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Pontrjagin classified mappings of a three dimensional sphere into an n

dimensional complex, where he made use of a new type of product of cocycles.

By the aid of the generalized Pontrjagin's product of cocycles Steenrod enumerat-

ed effectively all the homotopy classes of mappings of an (/ί+1) dimensional

complex into an n sphere. According to the recent issue of the Mathematical

Reviews it is reported that M. M. Postnikov extended Steenrod's case to the

case where an arcwise connected topological space which is aspherical in di-

mensions less than n, takes place of an n sphere. (Postnikov M. M., Classifi-

cation of continuous mappings of an (»+l) dimensional complex into a con-

nected topological space which is aspherical in dimensions less than n. Doklady

Akad. Nauk SSSR (N.S.) 71., 1027-1028, 1950 (Russian. No. proof is given.)) But

here in Japan no details are yet to hand. We intend to give a solution to this

problem in case where n>2, and also to give an application concerning the (n

-f 3)-extension cocycle.

§ 1. The simplest case where the w-th homotopy group nn{ Y) of Y has a

finite base, each element of which is not of finite order.

Let X be a finite complex with a ήxed decomposition and let Y be an arcwise

connected topological space aspherical in dimensions less than n. {#, ; i = l ,

. . . , λ} denotes a base of πn(Y) and a mapping hi - Sn-» Y (/= 1, . . . , λ) repre-

sents oci. Let -η: Sn+1 -*SW be a mapping, which represents the generator β of

τ:n+i(Sn). (hi η) denotes the element of 7τw+J(F) which is represented by a

mapping hi-η: SW+I->K Now two groups πn(Y) and πn(Y) form a group pair

with respect to 7rM+1(Y) when we define

i) oa°(Xj=^09 where i*j9 and 0 is the unity of 7τw+i(F),

ii) αr, off, = (A, ?),

iii) the bilinearity is assumed with respect to ° operation.
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λ λ

T h e n f o r t w o e l e m e n t s a, βζ£πn(Y), w h e r e a = ^cti<xi, β=z^bj<Xi, α o β i s

uniquely determined to be an element of π?t+i(Y);

We have the following properties concerning ° operation.

ii) a

iii) 2a o β = 0.

As was shown by Steenrod [2], a cell complex M/Λ+2 (ί = l , . . . 9λ) is con-

structed by suspension, starting with a two dimensional complex protective plane

M4. Min+2 (i= 1 , . . . ,λ) is decomposed into three cells ran (w + 2) dimensional

cell Ein+2> an n dimensional cell Ein, and a point E°. Steenrod showed {Ein}\J
n —2

{Ein) = {.E,^2}. Let Mn+2 be a cell complex M,Λ+2 VAfin+1V . . . V Afλ

Λ+2 which

is an union of Λf/W+2 (t = 1,. . . , λ), joined together at a point E* =£Ί°= . . . =EχQ.

Then it is easily seen that {Ein} \J {Ein} = {Ein+2} and { } U
n-2 π-2

Thus we define that fi"Ufin = ̂ 2 and £ f

 ΛU-δi>l = 0 ( i * ί ) . Let st

 w be a
n=2 Λ-2

cocyle α, iEl, Λ of Mn+- and let SίΛ+2 be a cocycle (hiy)Ein+2 of ΛfΛ+2, then we have

i) s, n U s / n = s. * + 2

n-2

π) s

Let / be a mapping of Xn into Y such that / ( P - l ) = * , where Xr is the r-

skelton of a complex X and * is a fixed point of Y. Following Eilenberg [1],

C/n denotes an n cochain ^diσin where the coefficient θi of an n simplex aιn of X

is an element belonging to πn(Y9 *) such that the mapping / : an-*Y represents.

