™ ~ wep®
- wep” - wep™
2 Ax. {px>esParwex 2 Fx. {px>ecAwex
@ 73x.»f<px>erql\wex o 7 3x. {px>esdarwex
- mM?_-‘§Qq>E_grlv\izq>Eqw_ B - Z.<{ppestarweq
8 PP eo - {pp<ola
(2)4 S ﬁ/w¢q ? weq
- {ppsatarweq - {p@eoApea
- {ppedla weq 1 {p@ea pea
oo brEate WS 2 N Ee L ES
"~ Sp@=ohpea - Sp@eshweq
{pPes pea {pges weq
3 [¢8] (€] {3
N9 pcasbt=p’
- — - Pﬂ:g
1 bEa
- bara:ba
- Wx. xebM=gxep’
- seb™=seb”’
- seb™ - seb”’
- Vs(ib" — sebara
2 Ax. xebalxsyesNa 2 3x. xsbalxsdeg
o~ 7 3x xebAlxs)eqs w7 3x. xebAlxs?eo Ma

1

7 e rebArsVEC

7« rebAlrsyesa

- 7 3xv. w=<{xyAwssAXEa
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s rb 3 reb
ot S8 - Gwale
- rebA{rs>esla - 7 {rspeghrea
r;:)b - {rsyeola . " e
- <rsdeghrea o, SPE. . T=a
{rdes 5 rea G 2N O A
VU oVarebarea TR O
- Z.rebarea
reb réa
(3) (5)
Mx10 ceUnaasDss3Dope=a
- N+10 B
1 geUn
2 a<tD,
- Doe=a
- V% xeDoa=xea
- reDana=rea
- 7€Dga 3 r€a -
3 rea - 7&Dopa
- 3w ldegba - 73x. <rxdegla
- <rr’eotla - {rsdecMa
- Lrr’degirea - 7.<rs>eorrea
© 4 <rr’des rea Spf. {rsd>ea
- _7Vx. xsasxeD, i
- 7.reasreD,
ri)a s reD, Cut Im*3
- 7+ acUnareD.s<lrr”> e
ocUn 7D, <7
(N (3) 1)
M1l seUnAa=Doad»Wope=a’
- M1l
1 o&Un
2 a<tD,
3 Woe=a’ Cut Im*9

'S

W?rzi‘: ( Dcra)ora Cut ‘\ * 10

7« 0€UnAa<Dsa3Dsa=a

seUn ae<D, s
(1) (2)

Doa+a  Cut M+9
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M<12  geUn,AasD,asMaeMapd @

T 12 ]
1 g 551_1112
2 =D,
- aI\aEMap

- g [\aEUn?ADo)a—- a‘\Wora—-i":
o PaEUm Dcra =a W,-,m =a’
Cut ’P 6 Cut M+10 Cut I\ 11

Mx13 o‘EUnATEUnAaSDoAaED:A\;xExc’:xT]-)a Ma=1la

- [\*13 S
1 g£Un 3 a:,:Da 5 7\?’x, Y =x
2 teUn + as=D: ¢ gla=cla

- Vx. xegMa=xer [\a

(w) _
- wegMa=werMa
- weolNa wer Ma
- wer l‘a weosMa
- Z3xy. w=<xyAxydEoArea tsgénlrzfettm to
7 Axy. w=<xpAx AX o
. Fwy. w=CGpaluyrecaz=a (3) is used
- 7« w=<{rs) Nrs)eohr<a  here.
5 wLrsy
9 {rsyeq
R rea
(7
- w= <rs>A<7’s>Ez'M’Ea
w= <rs>‘ 11 &rsder rea

(10)
- 7 rea-)r =7°

rea r":r.r" Cut Im=*2
(10) e m—— I — ——
B - 7. o‘EUnA<7S>Eg-)r =$
oeUn <rspes 13 7’ £s Cut Im*3
(1) 9) —
- 7. reUnareD-a3<{rrer
relUn reDs lrr*yer
(2) (4, 10) (11, 12, 13, =, 1)
Cut =x9

N+ 14 gol(tha)=(go7) Ma

- N 14
- Vx. xe‘”(”,\,‘,ﬂ;x?(,” ,T,)b,a

()

- wego (zMa)=welgot) Ma
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wego (Ma)
welgot) I‘a

axyz.“ w= <xz>A<xy>Er Naalyz>eq
- 73xy. w=<{s>Axy? 0o TAY Ea

(r,t)__ (r,s,t)__ AR
- 7 w—<rt>A<rt>an ArEQ - 7. w=DArserMarisEs
2 w:::(rt) 2 wx=<{rd
- <rDegor - {rverMa
’ 7¢a Sstrgs
st 73xyz. = <xz>A<xy>erA<yz>ea . 73xy. rsp = <xy>A<xy>ErAxea
1 {rs)er 4 et
.lpih,_,, <St>$o“w‘*,_,,_W___“”‘ (1)?, S r$a -
- w= <rt>A<rs>Er MaAlsteq - w= <1t>A<rt> €go rArea o
w=<rt> - <rsverda (st g w= <rt> - <rt> EgorT rea )
(2) e - (5,=,1 @, =,
- {rsperArea -{rsP>erAlsDeg
{rs)er  rea <rs>Er <st>ea
@4, =1 (3) , I @3,
Mx15 reUns(eMNa)or=(gor) Na"
- Mx15
0 reUn

