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AMPLE VECTOR BUNDLES ON A RATIONAL SURFACE

(HIGHER RANK)

TOSHIO HOSOH

Introduction

In the previous paper [1], we showed that the set of simple vector
bundles of rank 2 on a rational surface with fixed Chern classes is
bounded and we gave a sufficient condition for an ίf-stable vector bundle
of rank 2 on a rational surface to be ample. In this paper, we shall
extend the results of [1] to the case of higher rank.

Let k be an algebraically closed field of arbitrary characteristic.
Throughout this paper, the ground field k will be fixed.

In §1, we shall prove the following;

THEOREM 1. Let X be the protective plane P2 or the rational ruled
surface Σn. For a divisor Cλ on X and integers C2, τ ( ^ 2), put !F —
{E; simple vector bundle of rank r on X with Ci(E) — Cι for i = 1,2},
then 3F is bounded.

For a vector bundle E of rank r on a non-singular projective sur-
face, define an integer ΔiE) to be (r - 1)CΊ(£7)2 - 2rC2(E). It is easy to
see that — Δ(E) is the second Chern class of End (E). Hence if L is a
line bundle, then Δ(E ® L) = Δ(E). Let H be a hyperplane of P2. For
a vector bundle E of rank r on P2, there exists uniquely a line bundle
L on P2 such that Cλ(E ® L) = aΉ. with - r + 1 ^ a ^ 0. Put a(E) = a.
In §2, we shall prove the following;

THEOREM 2. Let E be an H-stable vector bundle of rank r on P2.
// {CΎ{E)yH) ^ -\Δ(E) + (a + 2r)(2 - a - r)/2 then E is ample where
a = a(E).

Let Σn = P(Opi(—ri) θ Opi) be a rational ruled surface and let M be
a minimal section of Σn and N be a fibre of Σn. The divisor class group
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of Σn is generated by the classes of M and N. For a couple of integers
(a, β), we denote a(M + nN) + βN by Ha,β. Ha,β is ample if and only if
a > 0, β > 0. For a vector bundle E of rank r on 2^, there exists unique-
ly a line bundle L on 2"n such that d(E (x) L) = αM + bN with —r + 1 <: α,
6 ^ 0 . Put a(E) = α and 6(£?) = 6. In §3, we shall prove the follow-
ing;

THEOREM 3. Let E be an unstable vector bundle of rank r on Σn

{a > 0, β > 0). // (d(#), λθ ^ - ^ ( S ) + c(α, 6, r9n) + a and (C^E), M) ^
— %A(E) + c(a, by r,n) — an + b then E is ample where a = a(E), b = b(E)
and c(a, b, r, n) = \an{a + r) — r(a + b + ab + r — 2).

In § 4, we shall show that Theorem 2 is best possible in some cases.
If E is an iϊ-stable vector bundle of rank r on P2 with d(E) — ±H,
then C2(E) Ξ> r — 1 (Lemma 4.1). Conversely for any couple of integers
(r, n) such that n ^ r — 1 ;> 1, there is an iϊ-stable vector bundle £/ of
rank r on P2 with d(E) = -H" a n ^ ^(i?) = w such that E(t) is ample if
and only if E(t) satisfies the condition of Theorem 2 and E*(t) is ample
if and only if E*(t) satisfies the condition of Theorem 2 (Theorem 4).

§1. Simple vector bundles

Let S be a non-singular protective variety defined over k and E be
a vector bundle (i.e. a locally free sheaf of finite rank) on S.

DEFINITION. E is called simple if any global endomorphism of E
is constant i.e. H\S, End (E)) = k.

DEFINITION. A set J^ of vector bundles on S is bounded if there
are an algebraic fc-scheme T and a vector bundle 7 on T x S such that
each E in ^ is isomorphic to V{ = F | ί x 5 for some closed point t in T.

Let X be the projective plane P2 or a rational ruled surface Σn —
P(Opi(—ri) 0 OP1) (n*>0). Let M be a minimal section of J,, and iV be
a fibre of 2^. By the same symbol H, we denote a hyperplane of P2

when X = P2, JEΓlfl = (M + Λ̂Γ) + ΛΓ when X — Σn. H is a very ample
divisor on X and a general member of the complete linear system \H\
is isomorphic to the projective line P1. If Kx is the canonical divisor
on X, then Kx SH when X = P2, Kx - -2M - (n + 2)N when X = 21,,.
For a divisor D on X and a coherent sheaf E on Z, we denote E (x) OX(J5)
by E(D), E (x) Ox(mH) by #(ra) and the dual sheaf HomOχ (ί7, Ox) of ^
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by E*. The aim of this section is;

THEOREM 1. Let X be P2 or Σn. For a divisor d on X and inte-

gers C2, r ( ^ 2), put SF = {E simple vector bundle of rank r on X with

d(E) = Ct for i = 1,2} then IF is bounded.