THEOREM 1. If δC/n = 0, we have

the secondary obstruction {CΛ + 2(/)} = {Cf

n)\J{Cf

n).
n-2

Proof. Let f(σjn) represent an element ^\muoci of πn(Y). We construct

a mapping h: Sin V . . .V Sλ

n -> F such that h(Sin) represents arf (for / = 1, . . . ,

>ί), where SjM V . . . VSλ

M denotes, as is usually designated, a union of spheres

Sin (ι = l , . . . ,Λ) joined together at a point E°. Again, defining a mapping

ψ : Xw •-> S,n V S2

n V . . .V Sλ

n such that ^ maps boundary 3 ^ n of σjn (for any i )

onto E° and maps <7yw ontn S,Λ with degree wy/, we see that / is homotopic to

hψ. Since Cn+2(f) is cohomologous to Cn+2(hψ), we may assume/=/z</> with-

out loss of generality. As C/n is an n cocyle and so dC/n(σkn+1) - C/n (dσkn+i)
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= h{ψ(dσkn+1))=:h(*ΣιaktSin) = (yΣιakicci = 0, we have aki-0 for every k and for

2 = 1,. . . , λ. Therefore ψ can be extended to a mpping ~ψ : Xn+1 -» SS V S2

n V

. . . V Sλ

n. Let / be hψ9 then we have Cw + 2(/) = C«+ 2(/). As rrrt+] (S,Λ V S2

λ

V . . . VSλ

w) = Σ7rΛ+J(S/w), ψ(dokn+2) represents 'Σek*βi where j9, is the gener-
ic ί=l

ator of πn+i{Sn) and ej,1' is 1 or 0 according as ψ maps the boundary dσkn+2 of

an (w-j-2) simplex ojιn+" of X into SiΛ essentially or not. Therefore it is easily

verified that C w + 2 ( / ) (σk

n+2) = / ( 9 ^ Λ + 2 ) = hψ(dσk

n+2) = Σ ε ^ ( f e ) ? ) . As was shown

by Steenrod [2] , ?Γ can be extended to a mapping ψ: Xn+2 -* Mn+2 = Min+2 V . . .

V M λ

Λ + 2 . Put t ing s Λ + 2 = Σ ( / ί ^ ) i E 1 « w + 2 = Σ 5 ^ + 2 and sn = Y)aiEin = y]si, we have
ί=J t=J i=l i=l

~sn\jsn from discussions referred to above.
n-2

ϊ )(F(^ n + f ) ) = Σ3

so t h a t we have

Evidently ψ*sn+z =(ψ*sn) \J{ψ*sn) = (φ*sn)\J(φ*sn) and (φ*sn)(σj'n)= s"Cψ(σf))
n-2 n-2

= sn(φ(σjn)) = Y^nijicci = Cf1 (σjn), so that we have
i ί

n-2

It follow that (CM + 2(/)} = {C/n}\J{C/n}. This proves Theorem 1.
n-2

§2 The cace where the w-th homotopy group τrΛ(Γ) of Y is a cyclic
m

group {a} of order m.

THEOREM 2. 77?£ analogous Theorem holds true in this second case.

Proof. Let f{σjn) represent an element pja and let a mapping h : Sn->Y

represent the generator a of πn{Y). Define a mapping ψ : Xn->Sn such that

φ(σjn) ^pjSn, then / is homotopic to hφ. It follows that C/n = Ch^
n and

{CM+2(/)} = {Cn+2(hφ)}. Without loss of generality it may be assumed that

f^hψ. As C/n is an w-cocycle and so dC/n (σjn+i) = h(ψ{d<jjn+1)) = h(qjSn)

~ Qjoc - 0, we have ŷ ~±rjm where ry is an integer ^ 0 . Let En+ι be an (w

H-1) element, whose boundary dEn^1 is mapped onto Sn with degree m. Then

we designate by En+i{JSn a cell complex which attaches En+1 to Sn, identify-

ing the boundary point of En+1 with its image on Sn. If rj = 0, ^ : acr/+1-^S"

can be extended to a mapping ψ : c;yM+I-> Sn. In case rj^O φ can be extended
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to a mapping ψ: of1*1-* En+1\JSn in the following way. Dividing a simplex

