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ON THE EISENSTEIN SERIES FOR THE PRINCIPAL

CONGRUENCE SUBGROUPS

AKIO ORIHARA

Let Γ be a Fuchsian group (of finite type) acting on the upper half plane.

To each parabolic cusp κt (/ = 1, , h), corresponds a Eisenstein serie

Ei(τ,s)= Σ ί f W
Γt\Γ

where Γ^ is the stationary subgroup of Γ with respect to κt and σt is an

element of SL{2,R), such that σtoo = Ki. (Here we denote by y(τ) the

imaginary part of τ.)

Then,

Έ1(t9s) )

satisfies the functionalE ( r , 5) =

Eh(τ,s)

equation:

(For details, see Kubota [1].)

In this paper, we shall give an elementary proof of the functional

equation (*) in case Γ = ΓN (the principal congruence subgroup of Stufe N).

For the explicit form of Φ(s), see Proposition 1,2 in §2 (the case N= pn) and

Theorem in §3 (general case).

§1

For a positive integer N>1 and a pair of integers a= {aua2} we put

θ(t;alfa2)= Σ e-**i>»r+«iv,
{m,n}=s{alta2} (iV)

where τ = x + iy, y > 0.

LEMMA 1.
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2πi a\,c

Proof is omitted.

To a pair {aί9a2} such that (al9a29N) — l9 there corresponds a Eisenstein

series for ΓN

E(τ,s; aua2) — Σ

Since {al9a2} and {—α1? — a2] give rise to the same Eisenstein series,

there are -=~iV 2 Π(l =v) distinct series for N>2. (For N=29 there are

three such series.)

Moreover, we put

E*(τ,s;aua2) =
{m,n}={alta2} (iV) \mτ + fl\2s

These series converge uniformly on compact sets in the upper half plane,

if Re 5 > 1.

From the definition, we have

(2) Γθ(t; al9a2)t*-'dt = *-Γ(s)E*{τ,s; al9a2).
J 0

For a character mod N9 such that X{— 1) = 1, we put

Θ{t;a9X)= Σ X(u) Θ(t;ual9ua2).
(w,JV)=l
u mod iV

From (1), it follows that

2πi aι,a2 I

E(τ9s;a9X) and E*{τ,s;a,X) are defined in the same way.

LEMMA 2.

E*{τ,s; a9X)= Π (1 - φ~2s)ζ{2s)E{τ, s; a9X0)9 if X = Xo s
(3) P l ^

= L(2s, χ)£(τ, 5 α, χ) , if χ ̂  xQ .

Proof. (1) If X ̂  χ0, we have
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E(τ,s;a,X) = Σ X(u)\ Σ ( Σ q~2s) E(τ,s;duaί9dua2)

u mod N mod N

= Σ X(d) Σ q-uE(τ,s;a,X)
(d,N) = l dq=l (iV)
ί/mod N

= Σ Zte) ^"2s E(τ9s;a9X).

= L{2s,ϊ)E{τ,s; a,X)

(2) Let X = XQ. If JV= pϊ1

then we have

is a factorization into prime factors,

Σ q~2s= Σ ( - 1 / Σ

= ζ(2s) Σ (-D'

Since, as in (1), we have

£*(τ,s; α,χ0) =

we obtain the desired result.

Remark. As is seen from the definition,

= E{τ,s;alfa2).

Therefore, the functional equation of E(τ,s; aί9a2) can be obtained from that

of E{τ9s;a9X).

§2

In this section, we shall prove the functional equation of E[τ,s; a9x) in

case N= pn.

Since E(τ9s;a9x) is a χ-homogeneous function, i.e.

