
ON THE DERIVATIONS IN MAXIMAL
ORDERS OF SIMPLE ALGEBRAS

YUSAKU KAWAHARA

1. The theory of derivations and differents in the algebraic number fields

or Dedekind rings has been developped by A. Weil [1], Y. Kawada [2] and M.

Moriya [4]. Further Y. Kawada [3] has investigated the derivations in maximal

orders of simple algebras over number fields. This note is concerned with the

derivations in the simple algebras over fields which are quotient fields of De~

dekind rings', the commutative rings in which the fundamental theorem of

multiplicative ideal theory holds. The auther gives his hearty thanks to Prof.

M. Moriya who gave him valuable remarks.

Let dl be a ring and let 9ft be a two-sided 3ΐ-module. By a derivation D

of 9ΐ into 9ft, is meant a mapping D of 3ΐ into 9ft which satisfies

Dice + β) = D(a) + D(β), for a, β e 9?,

D(a β)=a

A derivation D is called inner, if there is some element t in 9ft such that

D(a)=t- a-a-t

for each element a in 9ϊ. The set of all derivations of 3ΐ into 9ft constitutes a

module Φ(3ϊ 9ft), and the set of all inner derivations constitutes a submodule

3(3ί 9ft) of ®(3ϊ 9ft). The 1-dimensional cohomology group of 9ϊ for the two-

sided ^-module 9ft, denoted HHVt 9ft), is the factor module of ©(31 9ft) modulo

the submodule of inner derivations. Let Oi' be a subring of 3f. The set of all

derivations D of 3ί into 9ft such that D(a') = 0 for each af in 9ΐ' is denoted by

Φ(3tf SB' 9ft), and HH% 91' 9ft) is the factor module of S)(3ΐ, 3ί' 9ft) modulo

M% 3ϊ' 9ft) Π 3(3t 3K). Let «R" be a subring of 3ϊ such that if α" e 3ί", then

a" t=t a" for any element ί in 9ft.

Then obviously ®(3ί, W 9ft) and H\W, 3ί' 9ft) are considered as 31"-

module.
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2. Let k be a field which is complete with respect to a discrete valuation.

Let K be a finite algebraic extension of k and let S=(7ro, Z, a) be a cyclic

division algebra over K, whose center is K, where Z is a cyclic inertia 1 ex-

tension of degree n over K (unramified and the residue class field of Z is

separable over the residue class field of K). Further we assume the residue

class field of K is separable over the residue class field of k. πo is a prime

element in K and o is a generating element of the Galois group of ZlK πn

= πo, π~1aπ = a3, (a £ Z), where π is a prime element in S. Let Os, Dz, DK

and D& be the valuation rings of S, Z, K and k respectively, and let %, <$K

be the prime ideals in Os and Ox.

Let (1, ω, ω2, . . . , α/1"1) be a base of Oz with respect to Ox. Now Os/% is

considered as two-sided Os-module.

LEMMA 1. Let D (Ξ ®(O5? D* O5/$S) and D(ω)=a(%) a e Oz.

restriction of D on Dz is a derivation of Dz into Dz/Oz Γ\ Φs «wJ ί/̂ r̂̂  .is

element ξ in Dz such that D(π) =πξ9 mod $L

Proof Let β be an element in Oz. Then ωβ = βω. Therefore

ωD(β) + D(ω)β s βD(ω) -f

ωD(/9) + α/5 = j9α + D(β)ω, hence

D(β)ω-ωD(β)=0 mod φS.
Put

Then
- ω°) + . + TΓ^n-iU - / " ' ) s 0 (%).

°ι

Since ω — ω°ι is not divisible by $s for 1 ^ i ^ n — 1, we get

7r*isO, . . . , ff

nVi = 0 (φj).
Therefore

D(β)Ξ=Vo mod $5.
Now, let

D(ττ) Ξ f o + 7rf i + . . . -f TΓ*1"1^-! mod %.

Then since

(τr) +D(ω)π mod ^S,

+ . . . +πn~1ξn-iωσ-(ωξo + ωπξι

+ . . . + α)/" 1 ^- !) + π(D(ω°) - D(ω)) = 0 (%),
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fo(ω - ω") + π2ξ2(ω" - αΛ + . . . + π^ξn-άω" - ω^'1)

+ π(D(ωa)-D(ω))=0 (%).

