
ON THE PRODUCT OF 1,(1, X)

TIKAO TATUZAWA

Let k( ̂ 3) be a positive integer and <f(k) be the Euler function. We denote

by 7 one of the <f(k) characters formed with modulus k, and by ?0 the princi-

pal character. Let Us, V.) be the L-series corresponding to Z, Throughout the

paper we use c and c(e) to denote respectively an absolute positive constant

and a positive constant depending on parameter e( > 0) alone, not necessarily

the same at their various occurrences. We use the symbol y = O(Z) for posi-

tive X when there exists a c satisfying ,Y ^cX in the full domain of existence

of X and Y.

It is well known that

(1) ZΛ1, Z)=O(logft), for

On the other hand, we know from [7] and [53 (numbers in square brackets re-

fer to the references at the end of the paper) that

(2) Uh 7)'ι = O(logk), for '/*Zo,

with one possible exception, and if such a exceptional character exists, it is a

real one. Let us denote it by yfi. If there exists no exceptional character, we

take any non-principal character as Y.L. Then, by SiegeΓs theorem (see [3] and

Γ8]),

(3) c(e)k~?<ϊL{l, Xx)\

for any positive ε.

The object of this paper is to estimate Π L(l,7) and Π £(1, t) as pre-
X--rλo X ( - l ) - - l

cisely as possible, and make some additions to the results of R. Brauer [2J.

Ankeny and Chowla ΠJ.

1. In what follows, we denote by p and >, the primesβ

LEMMA L Σ ί " 1 = Oίlog log#)9 for ΛΓ^3.

LEMMA 2. c(\ogx)'1< Π (1 - p'1) <c{\ogx)'\

These are obtained by Theorem 7 of [4],

Let 7^pι<p2< * . . <pm. We denote by Fix; k, /; pu pz, . . . , Pm) the
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number of z satisfying

0<zt=x, z = l (mod ft), and p^\z for v = 1, 2, . . . , m.

If we take positive integers m = w0, Wi, . . . , nih-i such that

m — m§>m\>m<ι> . . . > mh-\> mπ = 0,

Lv= Π ( l - ί ; 1 ) ^ 4 ' f o r * = 1, 2, . . . , Λ,
»»v-i=r>ίnv 4

(4) (1 -i>m1

v)Xv<4' for v = 1, 2, . . . , h -1,
o

then we have

LEMMA 3. Fix; k, I; ph &,..., pm)<2xk'1ΠL^ Π ( 2 w v ) 2 , for (ft, /)
V = l V = 0

= 1.
The proof is similar to that of Theorem 79 and Theorem 86 of [6].

LEMMA 4. If x = 2 ψ(k), then

nix\ k, ?>(*) log (*/?(*)) '

for (ft, /) = 1, where πix\ ft, /) denotes the number of primes p satisfying p^x
and p = / (mod ft).

Suppose that #^7 α , #(>1) being a positive number to be determined later.
We arrange all primes between 7 and %/x except the prime factors of ft such
that

If we write

Diw, ft) = Π il-p"1)"1,

then

h m

(5) ΠLv = Π ( l - A ~ 1 ) = Tla _il- p'^DiVx, ft).

By Lemma 2,

s

Tlil-p7ι)<ci\ogpsT1Dips9 k)<c(\og2s)~1D(Vx, k)

for 5 = 1, 2, . . . , m, it follows therefore that

log i2tnv)<cD(Vx, W Π d - ί r ' 1 ) " 1
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= cDiVx, k) Π (1 -prΎλUL> . . . iv
r = l

= c Π {l-p'Ύ'UU . . . Zv

(6) <(c/β)(logΛr)Z1Z2 . . . £v<(c/a)(14/15)v log*

by (4), whence follows

(7) Π(2m,)2<xc/a.

On the other hand

(8) TlL*<ca(logx)-1D(Vx, ft) ^ca{\ogx)'lH{l - p'1)'1

V = l V\1e

by (5) and Lemma 2.

Inserting (7) and (8) for the right of Lemma 3,

we obtain

Fix ft, /; pu Pu . , PmXca- - u*- +xcla

for (ft, /) = 1, provided that x^7a. This, together with the inequality

π(x; k, D^.Fix'y ft, /; pl9 p*9 . . . , pm) + m,

gives

(9) TΓ(Λ;; ft9 l)<ca-r~

ψ(k)\
r

ψ(k)\ogx

by (6), where we may suppose that the constants c in both terms of the right

are the same and c > 1.

Suppose first that x^72cψ(k). Then we have

(10) Δ =

we can easily verify from (10) that the restriction x^7a is satisfied, if we put

α = C log AT

logJ '

Inserting this in (9), and using the first inequality of (10), we get

7i(x; ft, l)<<?~(-* ^ + 2 J < 2 U 2 + 1)J,
f (ft) log Δ

which is just what the Lemma claims.

