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HOLOMORPHIC MAPPINGS INTO A COMPACT QUOTIENT
OF SYMMETRIC BOUNDED DOMAIN

TOSHIKAZU SUNADA

1. Introduction

In this paper, we shall be concerned with the finiteness property of
certain holomorphic mappings into a compact quotient of symmetric
bounded domain.

Let © be a symmetric bounded domain in #%-dimensional complex
Euclidean space C* and I'\® be a compact quotient of ® by a torsion
free discrete subgroup I' of automorphism group of ©. Further, we
denote by 4(D) the maximum value of dimension of proper boundary
component of ®, which is less than # (=dim®). Then, the exact
statement of our assertion is the following:

THEOREM A. Let M be a compact Kihler manifold. Then there
are only finite number of holomorphic mappings of M into I'\D whose
rank® are greater than 4(D). In particular, the set of surjective holo-
morphic mappings is finite.

Remark. Notice that the compact quotient I'\D is of general type.
Hence, in the case of compact quotient Theorem A gives a generalization
of a result of S. Kobayashi and T. Ochiai [6] which asserts the finite-
ness of surjective holomorphic mappings of M onto a compact complex
space of general type.

For convenience’ sake, we give a complete list of 4(D) in each ir-
reducible case. For our notation, we refer to S. Helgason [3].
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1) For a holomorphic mapping ¢: M—-I'\D, rank of ¢ is defined by
sup (dim, M —dim, 9~Y(¢(2))) ,
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Domain Dimension UD)
I SUm,m)/S(UnxUy) MmXn (m—1)(n—1)
II Spn,R)/U) nn+1)/2 n(n—1)/2
III SO*@2n)/U(n) n(n—1)/2 (n—2)(n—38)/2
IV S0yn,2)/SOm)xS0O2) n 1
V E¢/SO10)-S0(2) 16 1
VI E;/Es-SO2) 27 8

From this list, we have

COROLLARY. Let © be the n-dimensional ball (namely © = SU(1,n)
/S(U, X U,)). Then, there are only finite number of holomorphic map-
pings of M into I'\D except for constant ones.

We recall that the set of all holomorphic mappings of M into
another complex space N, which is denoted by Hol (M, N) in this paper,
has a complex analytic space structure with respect to the compact open
topology (see A. Douady [1]). Generally, it has many components and
is not globally of finite dimension. However, in the course of our
proof of Theorem A, we are able to show the following:

THEOREM B. dim Hol(M,I'\®D) = dim D. More precisely, for any
non constant mapping ¢ € Hol (M, I'\D), dim, Hol (M, I'\D) < 4(D).

Remark. Theorem B holds for any torsion free discrete quotient
D which is not necessarily compact.

2. Reduction to the linearized problem

We always assume that M is a compact Kihler manifold.

For a complex manifold N, TN denotes the holomorphic tangent
bundle of N. Let ¢ 'TN be the induced holomorphic vector bundle on
M by a holomorphic mapping ¢ of M into N, H*(M, ¢ 'TN) the space of
holomorphic cross sections of ¢ 'TN which is a finite dimensional vector
space over C.

A key lemma of our argument is the following which reduces our
problem to linearized one.

LEmMMA 1. dim, Hol (M, N) < dim H°(M, ¢~'TN).

Proof. See M. Namba [7]. Roughly speaking, it uses the fact that
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Hol (M, N) is realized as a solution space of certain overdetermined non-
linear elliptic equation defined on the space of C*-mappings of M into
N, as well as an implicit function theorem of infinite dimensional case.
In fact, a germ of Hol (M,N) at ¢ is realized as a locally closed an-
alytic subset of H'(M, ¢ 'TN).

Now, in view of Lemma 1, it is enough to show:

ProrosiTION 1. 1) dim H'(M, o"'T(I'\D)) = 0 provided that rank ¢
> 4(D). 2) dim H'(M, ¢7'T(I'\D)) < 4(D) provided that rank ¢ > 0.