Therefore, we get

fo = 0 π2ξ2 = 0, . . . , πn'xξn-x ΞΞ 0 (%),
hence

πξi mod %.

LEMMA 2. Le* D G ®(Dβ, D* Ds/%) and D(ω) ΞΞ α(φS), or e Oz.

ί/zβ restriction of D on Ox is a derivation of Ox into Dκ!&κ Π %, and

πQSpziκ(ξ) = D(τro) woe? $5,

where D(π) =πς mod $L

Proof Since π" = nr0,

D(πo)=D(πn)= Σ 7rfD(w)τrys Σ 7rf"τr?7ry

= Σ 7rW>"'= n i > M r ' = τroSpz/κ(£) mod 5βΓ,.
t+j=n-l j=0

As πoSp(ξ) S O^? D(ττo) G Oχ/Q* Π $5.

Now, since the residue class field of K is separable over the residue class

field of k, there is a subfield K* of K such that ϋΓ* is unramified over k and

the residue class field of K* coincides with that of K over the residue class

field of k. Let D* be the valuation ring of ϋC* and let ωi, - . . , ωs be a base

of O* over DA. Then, as ϋC* is unramified over A, ®(D*, D^ Oz/OzΓλ%)

= {0}.1) Therefore D(ω, ) = 0 mod $Sί moreover since 7riωy (; = l, . . . , s?

ί = 0, 1, . . .) is a base of Dx over D*, we see that for any element β in Ox,

D(β) is congruent to an element in Ox mod φ£. This shows that the restriction

of D on Ox is a derivation of Ox into Ox/Ox Π φS.

LEMMA 3. Let Dn be a derivation of Dz into Oz/Oz Γ\ %, which is an ex-

tension of a derivation D1 of Dκ into Oκ/Dκ Π %. Then for -η G Oz and for

any automorphism τ of Z/K, Dn{yp) Ξ=D"{ηy mod %.

Proof Put V(-η) =D"(τ?'c)τ"'1 mod %. Then 3 is a derivation of Oz into

Oz/Oz Π %, which coincides with D" on Ox. Since Z/K is unramified, there

is only one extension of D'.l) Therefore D = D" and hence D"{-ηz) = D"{ η)τ

mod %.

M. Moriya [4], p. 134, Satz 5 and Satz 6.
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LEMMA 4. Let D' e ®(Dx, D* £κ/θκ Π $5). / / f G D z αwd πoSpz/κ(ξ)

= D'(πo) mod %, then there is a derivation D in S(DS, Dfc Ds/%) which is

an extension of D1, satisfying D(π) =πξ mod $£.

Proof. There is a uniquely determined derivation D" of €)z into Όz/Όz Π $5,
n-1 n-1 n-1

such that £>" is an extension of D\ We put DCΣ^-ηi) = Σ7r f'D"(^ ) + Σ Diπhi,
< = 0 < = 0 i = 0

τ?f e Dz, where

Dίτrf) s 7rf"(f + fσ + . . . + f0'"1) mod 5β.

Then for i + j<n,

mod

For iΛ j ^ n, i < n, j < n,

Therefore for i + j<n by using Lemma 3,

) y?-ηj + JD(τrf) τry

= £>(τrf'7/, ) τry ̂  + tf ηiDiπ'w).

Similarly we get

DW-ηiπ'-ηj) = DWydrJ 7}j + rf-ηiDiπJ yj) for

Hence it follows easily that D is a derivation of Ds into

LEMMA 5. L ί̂ W Z>g «w unramified Galois extension of K such that the

residue class field of W is separable over the residue class field of K. If a

mapping a -> aa of the Galois group © of W/K into Ow/yfir satisfies the con-

ditions:

aOχ = άl + aτ for all σ, ί £ β ,

then there is an element b e £)ψ such that a0 = b -bn mod %r for all a.

Proof Since the residue class field of W is separable over that of K there

is an element v in Όw such that Spwικ(v) £ 0 mod %v. Put
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b - -C^Λ^Γ Σ_,Λ*s mod %r.

Then

Sflfυ\ l^βστ -βτ mod ft.

Therefore
ax=b-bx mod $ir.

LEMMA 6. Lei Z be a cyclic unramified extension of K such that the residue

class field of Z is separable over that of K and let a be a generator of the Galois

group % of Z/K. Then, for an element a in Dz in order to be

Spz/K(a)=0 mod %,

it is necessary and sufficient that there is an element b in Όz such that

a = b-bn mod %.