E(τ,s; ua9x) = X{u)E{τ9s; a,X)9 {ua= {ual9ua2}, {u9p) = 1)

we may restrict ourselves to the case α e / , where

I={(a19a2);a1 = l or a2 = 1, β ^

It is easy to see that, for a9b e /,

if and only if β ^ 6 (pfc) ( l^fc^w).
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1) The case χ = z0

(a) Let n ̂  2. Then, for # e /, we have from (1)'

2πi 2πi

If 6==0 (p), e pn — — Σ epn ' = 0 . Therefore, c{b) = 0.
P <2r &I,af Ξ β ( p r l )

For b <s I, we have

27»" 27τi

If Z> ̂  « (p74"1), then, as we noted above,

ia\b) = pku {k<n — 1, ( « , # ) = 1).

Therefore we have

Σ
mod p» (ί,p) = l, ί mod

i (ί)r)} Σ ^ ' = 0
(ί,p) = l, ί mod p>

because Σ e N = μ{N) (Mobius function) and r = w

(ί,ΛΓ) = l, ίmodiV

Hence, c(6) = 0.

If b Ξ= « (p71"1), we have

Σ ^ p Σ £ p u — = Σ β P
β'Ξβ ( f 1 ) , afELI a ' Ξ ^ p " " 1 ) , α / 'eZ v mod p

Therefore

27Γt

c(^) — Σ e p n f — p n — p 7 1 ' 1 i f < 2 = 6
(ί,p) = l, ί mod pn

2πi .

Σ ^ ~ p74"1 if β :
t,p) — l, t mod p

Thus we have proved the following formula:
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d")

Now we denote by En(τ,s; a,X) the Eisenstein series for Γpn. Then, it is

easy to see that

Σ t E*(τ,s; α',χ0) = Ei-i(τ,s; a,X0).

We put

G(s) = π-T(s)ζ(2s) (1 - p- 2 5) J£Λ(τ, 5; «, χ0) - A

In view of (2), (3) and (1"), we have

G{s) = L . N ' β'χo} - 4 - , Γ ? , n β ( ί ; β'' χ

From this immediately follow the analytic continuation of G(s) into the

whole s-plane and the functional equation

(4) G(s) = p^-2

(b) In case n = 1, a similar argument shows that

Therefore, as in (a), we can prove that

G{s) = iϋ-'Γ{s)ζ{2s) (1 - p-2s) [E^Z, S; a, χ0) 1— E(τ, s)

is an entire function and satisfies the functional equation

(5) G{s) = φι-**G{l - s)

where E(τ, s) = Σ -i \—μj-

is the Eisenstein series for the full modular group.

As is well known, E(τ,s) is meromorphic in the whole s-plane, and satisfies

the functional equation
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(a) p(τ S) - \ Δ / fc^ά — L) g, -. _ x

From (4), (5) and (6), we can obtain the following result.

PROPOSITION 1. Let En(τ,s;xo) be the column of the pn + p"-1 functions

En(τ,s;a9χ0), (βe/).

Then, En(τ, s %0) is a meromorphic function in the whole s-plane and satisfies

the following functional equation:

En{τ,s\ χ0) = Φn{s)En{τ, 1 - s; χ0)

where Φn(s) = <p{s) < όn)(a9 b) >

{matrix of degree pn + p71-1)

Γ(s) ζ(2s)

,b) = ~4F~-j»t-«(»-*») if a=b

1

Proof. As is easily seen,

c<»>(β, 6) = ί P" ( 1 - 2 S ) - ^ ^ ^ ( l - — ) + - ί - c<»-"(e, 6) (n ̂  2)

if β =

1 — p ίs p

i f p 1 1 - 1 ! ^ — 6

if pk\\a-b {0<k<n-~2).

Hence, by induction on n, follows the desired result.
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2) The case X ̂  x0

a) Let X be a primitive character.