Proof of this proposition will be carried out in later sections. Here
we indicate how Proposition 1 implies our theorems: In fact, part 2)
of Proposition 1 and Lemma 1 imply that the set {¢ € Hol (M, I"'\D); rank ¢
> 4(D)} is discrete in Hol (M, '\D). Since I'\D is compact hyperbolic
Hol (M, I'\D) is compact (see S. Kobayashi [5]). So the set defined as
above has only finite elements, which proves Theorem A. Furthermore,
notice that ¢ is non constant if and only if rank¢ > 0. Thus, the second
statement of Proposition 1 implies Theorem B.

3. Holomorphic bisectional curvature

We return to the general situation. Inorder to estimate dim H'(M,p'TN)
we use the fact that H°(M, ¢ 'TN) consists of horizontal cross sections
with respect to a connection of ¢™!TN. For this purpose, we review
the now-standard basic material of hermitian geometry. We make, for
convenience in this section, the assumption that N has a Kéhler metric
g, which is of course satisfied in our case N = I'\D.

We fix a holomorphic mapping ¢ e Hol (M, N) and for simplicity in
notation let us write & = ¢~!TN, which is a holomorphic vector bundle
on M of rankn such that the fiber &, at ze M is T,,N. Let h be an
induced hermitian metric of & defined by £.(s,t) = g,(s,t) for s,teé,
(=T,,N). We notice that

¢(z)>

is a holomorphic local frame of & where (w?) = (W', ---,w") is the local
coordinate of N.
Here we recall the basic local formulas of hermitian differential

0
e,
o) ow"

0
ow!

(32)) = (8:(2), - - - 82(2)) = (
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geometry (refer to V. K. Patodi [8]).
With respect to the local frame (s,), we put

hab = h(sm Sb)

and let (k*?) be the inverse matrix of (k,;) so that > h%h, = 6¢ (62 =1
or 0 according as @ = b or not). Then, the hermitian metric of & gives
rise to a canonical connection, which is given by

Va(sa,) = Va/aza(sa) = Z egasb ’
Va(8a) = Vijasa(8a) = 0,

where 2, = >, %hc” and (%) = (&%, --+,2™) is the local coordinate of
za

4

M.

Let K be the curvature tensor associated with this hermitian con-
nection. The component K},; of K are defined by

0 0
Z Kgaﬁsb = K( oz ’ 55F )Sa = (I7,, Vp] - V[a/aza,a/azﬂ])sa .

Then

s . _ 045
oef oz

In the case of hermitian vector bundle TN with metric ¢, as a
rule, I" and R will denote the connection and curvature tensor instead
of £ and K. Each component is represented by the local frame

<_a s, 9 ), namely,
ow! ow"
a 0 a
Fbc = Z ?g‘ugg_gd ’
e - argb
bed awd

The Kahler property of ¢ is equivalent to the following relation of sym-
metry:

Fgc=1-‘gb'

LEMMA 2. Let X,Y be holomorphic tangent vector at z and secé,.
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Then we have the following relation;
K(X,Y)s = R(p,. X, 0, Y)s .

Proof. By the definition of &, it follows that

2u(e) = 3 Tt sz) = 37 29D gor(yc)

— aSD agab ab(p(2
=320 Yo | gue(e))

=5 a¢ 99" o (ol2)) .
Thus

ol
wet o7

= -2 i) - 5 2 07 ol

02°0%° o0z* 0z% ow? lso(z)
— 3 _09° 9¢° py
Z oz¢ 97 acd

where we use the fact ¢ is holomorphic. This equality proves Lemma 2.
Finally, we put

R(s,t) = g(R(s, 3)t, 1) for s,te¢ TN,

which is what is called the holomorphic bisectional curvature determin-
ed by s and t (cf. [2]). We notice that

g(R(S’ i)u9 Z_)) = g(R(t9 .§)’l}, 77/) ’

and the Kéihler property means R(s,t) = R(t,s). If we set

3 9\o @
Ra. = —Ye wa = (R( ) ’ )
bed Jerttecs = N\M 500 Gt ) ow® e

then

R(S, t) = —Z Raﬁcataibscgd >

a
where s = > s° =>
ow aw“
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4, Laplacian