Proof Put aσ = 1, ao = a, aσ2 = a + aa, . . . , βα»-ι ΞΞ a + a° + . . . a°n~\ where

n denotes the order of ©. Then a -» a^ satisfies the condition of the preceding

lemma. The converse is obvious.

THEOREM 1. Let S=(π0, Z, a). Then

{= {0} for f = l mod n

l^Dtf/φic (as £)κ-module) otherwise.

Proof Dz = DzCl, ω, ω\ . . . , ωM"x]

Let DeSXDs, Die ί Ds/$S) and let

n-l

Put Σ πηiiω - ω°ι)~ι = γ. Then since ω - ω0% Φ 0($5) for 1 ̂  f ̂  n - 1 , we get

r G Ds. Let D' be the inner derivation defined by

D'(cc) ==γ a - a γ mod $L
Then

n - l m . n - l

D'(ω) •= γω — ωγ = Σ πηiiω — ω°*)~1ω — Σ ωrfrjiiω — ω Ό " " 1 mod $ s
< = i i = 1

n-l . . . w-1
Σ i'p / o J \ - l σ* / σ*\-l~i SΓ* *

7Γ L^/V^ ~~ (O ) CO — (ύ Vi\CU — (ϋ ) J = .ZJ ^ 'ί'ί

Y. Kawada [3], Theorem 1.
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Moreover D' e Φ(Ofi, Ox D s/$ί). We set D" = D-D', then D"(O))ΞT?0

mod $!s? 7/o £• Oz. Hence the restriction of D" on Oz is a derivation of Oz into

Oz/DzΠ?5, moreover clearly the restriction of D" belongs to £>(Oz, Dz

Oz/OzΠ^ξ). Therefore, since Z/K is unramified we get Dff(a)z*Q for any

a e Oz,3) which shows that

π
By Lemma 2 and Lemma 4, there is a derivation D in Φ(Os, Oz \

satisfying
D{π)sλ mod φS

if and only if

Λ == 7r?, fGDz, where

TΓ0S£Z/X?ΞE0 mod %,

and moreover in this case D G 3 ( O S , OZ Ds/$5) if and only if Spziκ(ξ) = 0

mod φS"1, for if Spz/κ(ξ) Ξ O ® " 1 ) , in virtue of Lemma 6, there is an element

-η in Oz such that ξ = -η-"ησ mod φs"1, hence - (rjπ — πη) = 7τ(τ? - V) = 7r? mod

^ conversely if £> is inner defined by D(α) =γα — αγ, r Ξ ^ + 7r>?ι+

+ τrΛ"1τ?n-i, then since D E ^ t D s , D 2 D s / f t D(ω) =γω - ωγ = πr}i(ω - ω°)

+ . . . +πn~17]n-ι(ω — ω"""1) =0 mod $L therefore we get T? = r mod ^ and

D{π) Ξ=πξ = 7r(τ?-7?σ) mod $£, which concludes that Spz/κξ = 0 mod φs"1.

Further as the residue class field of Z is separable over that of K, we have

SpziΛ&z) = Ox. Therefore the mapping JD -* Spz/κ(ξ) induces the isomorphism

between ®(DS, Oz O,s/$Γ9)/®(OS, Oz £)*/%) Π 3(O5 ? Ox Ds/φ5) and the

module of all the elements α mod φs"1, flGDz satisfying πoα = 0 mod $5. From

this we get our theorem.

THEOREM 2. /^(Os, O* Ds/%)/H^Ds, Ox O s / ^ ) ^ ^ ( O x ? O^ ί Ox/Ox

ΠφΓs) = $(Ox, Όk Ox/Ox ΠφS) (ΛS Όκ-module) for r such that s$ί\%~\

where φx denotes the different of K with respect to k.

Proof. As in the proof of Theorem 1 every class of Hι(&s, D& Oa/%)

contains a derivation D such that D(ω) = α mod $s, α: G Oz. By Lemma 2 the

restriction of D on Ox is a derivation D' of Ox into Ox/Ox Γ\ φL Moreover if

D is inner, JD' is zero derivation. Therefore it is easily seen that the mapping

3> M. Moriya [4], Satz 5.
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D-> D' is a homomorphism of HHΌs, Όk Όs/%) into ©(Ck, Όk I Όκ/Όκ

Γ\%), and obviously its kernel is HHDa, ΌK I Da/%), hence HHΌS, Όk I

Όs/%)/HHΌs7 ΌK Da/%) is isomorphic to a submodule of ®(Ox? Όk Dκ/Dκ

Now we assume φίΊφί" 1. Then if D' e ©(D*, Όk I Όκ/Όκ Π $5),

Therefore there is an element -η in DK satisfying

πoy = D'(πo) mod $5.