- wE(oor)l\a
- wego(tha)

- Exy w= <xy>A<xy>EO'0"Aan
- 7 3xyz. w= x> Mgy er Manlyz>es

- (ota)or=(g07)a’

=1

- V. xe(oMa)or=xe(gor)a”

(w)

- weloMa)or=we(gor)a™ "

- wE(al\a)or - wel(got) Ma*™
- wes(aor)f\a - wel(gMa)eor
T T )

(%)

1 Axyz. w= <xz>A<xy>ErA<yz>EUI‘a

- 7 3xy. w={s AP egoTAxEQ"

X))

T Zaw=DMrtesotared
2 w+<rd
- o) $ao T
3 rea’

s b 7 Axyz. 1) =<Lxz> Axy>erAl yz>Ea_
4 {rsder
5 {stoeg

- W= <rt> Nrs) al\(st);a Na

w= <n‘> (rs)E' -

<st> esMa

(2) I

- Bxy. sty = <xy>A<xy>EanEa
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{styeq T s sea

(3) @)

.~ 73x. xea/\<xr>e-
- 7. sleaA<s;r>E*

a S1$£a
- sirper™?
] <7’s;>Ef

(0} -m — e S —— e

-7 7 nyz. <xy>e A<xz»>'Evr-)y =z

- . <7’S>ETA<7’31>E'->S S5

<rs>e- <r51>Er s:t:.s;
(8) 6,7, =,1)
(% %)

-1

1 Axy. w=<xy> A{xy> 0o TAXEG”
73xyz. w=<Lx> AN xyerA{yz>esMNa

(r,?,t) N
—A" L w=ot)Ars>e A es Na
2 w+Lrt)
3 {rsder
- Streote
6h” 73y, = <xy>A<xv>egAxsq -
1 (seo
(1) -_ ,,,,, S s®a [
s ws <rt>A{rt}Gao-ArEa S
w=(§rf> - <7’t>Eg:>‘ - rea’
- Exyz. > = <xz>A<xv>e ASZ??,EE{_ ~ Bx,w@f:__‘quxr)E* ,14__
- <rt> <rt>A<rs>erA<st>eU - seahlsmec] o
Crsder <st>e,; sea - {sper” !
) 4, =, 1 (3) ST
<rs>Er
1)
M 16 (a0 V) Ma=sla
- o 7[\ ; 16
w0~ Vx. xE(anV )I\a anPa
L o : wE(qr\')V )I\aﬁz_an Na
- welgnV?) Na - wegla
- wsgbe - _ wsenVita
1 xy. w=ew At ean Viaxea 1 EIxu. w= <xy>A<xy>Eanea
s~ 7 3%y w=<xWAxy)eshxEq s 7 3y wT{;}a_y)}(vpﬂeg{}_V“Axea
2 w=<rsy 2 w<rs)
3 rsdes - rs>aanV?
4 rea 3 rea
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(1) e e e e - e - - e

w =3<rs> - OesnV' rea 1 O ,
) e ()
<rsz)e o - <reV? a ,Spf‘ sy eV
( —
- 3xy. r>=<2» w -érs) <1S(Z,E i

<rs>:)<rs>

Nx17 seUnsnasDsa0 l\aeMap?"’o

- Nx17

oeUn 2 ¢ '¢Un .t as$D,
- sNaeMaps ®

- g [\dEUn’_’ADarasaAWara:ao

g l‘aEUng Dora=a Wom:ao
(1,2) (1, 3) (1, 3)

Cut *P%6  Cut Mx10 Cut M*11

[

Identical Operator (¢)

ex1 laa>e:
c A lawp=xy
aa)=<Laay
(=)
e*2 a=a
- %2
E_
. Yx. x=a =x<a
-  wed'=wea

- wed' 1 wea

1 wea - weat

- 3x. lawecAweyx &~ 7 3% lax>scAwex

:,__,,S@‘Z?_ﬁ'f_e_a - 7. <ab>ecAweb

laay> et wea - lab> et
e¥1 o 2 web
7 7 3% <aby=<xx
Lab) +<rr>
(1,2, =)
%3 ceUn
- ¢*x3

- Ve, Gpecriedemy=z
- rperdess=t

(r,s,t)




e
¢*5
ﬂ:(*ﬁ
ex7

¢*8
¢*9

¢x10
ex11
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S —

1

Gsver
ot
s= t

@ 73x. <rs> <xx>

& 7 Az ety =<xxy

{rs) £<aa>
<rt) £40b)

¢ 'eUn
ceUn,
¢MaeUn,
D=V

"~

' Ax.

