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ON THE DEFICIENCIES OF MEROMORPHIC MAPPINGS

OF Cn INTO PNC

SEIKI MORI

1. Introduction

Let f(z) be a non-degenerate meromorphic mapping of the ^-dimen-

sional complex Euclidean space Cn into the IV-dimensional complex projec-

tive space PNC. A generalization of results of Edrei-Fuchs [2] for mero-

morphic mappings of C into PNC was given by Toda [5], and an estimate

of K(λ) for meromorphic mappings of Cn into PNC was done by Noguchi

[4]. In this note we generalize several results of Edrei-Fuchs [2] in the

case of meromorphic mappings of Cn into PNC.

Let (z19 ••-,£*) be the natural coordinate system in C\ We put

= {zeCn:\\z\\<r}, dB(r) = {z e C»: \\z\\ = r]

dc = ^-Ξλφ - 9) , ψ = ddc log ||s||a ,
47Γ

and

σ = d β log | | « | | 2 Λψ n . 1 .

We note that f σ = 1 for any r > 0. (See Carlson-Griffiths [1], p. 562).

For a divisor D in Cn (3 0), we write

n{t ,D)=[ ψn_x and N(r, D) = Γ
Jz>n-B(ί) Jo

Let F be a line bundle over PNC and let {£//}Jti be an open covering

of P^C such that the restrictions F\Uj are trivial. Then F is determined

by the 1-cocycles {θjk} which are non-zero holomorphic functions on Uj Π Uk

and satisfying θjk(w) = θj£(w)-θzk(w) for w e E7j Γi ?7fc Π C7̂ .
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Let φ = {φj} 6 H%PNC, Θ{F)) be a holomorphic section of F and a
— {ΰbjiw)} an Hermitian metric in F, that is, every a,j(w) is a positive

€°°-f unction and a Aw) = |0il5(w)|2α*(w) on tΛ Π Uk. Since

on [7, Π £7fc, we put l^j2^) = ί M ^ and call it the norm of φ. We put

— ωF == ^ ~ 95logaj(^) which represents a Chern class c(F) of ί\

The quantity

Γ ( r , / ) =
O t JJB(ί)

is called the characteristic function of /, where f*ω denotes the pull
back of the form ω by /. Sometimes we write T(r) instead of T(r, f)
for simplicity. We note that Γ(r, /) is independent of a choice of the
form ωF of F up to an 0(l)-term. (See Griffiths-King [3], p. 182)

For a hyperplane H in PNC, we choose always a global holomorphic
section φ e H\PNC, Θ(F)) such that the divisor (φ) of φ is equal to H and

W < l.
We put

m(r9H)= ί uφ(z)σ ( > 0) ,
J dB(r)

where uφ(z) = log . Then by Nevanlinna's first main theorem,
\Φ\2{f(z))

we have

Γ(r,/) - N(r,f*H) + m(r,H) - m(0,fl) ,

provided that /(0) g iϊ.

For a hyperplane iί in P^C, the quantity

is called the deficiency of H. We define the order λ and the lower order
μ of / as follows:

Jt = lim sup l o g Γ ( r ' ^ > and μ = lim inf l o g Γ ( r '
r-oo logr r->oo logr
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Let / : Cn -> PNC be a meromorphic mapping and w = (w0 wN)

a homogeneous coordinate system in PNC. Then / can be represented

as / = ( / „ ; . . . ; / i V ) , where /^ are entire functions and codim {z e Cn:f0(z)

= . . . = /^O) = 0} > 2. If / = (g0 - - g'N) is another representation

of /, then there is an entire function a(z) such that gό = ea>fj (j = 0, ,

N). We now take the standard line bundle as F and, taking the metric

(^ί ^ °) i n F> we see ω = ddclogα(^;) and obtain

f / J\Γ \ 1/2 / 2V \ 1/2

(1) T(r, f) = log (Σ \fjή σ - log (Σ \fj(Q)ή ,
J dB(r) \j=0 / \j = 0 J

provided that Σ7=olΛ(O)|2 ψ 0.

Let γp{z, zQ) be an automorphism of B(p) such that γp(zOf z0) = 0 for

z0 e B(p). We now write

If z0 - ( r ,0, ,0), ζ - (ζ19 . . ,ζ n ) and if

then, by elementary calculation, we see

log || z ||2

and

on 3B(/o), since

log |

p - \ —

log |

= Σlϊ-i(M«« +

_ ( r \V

0 on 3B(p). Hence we have

_

for ζedB(p).