Hence by Lemma 4 there is a derivation Z) in ®(Dβ, Όk I Όs/%) which is an

extension of D', which shows that

H\Όs, Όk I Όs/%)/H\Όs, ΌK Όs!%) ^^(ΌK, Όk I Όκ/Όκnψs).

THEOREM 3. Let A be α full matrix ring in any division algebra S over k.

Let ΌA be a maximal order of A and tyA the two-sided prime ideal of ΌA. Then

HHΌA, Όk DA/%) = Hι(Όs, Όk I Όs/%)"}

Proof Let en (i, j — 1, . . . , m) denote a system of matrix units of A.

Then we can assume that £λi = Σ^yO 5 , and ^ = Σ^y^s.6 )

Let D be in %{ΌA, Όk I ΌA/%) and put

i=l

mod %.

Then
m m

ehtz - zeπt = 'ΣehteaD(eu) - *ΣenD(en)eht
i=1

m m

- ^ΣeuD(euekt) + ^
i=ί i=1

mod φ^.

Let D' be an inner derivation defined by

D'(a) =az- za, aE: ΌA.

4 1 Let T be the inertial subfield of K over k and let f(X) be the irreducible polynomial

in TIX] such that /(τro) = O. Then f'(πo)Dκ = ¥κ a n ( i ^'(fl)Ξθ(ft) for aeDr. Therefore

/'(7ro)D'(7To)=O mod φκ and hence Z)'(7ΓO)ΞO mod φx.
5 ) Y. Kawada [3], Theorem 2.
6 ) H. Hasse [5].
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Then (D-D')(eht) ΞO mod %, (h, t = 1, . . . , m) and hence if a^
h, t

(D-D')a = ̂ ehtD(ctht) mod ψA.
h, t

Moreover, for a e Όs

(D - D')(ehta) = eht(D - D'Ha)

mod *&.

Therefore we must have

m

*Σeuβ = β mod ψA,

It follows that (D-Df) induces on Όs a derivation of Όs into

On the other hand, for any derivation D of Os into Ds/$s, there is

uniquely determined derivation D* of D^ into O^/φϋ such that J9* is an ex-

tension of D and D*(βht) =0V$A)9 namely D*CΣ'ehtccht) =*ΣehtD(aht). This

proves our theorem.

Now we consider an algebra U-{ro,τ, W)-'ΣuoW such that UσU-
a

-rσ,τUoτ, and u^au^-a0 for GCELW, where W is an unramified Galois ex-

tension of K and ro,τ is a factor set of units in W. Moreover we assume that

k ϋ K and the residue class field of W is separable over that of k. Then £)σ

— *ΣuσOw is a maximal order of U and U/K is unramified.0

σ

Let S = (πo, Z, t;) considered before. Then the product d of Du and Ds

is a maximal order of A = U x /cS. We identify <x = aXlίoraE:U and denote

β = l x i 3 for β e S ; any element of £)A has the form Σ uσω!>πjωιaOhji,
a, h,j, i

a-jhji £= Dx where (1, ωo? ω\, . . ) is a base of £V over DK, further we can

assume that (1, ω0, ωl, . . .) is an integral base of the maximal inertial subfield

of W over k. It is known that any simple algebra A over k such that the

residue class field of A is separable over that of k, is similar to a U x S, where

U and S are algebras such as stated above ° in this case we can assume that

r^ τ belong to the maximal inertial subfield of W over k.

THEOREM 4. H\OA, ®k I ΌA/ΦA) = HHDS, ®k I Os/%), where DA is a

maximal order of A and ^2 is the two-sided prime ideal of DJΪ.

7> T. Nakayama [6], or O. F. G. Schilling [7], p. 151-156.
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Proof. In virtue of Theorem 3, to prove this it is enongh to prove that

tfi&A, D& ΌA/ΦA) = UJΓHDS, Qk I Os/̂ PS). Let D be a derivation in ®(DΛ, DA>

£)A/ΦA), and put

rV \ _ ^ ^Π h—j-i r- r-v
U\O)Q) — x ) Un"fn7 fa '=- s ' ί̂ O 7Γ ίO Clohji? dohji ^ ^ J x ?