Proof. For an integer d, let SF & be the subset of J5* which consists

of E in & such that H°(X,E(d)) = (0) and H%X,E(d + 1)) Φ (0), then

<F = u ^r d . We separate the proof into two steps;

(a) For almost all d, SF' d is empty,

(b) SF' d is bounded for all d.

If (a) and (b) are proved then J^ is considered as a finite union of bounded

families and so SF is bounded. Before proving (a) and (b), we introduce

one more notation. For E in J s let P be the numerical polynomial

defined by P(m) = χ{X,E(m)) = Σ{-iγhKXyE{m)) where h%X,E(m)) =

dimk WiXyEim)). Since H is ample and X is a surface, P is of degree

two and P(m) -+ oo if m—> ±oo. P i s independent from a choice of £7

in &.

(a) We shall prove that if 2Fd is not empty then P(d) ^ 0. Hence

such d's are finite. Assume that ^ a is not empty. Let E be an element

of 2Fa, then H°(X,E(d)) = (0) and H°(X,E(d + 1)) =£ (0). We want to

prove that H2(X,E(d)) = (0). If this is proved, then P(d) = -h\X,E(d))

^ 0. The dual of H\X, E(d)) is isomorphic to H°(X, E(d)* <g) OX(ZX)) (Serre

duality) and tf(d)* ® OΣ{KΣ) ^ £7(d + 1)* <g> O X (Z X + iϊ). Since -KΣ - H

is linearly equivalent to an effective divisor, H%X, E(d)* (x) OΣ(KΣ)) c

H\X,E(d + 1)*). Therefore it suffices to prove that H°(X,E(d + 1)*) =

(0). This follows from;

LEMMA 1.1. ((4) Proposition 1.) Let Er be a vector bundle on a

non-singular variety S defined over k. If H°(S, Ef) ψ (0), H%S, E'*) Φ (0)

and Ef is not a line bundle than Ef is not simple.

Since E is simple and H\X, E(d + 1)) Φ (0), H\X, (Z, E(d + 1)*) = (0)

by Lemma 1.1.

(b) By a theorem of Kleiman ((2) Theorem 1.13), it is sufficient to

show that there are integers m19 m2 such that for any E in ^d(d)9 i)

h°(X,E) <Lmλ ii) h\£,E\t) <^ m2 for a general member I in \H\ where

^d(d) = {E(d); E in SFd). By the definition of SFdy mλ = 0 satisfies i).

We now show ii). For a general member £ in |J5Γ| and E in &d(d)>
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there is a long exact sequence of cohomologies;

> H\X, E) -> ΈL\i, E\e) -» H\X, E(-l)) ->••-.

Since H\X,E) = φ),

h\£,E\{)^h\X,E(-l)). (1)

If X = P2 then h\P\ E(-l)) = ft°(P2, E(-ΐ)* ® O,*(K,0) = /ι°(P2, E(X)*
® Op (-l)). Since h\P\E{V>) Φ 0 and # is simple, ft°(P2, £7(1)*) = 0 by
Lemma 1.1. Hence ^ ( P ^ C - l ) ) = 0 and also h\P2,E(-l)) - 0. There-
fore h\P\E(-ϊ)) = - P ( d - l ) . This and (1) show that m2 = -P(d - 1)
satisfies ii) when X = P2. Now assume X = Σn. Put F = £"(1)* and
consider the following long exact sequence of cohomologies;

> H\Σn, F) - H\N, F\N) -, ίΠ(ί,, F(-N)) - » . . . .