For a— {a19a2}, such that (al9a2) — pku ( fc^l , (#,p) = 1), we have

Θ{t;a,x)= Σ %(«)f Σ X(t))θ{t M^,^α 2 ) = 0.
u mod p r

(r = n — k < n)

Therefore, from (1), it follows that

u mod pn

We put Sx= Σ e¥ΓUχ{u) (Gauss sum). Then,
u mod pn

(7) θ(t a, X) = -y^ 2 rr Σ3 SχX« a, b

By (2), (3) and (7), we obtain

π-sΓ{s)L(2s9X)E{τ9s; a9X) =
l/'p

(8)

+ — ^ - Σ X«a,V>)Γθ{t b,!
l/pn

As is easily seen, we have

Σ Z(< β, 6 »Z« 6, d » = p Λ 5 β i β ' (β, a' e / ) .

Moreover, | S X | 2 = p71 and Sχ = Sχ if χ ( - l ) = 1.

Therefore, from (8), immediately follows the functional equation

(9) G(s9 a, X) = jr 2 » Sχ- Σ Z« β, & » G(l - s, ft, X)

where G(5, α, X) = Λ " T ( S ) L(2S, χ) £(r, 5; α, %).

By the functional equation of Dirichlet L-function

H(s, X) = ^ ^ Γ ( - | - ) L(s, χ) = Sxv^H(l - 5,

(9) can be written as follows.

Let E(τ,s;x) be the column of the φn + p™-1 functions E(τ,s;a,X).
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Then,

E{τ, s X) = Φ{s, X)E(τ, 1 — s, X)

where

b) We denote by r the integer min{m; x(v) = 1, if ι/ = l mod

In a) we considered the case r — n. Let r ̂  n — 1.

First we note

Σ
mod

= 0 otherwise.

Since Σ ^ ' . ^ = ^ < - * > » Σ β
ymod p

(10) θ( ί ; f l,χ)-J- Σ θ(t;a',X)

On the other hand, we have

δeJ δ'e/

Therefore, (10) is u n c h a n g e d , if Θ{t;b, X) is rep laced by

A_ 2 θ(t;b',x).

We put

, α , Z) = π ~ s Γ ( s ) L { 2 s , l)\ E n ( τ , s ; a 9 χ ) ~ ~ γ E n ^ { τ 9 s ; a , x )
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Then, since Σ En(τ,s;a,X) = 2£n_i(τ, s; a,x)
a'tΞl

(we note that r Ŝ n — l), we have

G(s,fl,χ)= \Ίθ(t;a,χ)- — Σ β( ί ;^,χ)h s -
l/p» 'ε/

1/Vn be I

Θ(t;b',X)}t-sdt

(see the remark below)

From this and the result in a), we obtain the following

PROPOSITION 2.

E n { τ , s ; X ) = Φ n ( s , X ) E n { τ , 1-s X)

where Φn{s, x) = φ{s, X) < c ( w )(«, ft) >

if pn-r-k\\<a,b> {O^k^n-

= 0 otherwise.

Remark. Let <z==& (pu- r). Then,

= — ̂ r - 1 if pn^Wa— b

= 0 otherwise.

§3

Let N = pΐ1 £>n>i be a factorization into distinct primes.

We put N = JVίP?* (1 ̂  i ^ Λ).

Let us choose a set of integers [di9 , dλ}, such that

dt = 0 (Ni), = 1 (p?0 ( l ^ f ^ λ ) .
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Then, the mapping

λ

Zλ 3 {al9 , aλ] — > a = Σ da e Z

i—l

λ

induces a ring-isomorphism of Z/{N) onto ΠZ/(p?*)

z = l

It is obvious that

(1) [ώι\ώ2\N) = 1 if and only if (<#>, α?', P*> = 1

(2) (a,JV) = 1 if and only if (κ<,p<) = 1 (l<i<λ)

Let / = Iλ X X 7χ, where /̂  = {(«i,«2) niod pj* ax = 1 or α2 = 1, UIJΞO (

We denote by F(7) the space of functions on 7.

Then V{I) = V{h)®---®V{h).

For a character X mod JV, there exist characters Xt mod p?« such that

λ

X{a) = Tl Mat).

