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§1. Introduction

M.S. Pinsker [3] has given a general method of calculating the s-entropy
of a Gaussian process and obtained, for example, an exact proof of the
estimate for the e-entropy of the ordinary Brownian motion B(f), 0<¢=<1,
which was presented without proof by A.N. Kolmogorov [1].

In this article, we estimate the e-entropy of the Brownian motion with
the multidimensional spherical parameter, by using the expansion of the Brownian
motion with a multidimensional parameter by H.P. McKean [4] and by
generalizing the Pinsker’s method of calculating the e-entropy.

Let X(A,0), A€ E® (d-dimensional Euclidean space), o € 2(P), be a
Brownian motion with a parameter space E®, that is, {X(4), A€ E%}
forms a Gaussian system and

1) E[X(A)] =0 for every A,

2) X(0)=0, where O is the origin of E?,

3) E[(X(A) — X(B))?] = dis (4, B), where E(X) and dis (A4, B) denote the
expectation of a random variable X and the Euclidean distance between
A and B, respectively.

We shall call X(4) when the parameter A is restricted to the unit
sphere? S%! in E* the Brownian motion with the d-dimensional spherical parameter
and denote it, as in the preceding case, by X(4), 4 € S%*.

The e-entropy H.(X) of the process X(A) is defined as follows:

Let ¢ >0 be arbitrarily fixed, and consider an approximating process X'(A)
for the process X(A) on S%* satisfying the condition of reproducing accuracy,

M | Bl a) - X dod) <

sd-1

Received March 8, 1967.
1) Without loss of generality we may consider the unit sphere only.
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where do is the uniform probability measure on S?*. Then, the e-entropy
of the process X(A) is defined as

(2) H (X) = inf I(X’rX) ’

where I(X’, X) is the amount of information contained in a process X’ with
respect to the process X and the infimum is taken for all processes X’
satisfying the condition (1).

Our aim is to prove that the e-entropy of the Brownian motion on
S¢t is of order ¢ *¢* (Theorem 2);

(3) H(X) = O(e™*“™).

It seems to be interesting to note that the e-entropy (in Kolmogorov-
Tihomirov’s sense, cf. Kolmogorov-Tihomirov [2]) of the space of %-H(’ilder

continuous functions of (d — 1)-variables with the sup-norm has the same
order O(e~2¢@-V),

The author is greatly indebted to Professors T. Hida and N. Ikeda
for their kind suggestions and constant encouragement.

§2. The generalization of Pinsker’s method
Pinsker’s method of calculating the e-entropy of a Gaussian process with
one dimensional parameter is as follows: Let X(¢), 0=<¢<T, be a
Gaussian process with mean 0 whose covariance function 7(s, ) = E[X(s)X(#)]
is continuous in (s,#). Then the e-entropy H,(X) of the process X(t) is
given by the formula

) H(X)=4 3 lg2,

02

where 2, (i =1,2, - + ) are the eigen-values of the integral operator with the
kernel 7(s,¢) in L%0,T], 2, =2,=--.=0, and # is determined (uniquely)
by the equation

(5) X, min (¢%,2) = e*.”

2) By Mercer’s theorem

glzi =§11iS:[go¢(t)]2dt = S: glli[gpi(t)]zdt = S:r(t, £)dt < oo,
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The right-hand side of the relation (4) also equals to the e-entropy of the
infinite dimensional Gaussian random variable X* = (X¥ X3, . - - )»:

©) xt=[ omxmar® =12

where ¢,(¢) is the eigen-function of the integral operator corresponding to
the eigenvalue 1, and E[X7 X731 = 1,6,;.

As an example, if in particular the sequence 2, =2,=-:-=0 of the
eigen-values of the integral operator with the kernel corresponding to a
Gaussian process takes the form: A =ck*(s>1;k=1,2,--+), then, the
e-entropy of the process is

(7) H(X)=0( s1).