Since H\Σn,F) = (0), we have h\N,F\N) ^ h\Σn,F{-N)). On the other
hand, λ*(̂ », Jf ί-W)) = h\Σn, F(-N)* ® OΣn{KΣJ) = h\Σn, E ® OXm(-M»
= 0 and h\Σn,F(-N)) = 0, therefore Aβ(A^,F|w) ^ -χ(Σn,F(-N)). Note
that χ(Σn,F(—N)) is dependent only on J2" and <J. Since N is a fibre
of Σn, F(mN)\N = F|jy for any integer m. Now consider the following
long exact sequences of cohomologies;

0 -> H\Σn> F(ίm -

for m = 0, , n, then we have

h\Σn,F{nN)) ^ h\Σn,F((n - 1)N)) + h\N, F(.nN)W)
= h\Σn, F{(n - l)A0) + h\N, F\N)

^ nh\N,F\N) ^ -nχ(Σn,F(-N)) .

Since h°(Σn,E(-l)) = 0 and h2(Σn,E(-ΐ)) = h\Σn,E{-iγ ®OΣn{KΣn)) =
Λ°(̂ n, Ed)* ® 0Γn(nN)) = fc°(^n, F(nN))> h\Σnt S(- l)) = ~P(d - 1) + Λ 0 ^,
F(nN)). Therefore, (1) and (2) show that m2 = -P(d - 1) - ^χ(^w,
F(-N)) satisfies ii) when X = 2^.

§2. /̂ -stable vector bundles on P2

Let E be a vector bundle on a non-singular protective surface £»
defined over k and H be an ample divisor on S.

DEFINITION. E is iϊ-stable if for every non-zero coherent subsheaf
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F of E of rank < r(E)9(C1(F)9H)/r(F)< (CΊ(#),fl)/r(#) where r(F) is

the rank of F.

We refer to [5] for basic properties of iϊ-stable vector bundles. For

a vector bundle E on S, put Δ(E) =. (r - l ) d ( # ) 2 - 2rC2(E). This inte-

ger is equal to — C2(End£7). If E is a vector bundle of rank r on P 2

then there exists uniquely a line bundle L on P 2 such that CX(E (x) L) =

αiϊ with — r + 1 <̂  α ^ 0, where H is a hyperplane of P2. Put α(£7) = α.

The aim of this section is;

THEOREM 2. Let E be an H-stable vector bundle of rank r on P2.

// (d(J5),fl) ^ -\Δ(E) + (a + 2r)(2 - α - r)/2 ίfterc # is
a =

In order to prove Theorem 2, we need the following lemma.

LEMMA 2.1. Let E be an H-stable vector bundle of rank r on P 2

such that -C-iϋJES) = aH with a — a(E) then;

(1) h\P2,E) = 09

(2) h\P\ E(m)) = 0 for any m ;> 0,

(3) h\P\ E(m)) ^ fe'CP2, Eim - 1)) /or αwy m ^ 1,

(4) // /^(P2, JE?(m)) = fcx(P2, S(m - 1)) for some m ^ 1,

£7(m) is generated by its global sections:

Proof. (1) If h\P\ E) ΦO then E contains OP2 as a subsheaf but

(CiiE), H) = a <; 0. Since £7 is ΐf-stable, this cannot occur. (2) Since

S* is also iϊ-stable and (C^Eim)* <g> Op,(-3)),fl) = - α - r(m + 3) ^ 0

for any m ^ 0, /z,2(P2,i?(ra)) = 0 for any m ^ O by the Serre duality. (3)

Let Fm be the smallest subsheaf of E(m) such that H°(P2, Fm) =

H°(P\E(m)) and E(m)/Fm is torsion free. Note that # ° ( P 2 , F m ( - l ) ) =

H°(P\E(m - 1)). Let ^ be a general member of \H\ such that F m |^ is

locally free on t and 0->F m (—l)->F T O ->F m | ^->0 is exact. Since Fm is

generically generated by its global sections and -β = P\ Fm\£ is generated

by its global sections and h\£9Fm\4) = 0 for a suitable choice of £. Con-

sidering the following long exact sequence of cohomologies

> H\P\ Fm(-1)) -> H\P\ FJ -> £Π(^, Fm |,)

-> H2(P2, FM( -1)) - ίί 2(P 2, F m ) - 0

we have h\P\ FJ ^ h\P\ F m ( - 1 ) ) and h\P\ Fm) = fe2(P2, F w ( - 1 ) ) . Hence

we have;
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h\P\ E(m)) - h\P\ E(m - 1))

= h\P\ E(m)) - h\P\ E(m - 1)) - (χ(P\ E(m)) - χ(P\ E(m - 1)))

- h\P\Fm) - h\P\Fm{-l)) - (r

= h\P\Fm) - K\P\Fm{-l)) + (χ(P\FJ

- χ(P2,Fm(-l))) - (r + (

^ (r' + {Cx{Fm\H)) - (r + {

where r' - rank of F m . Since S is iϊ-stable and {C^Eim))^) = α +

rm > 0, ( d ί F J , fl) ^ (dC^ίm)), fl) therefore /i^P2, #(m)) ̂  fe^P2, £7(m - 1 ) ) .