We introduce a Kihler metric ¢’ on M, and let dg’ be the canonical
volume element associated with ¢’. Then, the Laplacian with coefficient
in & is as usual defined by [J == 3*5: C~(§) — C=(£) where d* denotes the
formal adjoint of first exterior operator 9:C=(¢) — C~(T*M @ &) with
respect to the metrices h,g9’. As is well-known, the following are
equivalent: For se C=(¢§)

i) [Os =0, namely s is harmonic,

il) 0s = 0, namely s is holomorphic,

iii) Vs =0 for any X e TM,

iv) L{ r(Os, 8)dg’ = 0.

Moreover, we establish the following lemma as for an expression of the
Laplacian in terms of connection and curvature.

LEMMA 3. Let s be a C>-section of &. Then

s
—Os=3 g#FF.s ’ﬁ“K( , ) .
Os=2.9"VW.s + 2L 97K\ — )8

Proof. We recall the Laplacian [ is given by
—[Os = Z g’ﬂaVaV‘gS N
(see V. K. Patodi [8]). Thus, via the commutation formula (V,/,—V V;)s
= —K<—a—, ? )s, we have Lemma 3.
oz* ~ 0%Z*
For se C~(¢), we define a hermitian form R, on N by

Rs(u, 1—)) = g(R(s, §)u, 1—)) .

Then we have the following integral formula which plays the essential
role in our argument.

LEMMA 4. L{ W(Os, $)dg’ =f 3 0 h(W8, V,8)dg’ — j Tr o*R,dg’,
M M

where Tr ¢*R, denotes the trace of a hermitian form ¢*R, on M with
respect to a hermitian metric g’.

Proof. By the definition of the hermitian connection, we have for
s,te C=()
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a%h(s, 1) = h(V,s,) + (s, V,8) ,
%h(s, £) = h(,s, ) + (s, 7,0) .
Thus
h(V oV ,8,8) = —h(V,8,V8) + _aa_z—_—;h(V,,s, s).
Then we shall show that
L{ 5 g'ﬁ«a%h(ms, $)dg’ = 0.
For, putting o = > h(V,8, 9)dz* € C=(T*M), we find
o = 3, g"’“%—;h(hs, D

where 9: C*(M) — C~(T*M) is the exterior differential with respect to z,
and o* is the adjoint of 8. So

[, Zo 2o 91y = oy = [ o owrig =0.

Let us now pass to the proof of Lemma.

G
[ /8a /e ’
IM ks, s)dg jM h(Z:g Viles + 2.9 K( 55" 32 )s,S)dg

= —[ Dg*nwss 9dg - | Zg’ﬂ“h(K( 8 ,4)s,s)dg'
b4 s 0z* = 0zF
- f 5 9T 8, Vs)dy — j 5000 W5, s)dg’
u 0z*f

_j Zg’“h( (az“ - )s,s)dg’

- I ¥ 2. 9"%°hV s,V ,8)dg" — L 2. g’ﬁ“Rbeeas%”—aﬂ a—‘f’ddg’

0z* 0%°

Here we have used above identity and Lemma 2. Since the integrand
of the second term of the last quantity is just Tr ¢*R,, we have even-
tually Lemma 4.

Now we put the following assumption, which will be later establish-
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ed in the case of discrete quotient I'\® with a natural Ké&hler metric.
*) R () =R(s,t)=<0 for any s,te TN .
In such circumstance, we have following important results.

LEMMA 5. If Kihler manifold (N, g) satisfies (*), then
i) C=-cross section s of &(=¢ 'TN) belongs to H*(M, &) if and only if s
18 horizontal, that is to say, Vs = Vs = 0 for any X e TM,
i) for any zeM, the mapping t,: H(M,&) — T,,,N defined by the
restriction s+ s(z) is injective,
iii) Im<z, is contained in the wvector space {ueT,,N;R(s,tyu=0 for
ony s,telmop,,}.