2. We now prove the following theorem which yields a relation be-

tween the lower order and the deficiencies:



168 SEIKI MORI

THEOREM 1. Let f: Cn —> PNC be a meromorphic mapping of lower

order μ such that lim (T(r,/)/logr) = oo and let Hj (j = 0, ,ΛΓ) be
r-*oo

N + 1 hyperplanes in PNC in general position. If γ = max (1 — δ(Hj9 /))

< 1, then

logτ

μ > 1 /or 7* = 0 ,

where τ — max (r0, — — ) and τoe R is the maximum real number of
\ γ(l - γ) J

τ0 such that ((r0 + l ) n - (τ0 - l)n) (r0 - l)'n = ^-n-τo-\

The following is a direct result of Theorem 1.

COROLLARY 1. Under the same assumption as in Theorem 1, if there

are N + 1 hyperplanes Hό C PNC in general position such that δ(Hj, f) > 0

(j =i 0, , N), then the lower order μ of f is positive or infinity.

To prove Theorem 1, we prepare a lemma.

LEMMA 1. Let f:Cn-^PNC be a meromorphic mapping and Hf

C PNC (j = 0, , N) N + 1 hyperplanes in general position. If τ > r0,

then

( 2 ) T(r, f) < !™-T(τr, f) + max N(τr, Hό) + O(log r) , (r -> oo) .

Proof. Since N + 1 hyperplanes iϊ j (/ = 0,1, , N) in general posi-

tion, we may take a homogeneous coordinate system w — (w0 wN)

in PNC such that Hj = {w e PNC: Wj = 0} 0* = 0,1, , JV), so we fix

such homogeneous coordinate w and represent / as / = (/<>; ;fN)

Let γp(z, zQ) be an automorphism of B(p) such that γp(zQ, zQ) = 0 for

z0 e B(p). For any j ( = 0,1, , ΛΓ) and p > 0, we have

f log \fj(z)\ σ(z) = f (log+ ]/,ωi - log+

\fj\Z)\

fafj) + 0(1) < oo ,
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where Tx{p9f$) denotes the characteristic function of fs: Cn -> PιC. Hence
we see that log\fj(z)\ is integrable on dB(p) for p > 0 and j = 0, ,N.

Putting xa = (za — zJ/2 and ya = (sβ + za)/2<f^Λ, we can regard
i?(#) as the open ball in the 2^-dimensional real Euclidean space with
radius R and the center at the origin. Consider a Dirichlet problem

fs( ί52 d''
+ -^r)Ωj = O indxl

Then we see that there is a harmonic function Ωj(z) in B(R) satisfying

Ωj(Q= lim β/2) = lo
ζ

Z->ζ
6 £ (

for ζ e 3β(J2)\supp (/^), where (/7) denotes the divisor of fj9 (j = 0, , iV).
For ll̂ ll = r and any p: r < p < R, we have

= f
SO

log iΛ ωi ^ β, ω ^ ί (β/o - β0(oκ(ζ,«) +
J dB(p)

By a homogeneity of a sphere β(jo), the upper bound and the lower bound
of σoγ9{ζ,z) on ΘB(p) can be replaced by those of σ°ff(ζ,z), where

γ%, z) = 7-^—(Ci - r> Vl - (r//j)2ζ2, . . , Vl -

P - (u)

Hence we have

σp(ζ, z) = (1 + QMO ,

where

| 0 | ^ (r, + 1)" - (τ, - 1)» _

Therefore, we obtain

log 1/̂ (2)1 ̂  ί (β/ζ) - Ω0(ζ))σ(ζ)
J dB(p)
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( 3 ) (τ. )» - (r, - 1)»
(r, - D"

f \Ωj(ζ)-Ω0(ζ)\σ(Q

Λ0 .

Let χp be the characteristic function of B(p). Then the first term

in the right hand side of (3) is equal to

f (β,(ζ) - β0(C)MO = f

= ί

which is converges to

f d{(Ωj(ζ) - floCOMO} = f
J B(R) J

- flo(C)MC)}

dB{R)
(p-*R).

This is easily verified by Lebesgue's convergence theorem.
Similarly, the second term in the right hand side of (3) converges

to

{τR + 1)" - (τR - 1)*
dB(R)

Hence, for any j (= 0,1, ,N) we obtain from (3)

log|/^)| ^ f log
JdB{R)

so

max

Λ(C)

max

σ(ζ)
dB(R)

log MO
/o(0

Ω0(z) ,

- N(R, (/0)))

( 4 )
+ max

5n log Λ (O
/o(0

(7(0 + Ω0(z) .