σ h, j , i

where we may assume w* = 1. We put ̂ Σ^orJcoo — ωo)"1 = t mod φϋ, since

ωo —ω? is not divisible by $^.

Let D' be the inner derivation defined by Df(a) —la —at. Then

r~\l / \ t j. V̂  \ / (J\— 1 V^ > / O\—1

Hence

^ r e mod φ^.

Now let T=k{ωo) and let F(Z) be the irreducible polynomial with coef-

ficients in k such that F(ωo) = 0. Then T/& is unramified and we get Ff(ω0) =£ 0

mod ^ . Since (D - D')(ωo) is commutable with ω0; it holds that

•(Z>-£>r)(F(u)o))sF'(u;o)(Z>-Z)f)(a)o) mod *β.

Therefore we have

Moreover since ω? G T we get

(D-D')(ωn

ύ)=0 (%).

Therefore we may assume without loss of generality that

D(ωo)=O OK), D(ωo)=O (%

Next we put

Then since uβω° — ω§ua and ωj is commutable with rχ? we have

D(Ua)d)Q — ωoD(uσ) Ξ Σ w-crτωo — Σωou τ γ x

= *Σuxγx(ω°-ωo)=O mod 5&

As we can see from this that

Σ^τΓτ = 0 mod $ϋ,
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we get

D(uσ) Ξ UβTo, Ύo = Έjocojiπ3ω%, ctoji e Όiy.
3,ί

Therefore

D(UaUχ) ΞΞ D(Uσ) Ux -f UaD(uτ) = Uo*Σι<Xojiπ*ωl Uτ -f UσUx'Σaτjiπ3CO
3, i 3, i

On the other hand, since all rσ,x belong to the maximal inertial subfield T of

W over k, ra,x G Σθ/?ωJ, D(rσ,x) =0, so that

χ) = D(rσ,χUσχ) s rσ,xUσχΣccστjiπJOJ1 mod $ϋ.

Therefore we get

r<7,τ#στΣ(α5.;/ + α:τ;ϊ ~ OCaτji)πJ ϊύ = 0 mod ($^)

hence,

(αjyi -f α τ ϊ — αrστy/) ̂  α>z = 0 mod ΦA

oclji + α:τy, s αrστyί mod φ ^ .

Therefore, in virtue of Lemma 5 there exist βji in £V such that

cccji Ξ ftv - βjf mod φ^"y

oίoji πj ω{ ΞΞ βjΊ π
j ωl - βji πj ωl mod ψΛ

Σ ααyί ήjώ* = Σ βy, rJ ωl - Σ j9y«πj ω{ mod φ^.

JD(«σ) = UoJlaojiT? a? = UoCΣβjiπfω*) ~ (HβjirJώ1) uΰ
3, i 3, i 3, i

D(ω0) = ωo^βjiπ'ω1) - (Σ/W'ω')ω 0 = 0.

Therefore by considering the equivalence by inner derivations, we can assume

D(ua)=0 mod ψA

Now let λ be an element in O.s and let

D{J) ΞΞ *ΣκZohjiUaω
f<ίπJ ώι mod tyΆ.

σhji

Then, since λ ω0 = coô ί

Σ h I >r~i y —/ \ SΓ~^ h ( SΓ"^ —y —i \

Mo ^ 0 V s ' Ωσhji K U) ) COQ — COQ S I Mσ CJQ \ / \ Clohji Tί ίύ )
σ, h j , i σ, h j , i

X i ΐlo Ct>o V W θ — (•
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From this it follows that

jiπj ωι) mod Sβϋ.

Similarly, since uΰl = Ίuθ9

J,i

3,t

As o 2 / σ\2 w—1 / O\Λ

— coo, α>o — v ωo j , . . , ωo — v ωo /
τ 2 / τ \ 2 w-1 / t\n

we see that

Therefore

mod %Γ'

ί^ω1" mod

Hence DU) belongs to O5 mod % (^OSΓ^ΦA) for each element λ in Ds.

Conversely for any derivation D in ®(Ds, Qk I D.s/φs), there exists a deri-

vation in ®(OΛ ? Ok y DA/?$A) which is uniquely determined extension of D

satisfying (1); therefore our theorem is proved.