(4) If h\P\E(m)) = h\P\E(m - 1)) then F m - #(m) by the above in-

equality. Hence for a general member ί in |ίf|, E(m)\£ is generated by

its global sections and h\£, E(m)\£) = 0. Consider the following long exact

sequence of cohomologies

> H\P\ E(m)) -> H°(£, E{m)\e)

-> H\P\ E(m - 1)) -> ff(P

Since h\β,E(m)\z) = (0) and h\P\E(m)) - h\P\E(m - l)),H\P\E(m))

—> H°(S,E(m)\β) is surjective. Hence for any closed point # in ^,

H°(P2,E(m)) —> £7(m) (x) ft(ίc) is surjective. On the other hand for any

closed point y in X — £, take a member ^ in \H\ such that ^ contains

y and take # in £ Π f. Now consider the following commutative dia-

gram

J?°(P2, E(m)) > E(m) ® k{x)

H\£',E(rn,)\t.)

Since H\P\ E(m)) -> E(m) ® fc(a ) is surjective, H\f, E(m)\t.) -> £7(m) ® k(x)

is surjective therefore E(m)\r is generated by its global sections and

hι{ί\E(m)\if) = 0. As the above argument for S(m)|^, we have that

H\P2, E(m)) —> S(m) ® fc(τ/) is surjective. Hence E(m) is generated by its

global sections by Nakayama's lemma.

COROLLARY 2.2. Let E be as in Lemma 2.1 then E(—χ(P\E) + 2)

is ample.

Proof. hι(P2,E)= -χ(P2,E) by Lemma 2.1 (1) and (2). Put c =

—χ(P2

9E), then by Lemma 2.1 (3) we have;
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c = h\P\ E) ^ h\P\ £7(1)) ̂  ^ h\P\ E(c)) ̂  h\P\ E(c + 1)) ̂  0 .

Hence there must be an integer m (1 <̂  m <̂  c + 1) such that /^(P

— h\P2,E(m — 1)). Hence E(m) is generated by its global sections by

Lemma 2.1 (4) therefore E(-χ{P\E) + 2) is ample.

Proof of Theorem 2. Let E be as in Theorem 2, then there is a

line bnndle L on P2 such that for Ef = E®L, Cx(Ef) = αiϊ. It is easily

calculated that (C^E'i-χiP2, E;) + 2)), # ) = -\Δ{E) + (a + 2r)(2 - α - r)/2.

For £"' = E\-χ{P\Ef) + 2), there is a line bundle Z/ on P2 such that

J5 = E" (x) L'. By the condition of Theorem 2, we have (C^E" ® LO, Jϊ)

^(C^E^yH). Hence (C^L'^H) ^ 0. This is equivalent to that Π is

generated by its global sections. Since E" is ample by Corollary 2.2,

E = E"® U is ample.

§3. i/α^-stable vector bundles on Σn

Let Σn = P(OP1(—w) Θ Opi) (w ̂  1) be a rational ruled surface and let

M be a minimal section of 2^ and W b e a fibre of 2^. The divisor class

group of Σn is generated by the classes of M and N. For a couple of

integers (or, /5), we denote α(M + nN) + βN by iϊα>i8. The intersection

numbers (Haiβ,N) and (Hatβ9M) are α and /3 respectively. Haίβ is ample

if and only if a > 0, β > 0 and the complete linear system |fΓβ,f| is base

point free if and only if a ^ 0, β ̂  0 ((1) Lemma (3.1)). For a vector

bundle E of rank r on ί^ there exists uniquely a line bundle L on Σn

such that C^E <g) L) = αM + &N with - r + 1 ̂  α, 6 ̂  0. Put a(E) = α

and 6(£7) = &. The aim of this section is;

THEOREM 3. Let E be an Ha^-stable vector bundle of rank r on Σn

(a>0,β> 0). // {Cλ{E),N) ^ -\Δ{E) + c(a, b,r9n) + a and (C^E),M) ^

— ̂ Δ(E) + c(a, b, r,n) — an + b then E is ample where a — a(E), b = b(E)

and c(a9 b, r, n) = \an{a + r) — r(a + b + ab + r — 2).