Let r% = r(χt) =¥0 (1 ̂  £ ̂  μ)

- ~ ^
Then there exists a primitive character X mod JV"= Π pjs such that

χ(β) = Z(α) if {a,N) = l.

We put

l — ^ j Q9 (x) l λ

where T% is a linear transformation in F^ = F(/J, defined by

^/(«) = f(a) - - ί - Σ /(«') if n, > 1 and W < > r,

= f^ ~ -j^ϊJέr/W i f Hi==1 a n d f ί = °

= /(fl) if ni = ri.

Moreover, we define an endomorphism of F = V{I) by

Af(a)=EA(a,b)f(b)
bI
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We have

where

Ai(a,b) =

A(a,b)= Σ X(u)e-
u mod TV

A = cAί<S) ® Ax {c =

* ( l Γ ^ ) i f * = *<!*-")

0 otherwise (1 ̂  i'

if β^δ,

otherwise

For, we have

il(α,6)= Π
2πi

cj mod Pi

= Π Pt1 *Z4('

x π Σ^P i

= 0

" β i ' 6 i > M i if pΐ-rΛ\a-<

otherwise

and Sf^ π
iμ+

From the results obtained in §2, we have

TtAi = ^ ^ , iM?ίΓ* = Pϊ* Ti

(11)

Therefore we have

=X(vne)Ti9 for i > / c

= ^4ΐ , for ί ^ jw.

TA = AT and AA*T = N2T .
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LEMMA. For f{a,s,χ) = π~sΓ{s)E*{τ,s;a,χ), we have

(12) Tf{ ,5,%) = iV-

Proof. From (1'), we have

,3
If ^ = o (p^, we have

2ττf

N 'TeN ' = 0 (in case n* > r̂ )

or Θ(t; b,X) = 0 (in case w* = r<).

Hence, TΘ(t; ., X) = -fa^T^J^e^'^θ^; b,i)

Therefore

,X)t~sdt
ί/N Ϊ/N

= N-2sATf( , 1-5 ,%) .

= {0} {k<rt).

We denote by Pk the projection operator on Vψ © F^" Ό . Then, for / e F,

we have

where fti ^ = fl* ® " ' ® ^

LEMMA.
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Proof First we note that

(15) ^ - Σ, /M for
Ck a'^aίpk )

for k =

= pΛ~fc or pn + p™-1 according as & > 0 or fc = 0).

We have only to prove the following.

E%f(τ9s;a,χ) if {p,N) =

2° = E%,(τ,s;a,X) ^ P\N.

In case (φ,N) = 1, we have

mod iV^ =£ 0 (p)

u X J{m,n} = v cu {a«\a

For the proof of 2°, it is sufficient to note that

{m9n} = {u^\ ucF>] (vk~ι) if and only if [m,n\ = {uvb<>l\ uvb™} {pk)

for some b = {b«\ 6^} = α (p*-1) and v = l (

THEOREM. E(τ,s; a,X) is a meromorphic function in the whole s-plane and

satisfies the following functional equation.

E(τ,s; , χ ) = π ) * 2JL L(2s-l,X)

where, for i ^ μ, Φ«\a, b) = ^ <

= 0 otherwise

for i > ft Φ«\a, b) = 1
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— 1

if

/ . We put T(s,X) = π~T(s)L{2s9ϊ).

Since L{s,X) = Π ( l - - ^ i ) L(s,χ), we have, from (12), (13) and (14),

Π (1 - ^

Π (l-^-p

,X) _ l / π Γ ( s ~ "2")Since r(l-s,X) _ l / π Γ ( s "2") L(2s-1,2)

we have

where Φ{i) = Σ p<<2β-2>r«ί)<

(1-2 U («p J b (1

- Σ

By (11) and (15), Φ{i) can be written as stated in our theorem, (cf. the proof

of prop. 1,2)

LITERATURE

[1] T. Kubota , Elementary theory of Eisenstein series (in Japanese), Tokyo University,
1968.

University of Tokyo