Proof. By Lemma 4, for se H(M, &) we have

0= I 29l ,8, V,8)dg' + I —Tr ¢*R,dg’.
o M

From our assumption, we obtain —Tr ¢*R; = 0, so I —Tre*Rdg’ = 0.
M

On the other hand, J 2. 9%hWV,s,V,8)dg’ = 0 since the integrand is a
M

non negative function. Thus, if s is a holomorphic section, then neces-
sarily

J.M 229"l 8, VS)dg’ = 0
S0
> 9*hF.s, V) =0 on M.

Thus we have: V,s = 0 for any «. This proves i) (converse is clear).
ii) follows immediately from the horizontalness of se H%(M, ¢).
To prove iii), we notice that

T = L sgesr=0.
0z2%

Differentiating this equality by %* and using the fact that s is holomor-
phic, we have

2 K3 s = K( aa ) —é%—)s =0 for all ¢, 8.
2’ 0z
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This completes the proof of iii).

5. Holomorphic mappings into a Kihler manifold with the property (*)

Although the present work is devoted primarily to the holomorphic
mappings into a compact quotient of symmetric bounded domain, in
this section we will consider more general case.

Throughout this section we assume again that M is a compact
Kéahler manifold and N is a Ké&hler manifold. We notice that for a
holomorphic mapping ¢ of M into N

rank ¢ = max rank ¢, ,
€M

where ¢,,: T,M — T,,N denotes the holomorphic differential of ¢ at z.
We set: for a vector subspace V, of T,N

V ¥ ={seT,N; R(u,v)s =0 for any u,veV,}.
DEFINITION. For £k =0,1,-.., n =dim N and pe N, let
4,(k): = max dim V}

where the maximum is over all k-dimensional subspace V, of T,N.
Furthermore we set

4(k) = max ¢,(k) .

We also put
Hol, (M, N) = {p e Hol (M, N); rank ¢ > k} .
Then Hol, (M, N) is open in Hol (M, N) and
Hol, (M, N) < Hol,_,(M,N) c...c Hol,(M,N) = Hol(M,N) .

We notice that Hol (M, N) contains the set of constant mappings
which is a connected component and identified with N. We denote by
Hol (M, N)\N the complement of N in Hol (M,N). Then it is obvious
that Hol, (M, N) = Hol (M, N)\N.

PROPOSITION 2. If (N, g) satisfies (*), then
dim Hol, (M, N) < 4(k) .
Moreover, if R(s,s) #= 0 for s + 0, then
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dim Hol, (M,N) < dim N — k. v
Proof. For ¢e Hol, (M,N), we choose a point z of M such that
k < rank ¢ = rank ¢, .
By Lemma 1, §2,
dim, Hol (M, N) < dim H° (M, ) .
On the other hand, by Lemma 5, §4, and the definition of 4(k)
dim H'(M, &) = dim Im ¢, < dim (Im ¢, ,)* < 4,,,(k) < (k) .

This proves the first statement. The second statement follows from the
fact that for any subspace V, C T,N, V¥ NV, =0 (for, if seV} NV,
then R(s,s) = g(R(s,8),8) = 0. This contradicts our assumption.)

Remoark. i) R(s,s) is what is called the holomorphic sectional
curvature determined by s.
ii) If R(s,s) < —¢< 0 for any unit vector s, then N is hyperbolic
(see S. Kobayashi [5].)
iii) Connecting with ii) of Lemma 5, §4, we are able to prove that
the set of holomorphic mappings of M into N with the property (*)
sending a given point ze M to a given point we N is discrete. More-
over, if N is complete hyperbolic, then it is finite.

PROPOSITION 3. If (N, g) satisfies (*) and R(s,s) = 0 for s + 0, then
the set of holomorphic mappings whose rank is equal to dim N s finite.

