
H. Morikawa
Nagoya Math. J.
Vol. 33 (1968), 133-135

ON COMMUTATIVE COMPOSITIONS DETERMINED

BY THEIR ORIGINS

HISASI MORIKAWA

1. Let K be the universal domain. Let G be a finite additive group

of odd order \G\ and I α ( β G G) be indeterminates indexed by the elements

in G. We mean by PG the projective space Projk(K[{Xa,)a(ΞG]). Denote by

£_! and τb{b e G) the automorphisms of PG of which duals δti_ and r* are

the ring-automorphisms of Z[(Xa)G] such that

For the sake of simplicity we denote briefly

s-i = d'Hx), x{b) = τb(x) {x G P G , b e G).

DEFINITION 1. 1 Let e = (ea)G be a point on PG satisfying

(1) e-a = ea {a e G).

Then two points x = (xa)o a n d V = (Va)o a r e called to be composable

with respect to e, if there exist two vectors u = {ua)G and v = (va)G such

that

/ \^-α+δ^α+δ)ί7,ί? (V-a+d Va+d)G,θ\

(2) r a n k ί 1 = r a n k (e.a+bea+b)GtG,

w h e r e (e-a+bea+b)GtG, (x-a+bxa+t,)G,G, {y-a+bVa+b)a.o a n d {u-a+bυa+b)Gtc a r e | G | +

|G|-matrices of which {a,^-components are e.a+bea+b9 x-a+bxa+b, y-a+bya+i>

and u..a+bυa+b, respectively, (a, b G G).

Since the order \G\ is odd, the pair (—a+b, a + b) runs over all the

elements in G x G. Therefore the system of equations

u-a+bva+b = uίa+bVa+b (a,b e G)

implies uju'a — ujuί, υjυa = vblυb {a,bE:G). Namely the point u = (ua)G

and v = (va)σ in (2) are uniquely determined by x and y as points in PG.
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DEFINITION 1. 2. If x = (XΛ)G and y - {ya)G are composable with res-

pect to e, we denote by x o y the unique point υ = (va)G given in (2) and

call it the composition of x and y with respect to e.

PROPOSITION 1. 3. If x = {xa)G and y — (ya)G are composable with respect

to e, them it follow

ί \@—a+b@a,+b/G,G \V — a+dVa + d/G,G

~ίoy)-c+d{%oy)c+d)G,G(%~ίoy)-c+d(%°y)c+d)G,G

= rank(e-a+bea+b)G,G

with non-zero λ, where λ depends on the homogeneous coordinates.

Proof Replacing x by x~ι in (2), we know that the unique point

u = {Ua)G

 i n (2) i s x~l ° 2/

PROPOSITION 1.4 If x o y is well-defined, then yoχ and χo e(a) (ae:G)

are also well-defined and they satisfy

(4) x o y = 2/ o x,

(5) a; o e(a) = e(a) o x = a (α) (α e G),

(6) e{a) o β(6) = e(a + ft) (α, ft G G).

This is an immediate consequence from the relation (3).

2. Since (e-α+&0α+&)σ.σ is symmetric, there exists a subset H in G such

that the cardinal \H\ equals to the rank of (e-a+bea+b)GtG and det (g_α,+δ^α,+δ,)^,H

=5̂ =0, where (e-.α/+δ^α/+δ0 .̂H is a n |-ff| x liϊΊ-matrix of which (α',ft')-component

is e-af+b,ea,+br (ar,V e /ί).

Using the inverse matrix

(7) (<Xa',bt)H,H = {β-a'+1)rβar+br)Ίl,Hi

we can express the relation (3) by the following explicite polynomial rela-

tions :

(8) x-a+b%a+b — r Σ ac,,d,e-c,+aec,+ax-d,+bxdf+b

(8') y-a+bVa + b = ' Σ
' df

Σ
' ,dfE:H

(8") λ{x~1°y)-a+b(%°y)a+b = Σ OCc,,drX-cr+a%cr+ay-d> + bydr+b (β, ft S G)

with non-zero ^.
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DEFINITION 2. 1. We denote by Ve the closed subscheme in PG which

is the Zariski-closure of all the point x such that x"1 o x is well-defined and

x*1 o x = e. We call Ve the projective scheme associating with e.

Using {aa,,br)H.H we can define Ve as the closed subscheme defined by

the relations

(9) X-a+bXa+b = Σ aCr,dre-c,+aec,+aX-d'+bXdr+b = 0 (a,b e G)

and

(10) 2 J act,dr\βeX-c'-a+bXcr-a+bX-dr+a+l>Xd.t+a+b

— eaX-c,-c + bXc'-c + bX-d'+c+bXdr+c + bf = 0. (a,b,C G G ) .

Under what condition on e = (^α)σ ίÂ  projective scheme Ve is an abelian variety?

This is very difficult problem, which is equivalent to giving the reasonable

explicite generators of the relations between theta-constants. We shall be

concerved with this problem in the next paper.
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