Next we consider the trivial case, 2<f(k) ^x<72c<f(k). Then
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Thus the Lemma is completely proved,

2. We write for simplicity

Q(x) = Σ H7Λn)Λ(n),

where Λ{n) is logj£> if n is a positive power of a prime p and is 0 otherwise.

LEMMA 5. If &^exp(γlog#) and X$?ZQ, XU then

= o(ΛΓexp( - cV

This is the result of Page [7].

LEMMA 6. If x^exp(logk)3. then Q(χ) =
By Lemma 5?

1 1

= O(*exp((log#) 3 -c(logΛr)2 )) - OixilogxΓ1),

since log ^^v(

3. Let a. b and /? be positive integers.

LEMMA 7. If {a, k) = 1. then the number of solutions of

xn Ξza (mod fe)

is at most n"(k)+ι where ω(k) denotes the number of prime factors of k.

This follows from the fact that the number of solutions of xn = a (mod
p ), {a, p) = 1. is at most n if p is an odd prime, and ή2 if p = 2.

LEMMA 8. ω(k) = O(logA(loglog^)"1).

Suppose that

ίo(β) =r, k^pbiLpb>2 . . . pb

r

r and pι<p2< . . . <pr.

By the prime number theorem,

(11) cr log iv < Σ log j>' ^ Σ log p, £ log *,
V = l V = l

where i?r denotes the r-th prime, If r>\ogkiloglogk)'1. then

pr > cr log r > c log h«

This combined with (11) gives r<c(log fc) (log log kV1.

LEMMA 9,
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By Lemma 7

where Σ means that the number of terms of the sum is *=*• If we put

n

for τι = 1, 2, . . . . then

Γ1 Σ m'^OiΊln'1 Σ
2 ^ 5?l

Since

\og( C'x'^dx / C'x^dx)
\ J Q / J Q /

for «^2, it follows from (12) that

Σ n'1

4. We write

Π L(l, Z)=exp( Σ
X4=Xfl, Xi XΦXo, X i " = 2

- explΣi + Σ2 + Σa + Σ-i + Σ s + ΣSβ), say,

where

Σt = ' Σ ^(ΣZ^)),

Σ.= Σ

Σ.= - Σ

Σ 6 = Σ Σ Z(»)J(w)(» log «)"'
Ί £ n X--fXo» Xl

and

A = 2*, £ = [expUog&)3].

Now we shall estimate Σv using the above lemmas.

^ψ(k) Σ
ρ<:Λ nιk-* l<:Λ
psl (mod k)
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Σ p~ι = ψ(k) Σ (π(n; k,l)-π(n-l; k,l))n~ι

A^p<B A^n<B
p = l (mod Je)

Σ π(n; k, l)(n'1-(n + 1 Γ 1 ) - T Γ C A - 1 ; k, 19)A~1

B

+ τr( jB-l; k,

= θ( Σ (n + lΓ'flog -f-V' + OU)) (by Lemma 4)

0(1) = O(log log ft).

= 0(Σί"1)=0(loglogβ)=0(loglogft). (by Lemma I)
<B

p n s l (mod Je) p w = l(modfc)

p w Ξ l ( m c d k ) 2;«£l (mod fc)

O(ψ(k)Σ(p(p-l)r1)-t O(ω(k)) (by Lemma 9)

Σ5 - o ( Σ Σ inpnyι) = oCΣ(p(p - DΓ1) = 0(1).
p 7»S2 V

= θ( Σ , n Γ * 4 ^ Λ + , - U ) (by Lemma 6)
VB^nlognK x log x log £/

Collecting these results, we obtain

: Π

This, combined with (1), (3) and Lemma 8, gives the following

THEOREM 1. c(ε)k~ζ<\ Π i ( l , Z)l<exp(c(logJog* + ω(A))).

In a similar way, we have

THEOREM 2. c(ε)^" ε <| Π 1,(1, Z)\ <exρ(ίr(loglogA + ω
( l ) l

5. For the cyciotomic field Ω^P{ζ), ΏQ = F(ζ + C"J), where C is a Z-th root

of unity, / being an odd prime, it is well known that
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(18)

(14) Π
2V|αo|

where h, ho, are respectively the class numbers of Ω and Ωo and i?, RQ the

regulators of them, and further m = l-~, \d\=lι~2, \do\=ίn'1 and R = Ro2m'\
Li

Combined (13) with Theorem 1, we can infer the following

THEOREM 3. For any positive ε,

In this special case, the result is sharper than the one obtained by R. Brauer
(see [2]) for the general finite algebraic extension.

Let hi be the so-called first factor of the class number of Ω. Then

hl = h/ho = {Ulml2m-\m) Π L(l, Z).
Xv - ] ) = - 1

Combined this with Theorem 2, we can infer the following

THEOREM 4, For any positive s,

The second inequality is better than the result obtained by Ankeny and Chowla
(see [1]) on the extended Riemann hypothesis.
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