In order to prove Theorem 3, we need some lemmas.

LEMMA 3.1. Let E be an Ha^β-stable vector bundle of rank r on Σn

with CX(E) — aM + bN such that a = a(E), b — b(E), then;

(1) h\Σn9E) = Q

(2) h\Σn,Eφ)) = 0 for any effective divisor D on Σn

%

Proof. The proof is similar to that of Lemma 2.1 (1), (2).
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LEMMA 3.2. Let E be an HatfΓstable vector bundle of rank r on Σn

with CX(E) = aM + bN such that a :> a(E), b :> b(E) and let F be the

smallest subsheaf of E(Huι) such that H°(Σn, F) = H%Σn, E(Hltl)) and

E(Hhl)/F is torsion free, then;

(1) if r' = rank of F < r then h\Σn, E(HOtl)) < h\Σn, E) or

hKΣn,E(H1>Q))<h\Σn,E),

(2) if rr — r (i.e. E(H1Λ) is generically generated by its global sec-

tions) then h\Σny E(HlΛ)) ^ h\Σn, E) and if hι(Σn, E(HlΛ)) = h\Σn, E) then

E)Hhl) is generated by its global sections.

Proof. (1) Put Cx(E(Hul)) -uM + vN and Cλ(F) = u'M + v'N, then

by the stability of E we have;

βu' + avf ^ βu + av
γt γ

Since a> 0, β> 0, u> 0, v > 0 and r' < r, we have v! < u or vf < v.
We want to prove that (i) if u' < u then h\Σn,E{HQΛ)) < h\Σn,E) (ii) if

vf <v then hι(Σn,E(HltJ) < hι(Σn,E).

(i) Assume v! < u. Let ί be a general member of |2ϊo,il such that

F\t is locally free and 0-^F(-fl r

M)-^ί1 l(-Jff l f 0)-^F(-jiϊ l io)|/~>0 is exact.

Since I is a fibre oi Σn, £ is isomorphic to the protective line and since

F is generically generated by its global sections, F\e is generated by its

global sections for a suitable choice of £. The intersection number

(—Hlt0,£) is —1 so we have h\£,F(—Huo)\£) = 0 for a suitable choice of

t. Considering the following long exact sequence of cohomologies

n, F(-H1Λ)) - H\Σn, F(-HUQ)) -> H\t9 F(-HUQ)\£)

-> H%Σn, F(-Hltl)) -> H\Σn, F(-HUQ)) -> 0

we have h\Σn, F(-HhQ)) ^ h\Σny F(-H1Λ)) and h\Σny F(-Huo)) =

h\Σn, F(-Hhl)). Note that h\Σn9 E(HQΛ)) = h\Σn, F(-Hh0)) and h\Σn, E)

= h°(Σn,F(—Hhl))f hence we have;

h\Σn,E(H0>1))-h\Σn,E)

= h\Σn,E(H0Λ)) - h\Σn9E) - (χ(Σn,E(H0Λ)) - χ(Σn,E))

- h\ΣnfF(~Hh0)) - h%Σn,F(-H1Λ)) - (r + (C^EίH^XK^))

= h\Σn,F(-Hlt0)) - h\Σn,F(-Hhl)) + (χ(Σn,F(-H1>0))

-χ(Σn,F(-Hul))-u

< u! - u < 0 .
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(ii) Assume vr < v. A general member £ of |ίZΊ,0| is a section of
Σn so £ is isomorphic to the protective line and (—H0>u£) = — 1. Hence
h\Σny E(HU0)) < h\Σn, E) is similarly obtained as above.

(2) The proof is similar to that of Lemma 2.1 (3), (4).

COROLLARY 3.3. Let E be as in Lemma 3.1, then E((—χ(Σn, E) + 2)Hltl)
is ample.

Proof. hKΣn,E)= -χ(Σn,E) by Lemma 3.1. Put c=-χ(Σn9E).
By Lemma 3.2 (1), there are integers p >̂ 0, q ^> 0 such that for Er —
E(Hp>q), h\Σn,E') <Ξ: C — (p + q) and E'(HU1) is generically generated by
its global sections. Put & = h\Σn,E') then by Lemma 3.2 (2) we have;

& = h\Σn,E') ^ h\Σn,E
f{HlΛ)) ^

^ h\Σn,E'{c'HlΛ)) ^ hKΣn,EW + DHlfl)) ^ 0 .