Proof. 1If there is a holomorphic mapping ¢ such that rank ¢ =
dim N, then N is compact and ¢(M) = N, whence we may assume N is
compact. By above remark N is hyperbolic. Thus it suffices to show
Hol, (M, N) is discrete. But this is done in Proposition 2.

PROPOSITION 4. If N is compact and R(s,s) < 0 for any mon zero
s,te TN, then Hol (M, N)\N is finite, namely there are only finite number
of holomorphic mappings of M into N except for constant ones.

Proof. This follows at once from the fact: 4(1) = 0.

6. Review of symmetric bounded domain

According to Lemma 5, we are thus only concerned with the cur-
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vature tensor, now. In this section, we introduce in the usual way a
Kihler metric in © and I'\® which satisfies our assumption (*) of §4,
and give a brief review of some well-known facts related to boundary
components of symmetric bounded domain. We refer to Helgason’s
book [3] for details.

Let © be a symmetric bounded domain, and fix a point 0 ¢ ®. Then
® is a hermitian symmetric space of non compact type which is exactly
a homogeneous manifold G/K, where G is a connected non compact
semisimple Lie group and K is a maximal compact subgroup of G that
is given as isotropy group at 0. We denote by g a Lie algebra of G
and by f the subalgebra of g corresponding to K. Let g=f+p be a
Cartan decomposition of g and g the Killing form of g.

If 3 is a Cartan subalgebra of f and hence also of g, then g¢ is a
Cartan subalgebra of g¢ (complexification of g). 4 will denote the root
system of g€ with respect to 3. We may choose root vectors e,, «c 4,
and elements 7, of 8¢ such that

[601’ e—«] = ha
and
alhy) = 2(e, B)(B, B (a,Bed)

(,) being the restriction of the Killing form to &°.

Identifying p with 7\, we give a G-invariant hermitian (Ké#hler)
metric § on © in the usual way which coincides with restriction of
Killing form g at 0, and § allows one to define a Kéihler metric g on
discrete quotient N = I'\D.

We notice that p has a natural complex structure J derived from
that of T,© which we recognize by writing

PR®C =p* + p, p*: £+ —1-eigen space of J,
where p* is identified with the holomorphic tangent space T,©. Then

pt= 21 g,
agd
where 4; denotes the set of non compact positive roots with respect to
an ordering of 4.
We shall now describe the curvature of ® (or I'\®) in group theo-
retic terms.
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LEMMA 6. Let z:D—I'\D be the natural projection, and R the
curvature tensor of I'\®. Then, identifying T..,(I'\D) with p*, we have
the following relations.

i) R,n(sdDu= —Is, ], ul for s,t,uep*,

i) R, t) = ps, 8,05, 1) < 0,

iil) R,q(s,8) =0 if and only if s=0.

In particular, (I'\D, g) satisfies our assumption (*).

Proof. Part i) follows at once from the standard symmetric space
theory. For the second part, we recall the property of the Killing form:
namely

R.o(s,t) = p(—Is, 8L, )
= p(s, tls, ?)
= (5,1, [s, 2])
= B(s, 1, [s, 2D) .
Since g is negative definite on f and [s,f] is contained in ¥¢, we have
R(s,t) £ 0. Next, we assume E(s,s) =0 for s =) a%e, ep* (a,cO).
Then, as a result of ii) [s,51 = 0. But

[s,38] = [3] a%e,, > TP )] = > la*fh mod > g* .
a4

Thus it is necessary that a* = 0 for all a e 4, and so s = 0. This proves
iii).

Now, we review the elementary properties of boundary components.
For this purpose, we first recall the Harish-Chandra realization of sym-
metric bounded domains.