Now, we proceed to a Gaussian process X(A4), A€ S%!, with mean 0.
Assume the continuity of the covariance function #(A4, B) = E[X(A) X(B)] in
St x S 50 21 2; 1s finite (see the discussion in the footnote 2)) where 2;,
i=12, -+, are the eigenvalues of the integral operator with the kernel

7(A,B) in L*S%?,ds). Then, the following entirely analogous result holds,
and we state it as a theorem.

THEOREM 1. The c-entropy H.(X) of the above Gaussian process X(A),
Ae St oqs

A

(@) H(X) =+ -

1
W Zn %8
where A,(i =1,2,+++) with A, =2, =++-=0 are eigen-values of the integral
operator and 0 is determined by the equation (5). The right-hand side of the relation
(4") equals also to the e-entropy of the infinite dimensional Gaussian random variable
X* = (X7, X3, - <)

(6) X: =S P (A)X(A)do(4) (i=1,2,+")

sd-1

3) The c—entropy of X* is defined as H,(X*) =inf I(X *, X*) where the infimum is taken
for all infinite dimensional approximating random variables X*=(X0,X%, --0) satisfying
the condition: glE[()?? — XM < e,

4) This (Bochner) integral is determined as an element of L*(2).
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where ¢,(A) is the eigen-function of the integral operator corresponding to the eigen-
value 2;, and E[X; X]]= 2,6,;.

Proof. The proof is quite similar to the proof for one dimensional
parameter case dealt by M.S. Pinsker [3], except for the construction of the

process £ (13], formula (132)). The proof, however, can be carried out by
using the extension theorem of Urysohn, so that we shall not continue the
proof further.

§3. The main result
We are now in a position to prove our main result.

THEOREM 2. The e-entropy of the Brownian motion with the d-dimensional

spherical parameter is of order ¢ 24V;
(®) H,(X) = O(™=).

Proof. According to H.P. McKean [4] the Brownian motion with the
d-dimensional parameter can be expanded as a sum of mutually independent
Gaussian processes associated with spherical harmonics. We state this ex-
pansion and some related results with the Gaussian process X(A4), A e S,

D(n)
(9) X(A)= 2 x,(1) hi(A), A€ S*!

7n>0 I=1
where hl(A) is a spherical harmonics of degree n satisfying

(10 T T B
n m a =
st 0, otherwise,
D(n) is the dimension of the vector space spanned by all the spherical
harmonics of degree #,

(11) Din)=(@n—2+d) B=3+DL (454 >0

and 2l(1)(n=0, 1<!=<D(n)) are mutually independent Gaussian random
variables which can be expressed in the form
(12 sl =ai=0@) | CuwdBiw).

5) For d=2 and n=0, D(n)=1.
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The processes Bi(u)(n=0, 1=<1=<D(n)) appeared in the above expression

are mutually independent standard Brownian motions and

14
jcos »,(cos 6) sin?~? 8dg
0 , n=0

(13) Cn(u) = £
Xo sin-20d6

d—2 d—2
with p,(cosd) =C, 2 (cos 0)/ C.% (1), where Cy(-) is the Gegenbauer poly-
nomial and C(d) is a constant depending only on d.

By the expansion (9) and by the independence of the random variables
z! with E[2z}]=0 (=0, 1<!<D(n)) we easily see that the covariance
function of the proceés X(A) is expressed in the form

(14 r4,B) = 35 Bl hi(4) ki(B).

Using this, Mercer’s expansion theorem shows us that the eigen-values
A (n=0,1<1=<D(n)) of the integral operator with the kernel 7(A4,B) are
equal to E[(«x})’]. Therefore, if we know the amount E[(x)°’] we can obtain
the e-entropy of the Brownian motion with the parameter space S by
the formula (4). 1In fact, we can prove in the following that for large
n, E[(2})*1=0mn?, 1<I1<D(n), holds. Once the result is shown, then
just by renumbering the double sequence of random variables z}, zi, =7,

, 7, x;, -+ into the ordinary sequence x{, %}, - -, while keeping
the original order, we can easily apply Theorem 1 in §2. If x,, for
large k, corresponds to the original random variable z¥(1 <M< D(N)),

N
then by the relation 20 n®? = O(N*') (this nearly equals to k) and by the

_1
formula (11) (D(n) = O(n*"?) for large n), we obtain N = O(k*!), so that
d

~1 4 __a
E[(2})?] = O((Ic a-1) >= O(k “?7'). Then, by this and the formula (7), fol-
2

T4
lows the desired result H,(X)= O(c -1 ') = O(e2“"),
Therefore, in the following, we are to prove that

(15) E[(z})'1=0n"%, 1=<1<D(n)

holds for large .
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First of all, we show the formula (15) in' case the dimension d =2 and
3, and then, generalizing it, we proceed to prove the formula (15) for
d=4, that is, (I) in case d is an even integer and (II) when d is odd.