Hence there must be an integer m (1 <; m ̂  c' + 1) such that h\Σn,
Ef((m - l)ΉlΛ)) = h\Σn,E

f(mHlΛ)) Hence by Lemma 3.2 (2), E\mHlΛ)
is generated by its global sections, therefore ^((c7 + 2)H1Λ) is ample.
On the other hand E((c + 2)Hltl) - E\(cf + 2)HlΛ) ® 0 J Λ ( J Ϊ M + (c - (p + q)
- cf)HlΛ) and c - (p + q) - cr ^ 0, so E((c + 2)H1Λ) is ample.

Proof of Theorem 3. Let E be as in Theorem 3, then there is a
line bundle L on 2^ such that for E' = E®L, Cλ(Ef) = aM + bN. It is
easily calculated that for E" = Ef((-χ{Σn,E') + 2)Hhl), (c^E'^N) =
-\Δ{E) + c(α, b, r, n) + a and (C^E"), M) = — Ĵ f(£7) + c(α, 6, r, n) - an + b.
There are integers p, q such that E = 2£"(JEΓPfί). By the condition of
Theorem 3, we have (Cx{E"{HVt>i)9N) ^ (C^E'^N) and (PάE'XH^M)
^ ( d ί ^ O , ^ ) . Hence (Hp>q,N) = p^0 and (Hp>q,M) = <? ̂  0. This is

equivalent to t h a t OΣn(Hp,q) is generated by its global sections. Since

£7" is ample by Corollary 3.5, # = E"(B.Ptq) is ample.

§ 4 . Examples of iϊ-stable vector bundles on P 2

In this section we shall show that Theorem 2 is best possible when
a — —r + 1 or —1. Let if be a hyperplane of P2. We begin with a
simple lemma.

LEMMA 4.1. Let E be an H-stable vector bundle of rank r on P2.
If CX(E) = H or -H then C2(E) ^ r - 1.

Proof. Since C^E*) = -Cλ(E) and C2(E*) = C2(E), we may assume
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Cλ(E) = -H. By Lemma 2.1 (1), (2), h\P\E) = h\P\E) = 0. Hence
-h\P\E) = χ(P2,E) = r + ((Λ(#),3#)/2 + ( C ^ ) 2 - 2C2{E))/2 = r - 1 -
C2(JE') by the Riemann-Roch theorem. Therefore C2(2£) ^ r — 1.

The following lemma is due to Maruyama ((3) Theorem 4.6).

LEMMA 4.2. Let £ be a line on P2 and n ^ 1 be an integer, then

there is an H-stable vector bundle of rank 2 on P2 such that Cλ(E) = H,

C2(E) = n and E\t = O£(—n + T)@O£(n) where O£(ri) is the line bundle

on I with deg (Oe(n)) = n.

LEMMA 4.3. Let E be an H-stable vector bundle of rank r on P2

with C^E) = H. If there is a short exact sequence of vector bundles

0 -> Op* -> Er -> E -» 0 (*)

and this is not split then E' is H-stable.

Proof. Let F be a non-trivial subsheaf of Er such that the rank

of F < r + 1 and E'/F is torsion free. Since CΊ(£Ό = H, it is sufficient

to show that (C1(F)9 H) £ 0. Put L = F Π OP2 and i^ be the image of F

in E, then there is a short exact sequence 0->L—>F—>F r ->0. Since

OP, and £7 are H-stable, (CxCL^H) ^ 0 and (dCF'^H) ̂  1 hence (Cx(F),ii)

^ 1. Therefore it is sufficient to show that (Cλ{F),H) Φ 1. If it were

happened then (d(L),fl) = 0 and (C^F^.H) = 1. This is possible if and

only if L = (0) and dim supp (F/FO ^ 0, by the H-stability of E. Since

(*) is not split, E\Fr Φ (0). There is a short exact sequence 0 —> OP2 -»

J K 7 F -> F / F 7 -> 0. But iϊ°(P2, (ί7/F0(m)) =£ (0) and i ϊ 1 ^ 2 , OP,(m)) = (0)

for all m and since E'/F is torsion free, H°(P2(E;/F(m)) = (0) for m < 0.

