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ON COMMUTATIVE COMPOSITIONS DETERMINED
BY THEIR ORIGINS

HISASI MORIKAWA

1. Let K be the universal domain. Let G he a finite additive group
of odd order |G| and X,(e € G) be indeterminates indexed by the elements
in G. We mean by P; the projective space Proji(K[(X,)scel). Denote by
o_, and 7,(b € G) the automorphisms of P, of which duals &* and <} are
the ring-automorphisms of Z[(X,)s] such that

0%,(X,) = Xooy 3(Xa) = Xpsa (a0 € G).
For the sake of simplicity we denote briefly
27t = 5" x), x(b) = c4(x) (x € Py be G).

DEerFmiTION 1.1 Let e = (e,)s be a point on P, satisfying
(1) e..=e, (aeG).

Then two points z = (x,); and y = (y,); are called to be composable
with respect to e, if there exist two vectors # = (#,); and v = (v,); such
that

(e-—a+bea+b)G.G (Y-ara Yarde.e

(2) rank (

B ) = rank (e—a,+bea+b)G.Gs
(%-css®esb)g.a (Umcralera)e.a

where (€—girCart)a.ar (T-ars®asn)a.ar (Y—ars¥arnde.e and (U_giVai)e.c are |G+
|G|-matrices of which (a,b)-components are e_,.,€u109 T-arsTasrs Y-arsYars
and %_,.,0,.45 respectively, (a,b € G).

Since the order |G| is odd, the pair (—a+b, a+ b) runs over all the
elements in G X G.  Therefore the system of equations

U—gigVarr = Ularsliss (a,0 € G)

implies wuq/uf = uyfuh, vo/vh = vy/vy (a,b€ G). Namely the point u = (u,)g
and v = (v,)¢ in (2) are uniquely determined by z and y as points in P,.
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DerintrioN 1. 2. If 2 = (z,)¢ and y = (y,)¢ are composable with res-
pect to e, we denote by zo y the unique point v = (v,)s given in (2) and
call it the composition of x and y with respect to e.

ProposiTioN 1. 3. If x = (x,)¢ and y = (y.); are composable with respect
to e, them it follow

3) K ( (€—a+s8a+0)a.0 (Y-0+dYa+d)a.c )
g ran

2 —ero@ern)g.a (AT 0 Y)mgrala 0 Wera)e.a{Z 0 Y)ceral@ 0 Y)ora)s.e

= rank (e_q1€arv) 6.0

with non-zero A, where 2 depends on the homogeneous coordinates.

Proof. Replacing z by z7! in (2), we know that the unique point

= (uy)e in (2) 1s z7loy,

ProrosiTiON 1.4 If xoy is well-defined, then yox and xoela)(asG)
are also well-defined and they satisfy

4 zoy=you,

(5) zcela) =el@)ox =2x(a) (e G),

(6) ela)oeld) =ela+ b) (a, b € G).

This is an immediate consequence from the relation (3).

2. Since (€-g.p€a4s)a.¢ 18 Symmetric, there exists a subset H in G such
that the cardinal |H| equals to the rank of (e_,,1€q45)0.¢ and det (e_as5€aris) a5

# 0, where (e.ons€ass)u,n IS an |H| X |H|-matrix of which (a’,’)-component

is €_ar+5/€ar+br (a’) b e H).
Using the inverse matrix
(7) (aal.bl)H,H = (e—a'+brea:+br);il,liy

we can express the relation (3) by the following explicite polynomial rela-
tions:

(8) T_a+bLa+d = 2 Qer,dr€—crralerral-gr+dLar+d
¢/, d’eH

, .
(8) Y-artVass = 20 Qcrab-crsalorral—-arsYarsd
d’eH

¢,

(8’,) 2(x_l © y)-—a+b(x ° y)a+b =c’ dz,eH_acl,d/x~c/+ax crraly-ar+vYar+d (a, be G)

with non-zero 2.
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DEerFinTION 2. 1. We denote by V, the closed subscheme in P, which
is the Zariski~closure of all the point z such that z~!oz is well-defined and
zlox =e. We call V, the projective scheme associating with e.

Using (@an5)u,z we can define V, as the closed subscheme defined by
the relations

(9) X—a+bXa+b = Z Hac/,d/e_c/+aec,+aX_dr+bXdr+b =0 ((l,b (S G)

d,ae

and

(10) 2 ‘xcl.dr{ecX-c/—a.+chI-a+bX—d'+a+bXdl+a+b
- ea.X—c/—c+chr—c+bX—d/+c+bXd/+c+b} =0. (a, b’c S G)-

Under what condition on e = (e,)q the projective scheme V, is an abelian variety?
This is very difficult problem, which is equivalent to giving the reasonable
explicite generators of the relations between theta-constants. We shall be
concerved with this problem in the next paper.
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