On the other hand, by (1) we have

T(r, f) = ί log ( Σ I/,|2Y/2σ - log ( Σ |/,(0)I2)''2

provided that Σf=ol/j(0)|2 Φ 0. Hence, by integrating (4) on &B(r), we
have

Γ(r, /) ^ f max log |//«)| cy(«) + 0(1)
J 3JB(r) O^y^iV
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^ max (N(R, (/,)) - N(R, (/„))) + *™-T{R, f)

+ f Ω0(z)σ(z) + O(log T) , (r -> oo) .

J 3£(r)

Since ΩQ(z) is harmonic in B(R), we see

f fioOMz) = lim ί Ω0(z)σ(z)
J 35(r) r'^R J 3B(r')

= f
J

= N(R,

whence

T(r,/) ^ max (iV(β, (/,))) + ̂ T(R,f) + O(logr) .

Thus we obtain

T(r, f) ^ max (N(β, (#,))) + ̂ Γ ( β , /) + O(log r) , (r -> oo) ,

since iV(β,(/^)) = N(R,H}) (j = 0,l, - ,N).

Therefore we have Lemma 1.

Now we shall prove Theorem 1. By Lemma 1, we have

(5 ) T(r, f) ^ max (N(R, Hj)) + — T(R, f) + OQog r)

for τ > τ0, R = τr. We now choose c and d such that γ < d < c < 1.

Since 1 - ί(ff,, /) = lim sup N(r, Hj)/T(r9 f) ^ γ (j = 0,1, . . . , N), we have

(6 ) N(r, Hj) < c'T(r, f) (j = 0,1, . . . , N)

for all sufficiently large values of r. We take

5 n

( 7 )
— c)

where r0 is determined such as in the statement of Theorem 1. Then

we have from (5), (6) and (7)

T(r,f)£c(2-c)T(τr9f).

Hence, by a similar method to Edrei-Fuchs [2], we have
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μ = lim inf M I M ^ log ( _ i ) /log r .
r-oo log r I c(2 — c) J /

By letting c -> γ, we obtain the conclusion of Theorem 1.

3 We shall next show that, if K(f) = lim sup ^f=oN(r,

is sufficiently small, then the order λ is close to the lower order μ and
that, if, in addition, μ is finite, then λ and μ are both close to a posi-
tive integer. First we shall prove

LEMMA 2. Let f:Cn-+ PNC be a meromorphίc mapping. Then

2T(r,f) - 2N(r) < (q + l)r« Γ Niaty-^φί—\dt

(8) + 8.5(2V + 1 ) ^ ) 3 % ) + 8.5(N + D ^ ^ V ^ β ) + 0(1)

(r -> oo) ,

1 Γ 2

Φ(t) = —
^ 2ττJo

a = β1/^1 , τ = (35(2V + I)) 1 " , p = — , R = —
aτ a

and q denotes the largest integer not exceeding λ.

Proof. Let / = (/„; /V), where / , 0' = 0,1, , N) are entire
functions and £ be a complex line in C72 through the origin. Using the
inequality (10.2) in Edrei-Fuchs [2, p. 317], we have for u e £ with
\\u\\ = r

= 1 Γ log+ \fj(ue")\ dθ+±- Γ log+

2πJo 2πJo \f3(ueτθ)\
dθ

where N/r) and T4(r) denote the counting function and the characteristic
function of a meromorphic function of one complex variable obtained
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by restricting of / to ί c Cn.

Let v(£) be the standard volume form on Pn~ιC defined by ψ and

consider ί as a point of Pn~ιC in natural manner. Then we have from

(9)

2Γ(r,/,)-2N(r,0,/,)

= f log+|/,|σ+ί log'-f-σ
J dB(r) J 3B(r) \fj\

= ί K^)ff Γ log+ \fj(ue«)\ dθ + 1 Γ log+ Z1

Jp»-ic 12TΓJO 2πJo \fj(ueιθ)\

by noting n(t,(fj)) — ne{t,0,f3)v{β) and by using Fubini's theorem,
ιhep«-ic

where ^ e ^ with | |^| | = r. Hence, by summing up those with respect

to j, we have

2 Σ

Σ

,fj) - 2 £ iV(r, iϊ,) ̂  to + 1M Γ Σ

( τ \q N

- ) Σ Γ(α^,/y) + S.

This implies

2Γ(r,/) - 2N(r) - 0(1) ̂  (q + l)r« Γ Σ N(at,Hj)t-^φ(l-)dt

^y+1 T(aR,f) .

This proves the lemma.