Note that p* are commutative subalgebras of g¢, which give us com-
plex analytic abelian subgroups of G¢

P+ = exppt, P =expp .
It is well-known, as has been mentioned in Harish-Chandra [4], that the
mapping
p:pt — G°/K°P~ by 5() = exp (vV)K°P-

is a complex analytic diffeomorphism of p* onto a dense open subset of
G°/K°P- that contains ® = G/K < G¢/K°P~. Thus ® is canonically
embedded in p* which is called the Harish-Chandra realization of .
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In what follows, we assume always that © C p* is the Harish-
Chandra realization. Let ®© denote the closure of © in p*. Then, we
can endow ® with an equivalence relation by setting p, ~ p, if there is
a set {f}, ---,f«} of holomorphic mappings of unit disc to p* with image
in ® such that the image of f; meets the image of f,,, (for 1 <j <
k—1), and p,eIm f, and p,e Im f,. The equivalence classes are called
the boundary components of ©. O itself is an (improper) boundary
component and the topological boundary of © is a disjoint union of
(proper) boundary components. By the definition, 4(®) is equal to the
maximum value of dimension of proper boundary component of ®©. We
refer to J. A. Wolf [9] for various more geometric descriptions of the
boundary component.

By using the classification of boundary components, we are able to
compute 4(D) in each irreducible case as given in §1. It can be also
computed more directly by the following identity:

D) =max §{peds;a— ped}.

aeA;
The following result is immediate

LEMMA 7. i) rank® < 4(®) < dimD.
ii) Let D, and D, be symmetric bounded domains. Then

4D, X D,) = max {4(D,) + dim D,, 4(D,) + dim D} .
Next, we introduce the notion of Hermitian symmetric subspace.

Let ©, be a connected closed complex submanifold of . 9, is said
to be a Hermitian symmetric subspace of ® if ®, is totally geodesic in
®. The following lemma is straightforward.

LEMMA 8. If O, is a Hermition symmetric subspace of D, then D,
18 a Hermitian symmetric space of non compact type.

A (real) subspace p, of p is called a Lie triple system if X,Y,Z ey,
implies [[X,Y],Zlepn,. Then we have

LEMMA 9. i) Let p, be a J-invariant (namely, Jp, = p) Lie triple
system contained in . Put D, = Expp,, where Exp denotes as usual
the exponential mapping: p— D. Then D, is o Hermitian symmetric
subspace of O satisfying T,D, = p,.
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il) On the other hand, if ®, is a Hermitian symmetric subspace of D
and 0e¢9D,, then the subspace p, = TyD of p is a J-invariant Lie triple
system and ©, = Exp p,.

Proof. See Helgason’s book [3].

LEMMA 10. Let p, be a J-invariant subspace of p. Then p, is a
Lie triple system of p if and only if [Ipr, o7l pi] C o (or equivalently
[LpT, pi], p71 C p72)

Proof. Consider the mappingsz:p—p* given by «(X) = X — v/ —-1JX

and Re: p* — p by Re(s) = s + 5. Then, by the elementary computation,
we have

[[cX,7Y],<Z] = 2:(([X, Y1, Z] + [[X,JY],JZ])
and
[[Re s, Ret]l, Reu] = Rel[ls, ], u] + Rells, 1, @] .
Due to these equalities, we get the result.
LEMMA 11. Suppose D is embedded in p* by Harish-Chandra real-
ization. Let D, C D be a Hermitian symmetric subspace of D contain-

ing 0, and put pi = ToD, (Cp*). Then D, =D N pf and D, C py is just
Harish-Chandra realization of 9.

Proof. We have the following commutative diagram:

i —> GE/KSP; «— Gy /K, = D,

le | ol |

b —> G/KP «—GJE =,
1

where G, is analytic subgroup of G with Lie algebra g, = [p, p.] + 5.
Lemma can be easily derived from this.

In closing this section, we point out the following fact about the
boundary component of Hermitian symmetric subspace, which follows
from the definition of boundary component, combined with Lemma 11.