σjn = (ch9al9 . . ,an) into pj parts by (w-1) faces a0Jin-2 (i = 1,. . . ,(/>/-1)),

we may assume without loss of generality that ψ maps a0Jin"z into a point E°

on SΛ (φ{dσjn) = E°) and also each of ^y subdivided #-simplexes onto Sn with

degree 1. Then we can separate all the subdivided simplexes on Bσjn+1 into re-

sets ?I,y = {r,y (f = 1,. . . ,r, ft = l , . . . .s/)} of simplexes such that the sum of

degrees with which ntf (A = l,. . . , s/) belonging to 51^ are mapped onto Sn, is

equal to m. Join 5/ simplexes belonging to 31,--* by a tube $,•' in the interior of

ίτyΛ+J such that the tubes {$ij (* = 1, . . . ,r)} do not intersect one another. Now

ψ can be extended such that φ maps d$i* into Z£°. As the boundary A ' (* = 1,

. . . ,r) of the point set which consists of {τik* (£ = 1, . . . ,s, )} and the tube

Qi* is a topological ^-sphere and ^ maps A-7" onts S* with degree m, it is seen

that ψ can be extended to a mapping ?Γ: jyM+1 -> J5tn+1\JS;I for such i as r./#0.

It follows that we have an extended mapping ψ: Xn+ι-*En+ι\JSn of φ. Then

it is easily verified that there is an extended mapping h : En+1\JSn-+ Y of h.

We designate by / an extended mapping h ψ of /.

With respect to the closed subset Sn of En+1\JSn, considering the homotopy
sequence

^πn+i(S»)-l+πn+ι(E»+i\JSn)-ϊ+π*+ι(En»\jSn

9 Sn)A>πn (Sn)—>

it is easily seen that the boundary operation d maps isomorphically 7rΛ+J (En+1

U S;ϊ

? S") into a subgroup {mk k = 0, ± 1,. . . } of 7rw (Sw), isornorphic to the

integer group and that πn+i(Sn) (n>2), isomorphic to the cyclic group of order

two, is mapped by i onto πn+i(En^1{JSn). In case where m is even, i q :S^+ 1

n i

—>Sn—>En+i\JSn, (where -η represents the generator of πn+i{Sn) and i the

injection), represents the generator of πn+i(En^1\JSn)9 which is of order two,

while if m is odd, πn+ΛEn+ι\JSn) is a trivial group.

Now ψ: dajn+2->En+1\JSn is homotopic to i -η or to an inessential map-

ping. In the former case, taking an (n -f 2) element Ejn+* in the interior of

<τ/n+s, mapping 3£>Λ f 2 onto the closed subset Sn of En+1\JSn by -η9 we may

have a homotopy between ψ\3θjn+* and ί τ? over σjn+2 — Ejn+2 and also, with

Steenrod, extend -η 2 a ^ w + 2 -> Sw to a mapping £>Λ+2 -> Λfw+2DSW. Therefore we

have an extended mapping ψ: Xn+2~*Mn+-\JEn+ι.

where (h y) is an element of πn+i(Y) represented by a mapping hy : Sn+ι

—>S*~->F, and ε is 1 or 0 according as ψ: 3 ί ; n + 2 - * £ n + 1 U S f t is homotopic to



HOMOTOPY CLASSIFICATION OF MAPPINGS 71

ivt or to an inessential mapping. Now the following discussions are the same*

as used in §1 and so omitted. It is concluded that {Cn+2(f)} = {C/n}U{C/n}.
tt-2

§3. The most general case where ττn(Y) has a countable infinite base.

Let {tfλ: (λ = 1,2, . . .)} be the elements of a base of πn(Y), whose orders

are not finite and let {βμ : (μ = 1,2,. . .)} be the elements of a base, whose

orders are nιμ (μ = 1,2,. . . ). Define a mapping h : (S,* V S2

n V . . . ) V (S/*

VS2

WV . . .)->Y such that hλ = h\Sλ

n and hμ = h | Sμ

n represents aλ and 0μ

respectively. As discussed in §§1, 2. we can define a mapping φ: Xn-> (S{

n

V S,w V . . . ) V (§> V S,Λ V . . . ) such that / is homotopic to h φ. Since δC/a