This is a contradiction.

The aim of this section is the following theorem which shows that

the converse of Lemma 4.1 and that Theorem 2 is best possible when

a = — r + 1 or — 1 .

THEOREM 4. Put A = {(r, w) n ^ r — 1 ^ 1}. Lei ^ be a line on P2.

Then there is a set S = {£(r,n,}(r,n,6i o/ vector bundles on P2 which satis-

fies the following conditions;

(1) S consists of H-stable vector bundles,

(2) the rank of E{r>n) is r, d(Eirtn)) = H and C2(E(r>n)) = n for all

(r9ri)eA,

(3) there is a short exact sequence 0 —> O P 2 —> 2£(rf«) —> E(r_hn) —> 0
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this is not split,

(4) h\P\E*,n)) = n-r + l,

(5) E{r,n) I, s O/-n + 1) Θ O£(n - r + 2 ) θ Σ 0,(1) wftere Σ 0/1) =

0,(1) 0 θ 0,(1) (r - 2 times),

(6) ff(P2, #fr,n)) s H\S, E*,n) I) canonically,

(7) E{rt7l)(t) is ample if and only if E{rfU)(t) satisfies the condition

of Theorem 2,

(8) Efr,n)(t) is ample if and only if Efr^n)(t) satisfies the condition

of Theorem 2.

Proof. The above conditions are not independent each other. In

fact;

( i ) (1), (2) and (3) for E(r_Un) c> (1) for E(r>n) by Lemma 4.3,

(ii) (2) and (3) for E{r_Un) E> (2) for Eιr,n),

(iii) (1) and (2)φ(4) by the Riemann-Roch theorem and Lemma 2.1

(1), (2),

(iv) (1),(2),(4) and (5) φ (6),

(v) (1),(2) and (5) φ (7),

(vi) (1),(2) and (5) φ (8).

(v) and (vi) are easily checked by considering Er(rfn)(ί)|* and Efrtn)(t)\t

respectively. We now show (iv). Consider the following long exact

sequence of cohomologies

> H\P\#*in)) - H\£,E*tn)\e) - H\P\ tffr,n)(-l)) - .

Since (C1(S ( r f n )(-2)),fl) < 0 by (2), H%P\E*,n)(-l)) = (0) by (1). More-

over h\P2,E*,n)) = n - r + l by (4) and h\£,E*,n)\£) = n - r + 1 by (5)

hence we have H\P\E%>n)) ^ H\S,E*,n)\£) canonically.

By Lemma 4.2, for any n ^ 1, there is a vector bundle E(2>n) such

that Ei2tn) satisfies (1), (2) and (5). Lastly we constant E(r>n) which satis-

fies (3) and (5) by (5) and (6) for E{r_λi7l). There is a short exact se-

quence

0 _> o, -> Ol-n + 1) 0 OJLn - r + 2 ) Θ Σ Θ 0,(1) -> E(r_Un) \t -> 0 (*)

of vector bundles on t by (5) for Eir_un). (ξ) has an obstruction in

ff(.0,2£fr_i,n)k) hence there is a short exact sequence 0 —> 0 P 2 —> J&(r,n) —>

Eir-ι,n) —*• 0 such that its restriction to ^ is isomorphic to ($) by (6) for

E(r-i,n) This short exact sequence is not split and E(rt7l) satisfies (5) by
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(%). All these together we have constructed S = {E(rtn)}(rt7l)eA which satis-

fies (l)-(8).

REFERENCES

[ 1 ] Hosoh, T., Ample vector bundles on a rational surface, Nagoya Math. J., 59
(1975), 135-148.

[ 2 ] Kleiman, S., Les theoremes de ίinitude pour foncteur de Picard, SGA 6, expose 13.
[ 3 ] Maruyama, M., On a family of algebraic vector bundles, Number Theory, Alge-

braic Geometry and Commutative Algebra, in honor of Y. Akizuki, Kinokuniya,
Tokyo (1973), 95-146.

£ 4 ] Schwarzenberger, R. E. L., Vector bundles on algebraic surfaces, Proc. London
Math. Soc, (3), 11 (1961), 601-622.

[ 5 ] Takemoto, F., Stable vector bundles on algebraic surfaces, Nagoya Math. J., 47
(1972), 29-48.

Nagoya University