1, =)

(Similar to ¢*3)
(From ¢*3 and ¢*4)

(From *MN*6 and ¢+5)

X7

Vx. xe>D.'

reD,

ER »<rx>Ez

<rred

Srry=<xxy

<rr>(i<rr>

W=V
Dzra:a

¢*9

(ry .-

- reDpe=rea

- YEsz
1 rea

- 3x. <rx? e:MNa

- Vx. xeDys=x=a

1 rea
- reD, tha

- 73 <rx>E:Ta

(s) P

- rroecha

- 3x <) = <xx>Axea

f <rr> <7’7’>M’Ea

<rr> <rr>

rea
(1)

Wcra=d
¢MNaeMap$' ¢

- <rs>$' Na

SR dm G
- 7 <rsy 7<tt>AtEa

L aoxad

tea
a,=,1)

(Similar to ¢+9)
(From #¢*6, ¢9 and ¢+10)
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¢x12 s telUnae o= ¢ D,
- ) ¢%12
1 ¢ 'eUn
- a— on—:f\Do -
) Vx. xe0 g0 _xE'f‘Da
- weglesmweMD,
2 weg oo 2 weeMNDg
- zveE'I\D.— - e weeo‘loa -
gy 732y, w= <xv>A<xy>EfosDo s 7 3xyz. w= x> Ay eoAlyes”!
= 7. w=<roAlrr>etareD, - 7. W= arsdeaaistyeq™!
3 wElrry 3 wx<lrty
- {rr e 4 {rsdeg
- L 1’5::1),0 L (2)5 <St>‘£0’—1
rn 7 3Ax. <rrp =00 - 3wy, w=Llep>alxyyscAxeDs
O ] 73’?‘“,(”)5” o - w= <rt>é<7t>E!ArEDo
‘ Grryacnry w=<rty - e - 7D,
5 rsy &o @ R G
@ o A - 3x. d=<ad> - Am rdeg
- Byxz w= <xz>A<xy>EaA<yz>Ea D= oo
6 rt) =<17. S/E
- w=lrmpAlrsyearisryest o) T
w=<Srry <rspeg - Ssroed” !
@ ) —_— -
<rls>60
4,5, =,1)
e (%) -
- 7Vxyz. <_\¢y>Ea A<x}»z?jsa_r-)yr z
- 7. stes N sy es =y
sHea” - Lspdeg™ Tty
3, =, 1) (6, =)
{rsyeg
(4)
%13 a€Unagog '=¢NDg-1 (Similar to ¢*12)
¢+14 ceUng=so tog=¢NDsAcog ==t P D1 (From ¢%12 and ¢*13)
¢*15 got=gnV*
- e 15
w™ V5 xegoc=x200V?
- wegor=wegnV?
1 wegot 1 wegn'V?
- wegn V2 - wegor

7. weshweV?

(r.s, 0= 73xvz. w= ‘<xz>A<xy>E'A<,“)’é§Ea
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2 weg

S weVvt
s 2 3xye w=<zy>
3 w+<rs>

1)

- Fxyz. w=DAEW Ay g

- w=Lrs)ANrr>eArsDes

w=<rs> <Crre: {rsdeq
) *1 2,3,=,D

t*¥16 got=(og=gnV?
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(1)

We can prove the latter equality similarly as ¢*15.
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2 tog%anV® Cut P16
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(Added in proof) (i) The principle of arranging the formulas in this
Part (III) is as follows. The main symbols used are classified into seven
groups: (i) =, =; (ii) {a, &}, <aby; (iii) Un, Uns, Dy, Wo, a°, A®; (iv) ¢7};
(v) oor; (vi) I'; and (vii) . To these groups correspond respectively the
seven Sections: =, El, Im, —1, o, N and (. If, among the symbols listed
above and contained in a formula A to be proved, x is the symbol which
belongs to the rightmost group, say y, then A is proved in the Section corre-
sponding to the group y. Owing to this principle it happens that in the proof
of —1%12 are used some cuts of which the cut formulas are proved after
—1%12, '

(ii) Most proofs are analytic (see the last page of Part (IV)). For
instance, the proofs for —1%12, (*18, — 1%14, M*10, etc. are not analytic: note
that in the proofs of M*10 is found the dependent variable <r7”> and in that of
—1%14 the variables @™ and W,-1, which do not belong to the closure of
the variables in the formulas to be proved. Some formulas with non-analytic
proofs may be proved analytically.

(iii) All the proofs are given in the reduced form (see §20, Part (II)), or
in the normal form except some practical change. The weakly irreducible
proofs are those for *El*6, *El*7; and for *MNx1, *M*4, «Mx5, *Mx6 and *¢*6.
Thus, the proofs are given without roundabout way and without superfluity as

far as we can.
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