LEMMA 3. Under the same assumption as in Lemma 1, suppose

further that there are a non-negative integer q and a positive number

β (0 < β < \) such that

(10) K(J) = lim sup Σ N(r, Hj)/T(r, f) < β/5e(q + 1) .
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I. //

(ID * > q + 1 - β ,

they every interval

(12) x ^ r ^ (35(2V + l ) ) x / % (x > x0)

contains a point s such that

(13) T(u)u~q~ι+β £ T(s)s~q-1+β (x0 ^ u ^ s) ,

where x0 is a suitable positive number satisfying N(x) < rT(o;) for all

X ^. XQ>

II. //

(14) μ < q + β ,

then every interval (12) contains a point t such that

T(t)t~q-β ^ T(v)v~q~β . (v ^ t) .

From this lemma, we easily have

COROLLARY 2. // (10) and (11) hold, then μ ^ q + 1 - β. If (10) and

(14) hold, then λ ^ q + β.

Here we shall give a proof of Lemma 3. Let τ = (35(Λf + ΐ))1/β and

q + β<.c<>q + l — β. Then we see

(15) Γ(r ,/)/r c < sup T(u,f)/uc

for all sufficiently large values of r. In fact, if we take K = β/5e(q + 1),

then (10) implies

(16) 2V(i0 < jc

for all large u. Suppose that (15) is violate, that is, suppose

(17) T{u) ̂  (—Vr(r) (— ^ M ̂  rr) .

Then Lemma 2, (16), (17) and a similar method to that of Edrei-Fuchs

[2] imply the following contradiction:

2 ^ 2fc + ?^(q + ΐ)κ + 17(2V + l)e/35(2V + 1 ) < 2 .
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Thus we have the desired assertion.

THEOREM 2. Let f :Cn—>PNC be a meromorphic mapping of order

λ and of lower order μ. Let p be the integer such that p — \ <; μ < p

+ \. If β: 0 < β ^ i and

(18) K(f) = lim sup £ N(r, Hj)/T(r,f) < /9/max (20n + 1,2τo)(p + 1) ,

then p^l, \λ — p\ < eβ/2 max (20n + 1,2r0) and

p - β ^ μ<*λ<.p + {eβ/2 max (20w + 1,2r0)} .

To prove Theorem 2, we need the following lemma.

LEMMA 4 (Noguchί [4]). Le£ / : C71 —> P^C δβ α meromorphic mapping

of finite order λ which is not a positive integer. Then, for any N + 1

hyperplanes Hj c P^C 0' = 0,1, , N) in general position,

(19) K(f) ^ 2Γ4(f) I sin τr^|/{Λ + Γ4(f) |sin ^|} .

Now we can give a proof of Theorem 2. If 2f(/) = 0, then γ = 0

and μ ^ 1. If 7* =£ 0, then by Theorem 1 we have

μ ^ log λ / log r > log (l/2r)/log max (r0,
 5 ^ ) .

Since

γ - max (1 - δ(Hj9f)) £ K(f) < I/max (2r0,20?z + l)(p + 1) ,

we see

log 2r0 < log (l/2 r) and log (5n/ r(l - r ) ) < 2 log (l/2 r) .

Hence we have μ ^ | , so p ^ 1.

We now show that

(20) Λ ̂  p + 1 - β .

Suppose that (20) is violate. Then, from (18), we see K(f)<β/5e(p + 1).

Hence we can apply Corollary 2 with q — p and obtain μ ^ p + 1 — β.

This contradicts our hypothesis. Hence (20) is valid. By (18) and

Lemma 4, we see

β/max (20rc + 1,2ro)(p + 1) > K(f) > |sin
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whence

|sinττΛ| < eβ/max(20n + l,2r0) .

If k is the integer defined by \k - λ\ ^ min (λ - [λ], [λ] + 1 - X), then

2\k - λ\ ^ |sinτr(A: - ^)| = |sinτr^| < β/3/max (20n + l,2r0) .

Since p — | < ^ μ < ^ Λ < : p + l - - / 3 , this leaves the only possibility ft = p,

so \λ- p\< eβ/2 max (20n + 1,2r0).

On the other hand, if we apply Collorary 2 with qr + 1 = p :> 1, then

we see μ *> p — /3. This completes the proof of Theorem 2.

COROLLARY 3. Lei / : Cn —>PNC be a meromorphίc mapping of order

2 and of lower order μ and suppose lim T(r,/)/logr = oo. // there are
r—»co

N + 1 hyperplanes Hό c PNC (j = 0,1, ,2V) m general position such

that δ(Hj,f) = 1 0' = 0,1, ,N), ίfeeπ Λ is identical with μ and is a

positive integer or infinity.

The author expresses his thanks to professors H. Fujimoto and J.

Noguchi who have taken opportunity of reading the first draft of this

paper.
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