In case d =2, p,(cosf) in the expression (13) turns out to be cosn6, so

that C,(u) = ;ﬂ sin (# cos™'#). From this we have,

E[(z)?] = ﬁ Sl sin? (n cos™u)du

T

_ 1 Sf.z .
o 0s1n n6 sin 6 df

=0(n7?).

While in case d=3, P, (cosd) = P, (cosd), hence we have

Caln) =—;~ P"“(Z)n:_};"“(u) where P,(-) is the #n-th Legendre polyno-

mial. Then, by the orthogonality of the Legendre polynomials, we obtain

El(l)] = { S; (Posy () dut + S: (P,,_l(u))2du}.

1
(@2n + 1)
=0(n7?).

In case d =4, by the formula (12), we have
E(#21 = (CW@)? | (Catw)du

g-2 -2
= (a constant depending on d only) X {C,. 2 (1)}

d-2

—1g¢ ——— z
X SI{ S:os ' C.? (cos@)sin®? 6’d0} du

0

and this expression becomes,

Ly, 92
0(n—2d+o) x S:[SEOS '“Cn ) (cos 8) sin® 2 6de }2(114

for large n, since C,? (1) =

F(n+d‘—2) _ -3
Al Td—2 = on™).

To prove E[(z.)]= O(n“’), we must show that the above integral (we
denote it by ;) is of order O(n?-®).
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(I) The proof of the fact that I, =0®n*®) for d=2p+2 (p=1,
integer).

First we estimate the integrand of the above integral. Let the follow-
ing integral be denoted by I,(u),

-1 ﬁ -1,
I,(u) = So° " €. 7 (cos0) sin*~?0do = | Cilcos 0) sin*20do.
0

The integrand C3(cos6) sin*?d of the above integral becomes, by using the
recurrence formula for the Gegenbauer polynomials

(16) sin?4C*** (cos §) = % {(n + 2v)C(cos#)—(n-+1) cos § C;;H(cosﬂ)]

and the formula sin ¢ C,(cos 6) = sin (n + 1)4,

C2(cos ) sin??g = sin? 6C%(cos #) sin>P~ 9

= 7@‘1:—1)~ [ (n+2(p—1))C2*(cos §)sin2?~§—(n+1)cosfC21(cos ﬁ)sinz“’“”ﬁ}

= Wﬁ——l)'* [Af(n)sin 8 sin(n+1)8+ A% (n)cos 0 sinf sin(n-+2)8

+ A3(rn)cos?0 sin @ sin (n+3)0 4« + - +A5(xn) cos?~*@ sin 4 sin (n—l—p)&]

where Ai(n), A3(n), - - +, Ap(n) are polynomials of n of order (p —1). Noti-
cing that sin @ sin (z + 1), cosd siné sin(n+2)0, - - + and cos? '@ sin @ sin (n + )0
are all expressed as the linear combinations of cosné, cos(n+2)4, - - -,
cos (n + 2p)d, we can show that the integral becomes

» RB? .
an I,(u) = kg " flf’?k sin (n + 2k)a, a = cos™'u

where B, k=0,1,- -+, p, are polynomials of » of order at most (p —1).
Therefore, changing the variable of integration into «, and making use of
the fact

n

So—zsin (n + 2k)a sin (n + 2[)e sin ada = L

5 {W(;}c—l)_z + 0(7&_2)] ’

we have

3

I, = [ (o du = { ¥ kz::o fi’;)k sin (n + 2K)a | sin ade
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= & _ BimBim) (g - ;
= k’;:o (n F 2k) (n + 20) So sin (n + 2k)e sin (# + 20)a sin ada

= 0(n**™) (=0(n""%)).