= 0, we have φ{dσjn+1) = Σ ± *",•»*,• SfΛ where r, is a integer ^ 0 , and all the

spheres onto which <r/Λ+l is mapped by ^ are finite and so are designated by

Sin U'=l, . . . , « ) , changing the index. In virtue of arguments in §§ 1. 2. we have

an extended mapping ψ: XΛ+l->(Si» V S2

W V . . . VSP

W) V(Pjn+J V . . . ViVn H),

where P, Λ + I = Ein+1\JSin (i = 1,. . . , p'), and also an extended mapping7ί : P, w+1

-*Y of S, , so that Tit (SiMV . . . VSP") V(P/ ί+I V . . . V/y ι + l)-*y can be de-

fined as an extension of h. Put f = ψΈ. It is verified that πn+iHSfV S*n

V. . . VSP

M)V(PjM+1V. . . VPp'Λ + 1))=ΣπΛ+j(Sιw)+i]^+i(ΛM) forw>2. There-

fore Cn+*{f){θjn+~) = Cw' f2(/)(3ί7jw+2) = hψ (dσjn+2) = Σε»(feι1?) + Σ e i ( ^ ^ )

The later arguments are analogous as referred to in §§1. 2. and so omitted.

Now we have Theorem 3, which furnishes an essential tool to the classification

problem discussed in this paper.

THEOREM 3. In case where the nth homotopy group of Y has an infinite

countable base, the analogous Theorem as Theorems 1. 2. holds true.

§4. The classification of mappings of X = X n f l into Y.

Because it is clear to classify mappings of Xn+ι into Y now that Theorem

3 has been established, .we shall give only the summary of this problem. Two

mappings f, g: X-+Y such that f\Xr is homotopic to g\Xr (for r^/z-fl)>

are said to be r-homotopic each other. By the concept of r-homotopy, all the

mappings of X into Y are divided into disjoint homotopy classes, which are re-

ferred to as r-homotopy classes. Then all the 72-homotopy classes are in one

to one correspondence with the w-th cohomology group Hn(X) of X because,

* In this case Eιn is considered to be a cocyle modulo m, so that we have (ΪEin) u (ΪEin}
n-2

= {ΪEin+-}, where ϊ, I are units of lm (cyclic group of order m), h respectively. Thus

such a group pairing is the same as discussed in §1.
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for any normal mapping / belonging to an ^-homotopy class Ux, a cohomology

class represented by a cocycle C/n is uniquely determined, and moreover for

any ^-cocycle Cn there exists a mapping f:X-*Y such that C/n = Cn. Second-

ly, the squareing homomorphism Sqn~$: Hn-i{X9 πn(Y))-*Hn+i(X, πn+i(Y)) can

be established (refer to Steenrod [2]). If we put An+i(X)=Sqn-*(Hn-i{X,

πn(Y)))9 we have

THEOREM 4. For two normal mappings /, g: Xn+1-*Y such that f\Xn

= g\Xn, f is {n + l)-homotopic to g if and only if {dn+ι{f, g)} belongs to

An+i(X)

Proof. This theorem can be easily verified in an analogous way as Steenrod

shows. The proofs of Theorem 4 and of the squaring homomorphism referred

to above are accomplished essentially by the aid of Theorem 3.

THEOREM 5. All the (n+ 1)-homotopy classes involved in an n-homotopy

class are in one to one correspondence with Hn+ι(X, πn+i(Y))/Sqn-sHn-i(X,

πn(Y)).

§5. The («+3)-extension cocycle.

Let X be a finite simplicial complex and let Y be an arcwise connected

topological space whose homotopy groups vanish in dimensions less than n. Let

/, g be two maps of Xn+* into Y such that f/Xn=g/Xn. Denote the (^+3)-ex-

tension cocycles of /, g with coefficients in πn+i(Y) by cM + 3(/), cn+*(g) re-

spectively. Then we have

THEOREM 6.

)~dn+i U dn+1 (n>2),
n-l

(n=2),

where dnJrl = dnλΛ(f9 g) is the (^-fl)-difference cocycle with coefficients in

πn+1(Y), and c2 = c/- = cg* is the characteristic cocycle. The pairing of coefficients

in the term dn+1\Jdn+ι is analogous as used in the previous sections, while the
n-l

Whitehead product is taken as the pairing of coefficients in the term c2\Jd*.
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