Let A be a simple algebra over a complete field with respect to a valu-

ation, considered above. The length of composition series of ^(DA, DA>

OiΛβϋ) as Dir module shall be called the dimension of H\D2, Ok I Di/$i).8 ;

THEOREM 5. Let ^>ί denote the different of K with respect to k. Then

the maximal dimension of tfiOj, D& Di/φS) is

j = r f + l if A/K is ramified.

{ -d if A/K is unramified.

The largest two-sided ideal %{Άjk) such that H\DA9

maximal dimension is

I %5(A/k)) gives the

S ) M. Moriya [4],
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/ ^ φl if AIK is ramified.

\ φί- if AIK is unramiϋed.

Proof. It is known that the maximal dimension of ©(Ox, Ok, OK/OK

Γ\^κ) is d.9) Our theorem follows immediately from Theorems 1, 2, 3 and 4.

Remark. %{Alk) is also characterized by the property that tfiOλ, Ok Ύ

%(A/k)) gives the maximal dimension as D^-module.

3. Let A be a simple algebra over a field # which is the quotient field of

a Dedekind ring O and £u a maximal order of A with respect to O. Let 5ί

be a two-sided ideal of OA. Then it is known that 21 is a product of prime

ideals a = Π W% and DΛ/2I = Σ © OA/W*. Let # be the center of A and let
i

Ox be the ring of all integral elements of K and £)& = O. Let Aφ be the $-

adic extension of A and let D«β, $, 3ί?β be the $-adic extension of £)A, $ and

9ί respectively. We assume that OA/ty is separable over Όk/po (po = $

for any φ.

LEMMA 7. fl^O^, C* Σ , W
i

Proof Since ΌΛ/9! = Σ © O^/φΓ^ we can prove easily this lemma.

LEMMA 8. HHOA, €)k O^/3ί) ^ Σ © ^ D ^ , O^ ΌA/W), and the di-
i

mension of tfi&A, Ok I D^/φΓO as Ox-module is equal to the dimension of
e, where DpOί αwί/ Opz are the poi-adic ex-

tens on of £)k and the pradic extension of Όκ(pi = $/ Π

By the preceding lemma fl^D^, Dife O^/2l) = Σ Θ-ffHD

ΓO, moreover we can prove that

K ψ (as D^-module).

For, let D e ®(Oφ, Op0 Dφ/φm) and let α G Dφ. Then α can be written by

the form

α: = 0 + π\γ, j9e £U? r S Dφ, 7τ0 is a prime element in Ok.

Then for sufficiently large t

DUίr)=0 mod φm .

M. Moriya [4], p. 134, Satz 5.
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Therefore D is determined by the restriction of D on DA.

Further we can easily see that the length of composition series of

ΉHΌA, Dk I Oφ/$w) as Dp-module is equal to that of Hι(DA, Dk DA/
<$m) as

Ox-module.

Let f) = <B(A/k) be the largest two-sided ideal of DA, such that HHDK, Dk

OΛ/Φ) gives the maximal dimension (as Dx-module). Then H1(DA, Dk I D^/35)

also gives the maximal dimension as Drmodule.

THEOREM 6. The ^-contribution of SD is tyζpd

9 where pd is the p-contribution

of the different of K/k, and

(0 when $ does not ramify over K.

{2 when $ ramifies over K.

Proof. From Theorem 5 and Lemma 8 we can prove easily.

COROLLARY. $β devides %{Alk) if and only if *$ ramifies over k. Moreover,

let L be any subfield of the center of A. Then '<£(A/k) =

Let B be a semi-simple algebra over k. Then B is the direct sum of

simple algebras Ai and we see easily that each maximal order D of B is the

direct sum of maximal orders Dί of Ai. Moreover every ideal 31 of D is the

direct sum of ideals 31/ of O, , and a prime ideal of D is the direct sum of a

prime ideal $/ of D/ and Dy (j * i), denoted by $/. Let 31=11$?". Then

Όk Df/φΓO^HHDf, Dk O//$f0 hence HHΌ, Dk D/3ί)^Σ©HHZ)i/Okl
i

Όi/W). Therefore if ® = %(B/k) denotes the largest two sided ideal of D,

such that HHD, Dk I D/£>) gives the maximal dimension, then the same

properties as Theorem 6 and its corollary also hold for ^{Blk)
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