The last estimation is valid if the coefficient of the term #2??~* never
vanishes, that is, if at least one of the coefficients of the term n?~' of the
polynomials Bj(n) (k=0,1,++-,p) does not vanish. But this is true, for
example, Bj(n) has non zero coefficient of n?~*.

(IT) The proof of the fact that I, =0#n**®) for d=2p+3 (p=1,
integer).
Similarly to (I), we denote the following integral by I,(u),

d—2 1
tu g . 1y P .
I,(u) = Sms “C ? (cos §) sin’20d0 = S“’S “C., *(cos 6) sin®**'6d0

0 0

then, by the relation

1

Pt 1
(18) C. ?(cosf) = 2B}

D
Wnl)a P,HP(COS 0)

1
for the half-integer Gegenbauer polynomial C:+ ? and the associated Le-

gendre polynomial P.,,, we have

os—1u

I(u) = c(d) SO P2, (cos 6) sin®*'4d9

where ¢(d) is a constant depending on d. By definition,

1] p
2 d

P£+p(x) = (1 - x2) dx? Pm»p(x)

and by changing the variable of integration into z = cosf#, we get

I(u)=gl 4 p,.(x)(1— 2 Pd
» w da? L

=——wy @ P o | et — e L P, e

duPt 71971”—
From this, the desired integral I, is
1 1 P-1 2
@I, = ¥ (L du = | (10— w4 Py 'du

1) —ap| 0—uy P || e~ 2 P, (2)dx]du
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1 1 p-1 2
+ 4p? So[gux(l — x2)P-t —Z—W—P,Hp(x)dx} du.

To estimate these integrals, we first express (1 — u?? %Pn(u) in
terms of P,(#) and P,_,(#). For this purpose, we make use of the recur-
rence formula of the Legendre polynomials (1 — 2?)P;(x) = n(P,-,(x) — zP,(%))
and the differential equation derived from the Legendre’s differential equa-
tion

@) - D P =2k 1o 4L Pyw)

+ o+ (= 1) (1 — (b= 2) -9 Pu() =0, (k22).

For any p=1, we have

@)  Q—u2? 2 P(u) = P ()Quorp(t) + Pa(0)Q, ()
du

where Q,_,,,(#) and @, ,(#) are polynomials of # of the form
-1
(22 Qurp(@) = 2 G, Qo) = 3\ Dulnlu®

The coefficients Cy(n),Cy(n), + + +, Cp_y(n), Dy(n),Dy(n), + + -, Dy(n) have the
following properties: (i) C,_4(n)#0, D,(n)#0 (ii) they are the poly-
nomials of » with the order at most p (iii) if » is an even integer,
then D,(n) is the polynomial of order p and if p is odd, Cyn) is the
polynomial of order p. By these facts and by the property of the Legendre
polynomial: S: {P.()}*dx = O(n™*) for large n, we can easily show that the
first integral of the right-hand side of the equality (19) becomes,

o= e Pagton [ = [ = [ ™ L Pyytu) [t

du?™!
= 0(n2® ). 0(n"!) = O(n?*).
For the second integral of the right-hand side of (19), we have

J = wp L Payti) |, 21— o7 L Py () du

0 du®*

= {0y G st [ ([ [ ity o Pt ]
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The first term of the product on the right-hand side of the inequality, by
d—6

the above result, has the order O(z 2 ) and the integrand of the second
term can be evaluated as follows:

1

[§, 0= ot & Prytoraa] < [l

1—g2p 4 p *d
(1—2% FrTa wip(®) 1 d

u

1 1 p—-1 2
< So x2dx . So[(l — x2)Pr-t 5001,_1 Priy(x) ] dx = 0(n%*).

Hence the second integral is at most of order O(n%®) . As for the last
integral of the equality (19), by a similar approach, we estimate it to be
at most of order O(n?®). This proves the desired result for d = 2p + 3(p=1),
and thus we have proved the theorem completely.
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