LEMMA 12. Let ©, C D be a Hermitian symmetric subspace of D.
Then a (proper) boundary component of D, is contained in a wuniquely
determined (proper) boundary component of D.
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7. Proof of Proposition 1

We now come back to the proof of Proposition 1. In order to make
sure, we recall the statement of Proposition.

PRrROPOSITION 1. Let ¢ be a holomorphic mapping of & compact
Kihler manifold M into a discrete quotient I'\D.

i) If rank ¢ is greater than 4(D), then dim H'M, o 'T(I'\D)) = 0.

iy If ¢ 1is mot constant, or equivalently ranke >0, then
dim H'(M, o"'T(I"'\D)) < 4(D).

First of all, we choose a point z of M so that rank ¢,, is equal to
rank ¢, and set V = Img,, (CT,,(I"\D)). We may assume without loss
of generality ¢(2) = #(0), therefore we can regard V C p*. Then in view
of Lemma 6, Lemma 5 asserts that ¢ ,H'(M, o 'T(I"\D)) is contained in
the vector space {sep*; [[u,7],s]1 =0 for any w,veV}. For the sake
of simplicity, we set for any subspace V of p* over C:

V* ={sep*; [[u,7],s] =0 for any u,veV}.
Thus
dim H'M, o™'T('\D)) = dim ¢t , H'M, o'T(I'\D)) < dim V* .

Since dim V = rank ¢ owing to the choice of z, what we must show is:
For a subspace V of p*,

1) dim V* = 0 in the case dim V > 4(D),

2) dim V* < 4(D) in the case dim V > 0.
We first prove

LEMMA 13. 1) V* ={sep*; [7,8]1 =0 for any veV}.
i) V*N V=@ and V¥ D V.
iii) Re V* and Re (V* + V**) are J-invariant Lie triple system of p.

Proof. 1In fact, the equality [[«, 7], s] = [u, [7, s]] implies
V# D {sep*; [V,s] =0}.
On the other hand, suppose [[%,7],s] = 0 for any u,veV. Then
0 = p(—Ilw, 2], 5], 8) = p(lv, 81, [, s]) .

So [7,s8] = 0. This establishes i). ii) is obvious. For iii), it is enough
to show that
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[(v+V*,v*,Vl1=0,
[[V* 4 Vi*,VE L VR, V* 4 V5] C V* 4 Vo,

But these follow immediately from Jacobi’s identity.

LEMMA 14. We set ©, = ExpRe V*, ©,= ExpReV** and 9, =
Exp Re (V* 4+ X**). Then ®, is biholomorphic and isometric to D, X D,.

Proof. We shall show that the mapping f: D, X D,— D, given by
(Exp Re v,, Exp Rev,) — Exp Re (v, + v,) (v, € V*, v,¢ V**) is a holomor-
phic isometry. It is easy to find that f is diffeomorphic and isometric.
To see the analyticity of f, we notice that

Exp Re (v; + v,) = exp Re v, Exp Re v, = exp Re v, Exp Re v,

since [Rev,,Rev,] =0 and ExpX =expX-0 for Xep. Thus, if we
denote by f;: ;=D (¢ = 1,2) the natural injections, then

JS(w, Exp Re »,) = exp Re v,-fi(w) ,
S(Exp Re v,, w,) = exp Re v,-f,(w,) .

This proves f is holomorphic.

Returning now to Proposition 1, we first note that we can find a
boundary component F, of ®, which is biholomorphic to ®; (¢ =1,2).
In fact, it is sufficient to set F', = D, X p, (resp. F, = p, X D,) where p,
€0®; is a point in the Silov boundary of ©,. From Lemma 12, it now
follows that F'; is contained in a proper boundary component of ® if
and only if F, is a proper one of ®, or equivalently ©, is a proper
direct product factor of ©,. In terms of V*, V** it says

a) dim V** < (D) if and only if dim V* > 0 (in the case 7 = 2),

b) dim V* < 4D) if and only if dim V** > 0 (in the case 7 = 1).
Since V is contained in V**, a) (resp. b)) implies 1) (resp. 2)).
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