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CONGRUENCES BETWEEN CUSP FORMS AND LINEAR

REPRESENTATIONS OF THE GALOIS GROUP*}

MASAO KOIKE

Let f(z) be a cusp form of type (1, ε) on Γ0(N) which is a common
eigenfunction of all Hecke operators. For such f(z), Deligne and Serre
[1] proved that there exists a linear representation

p: G > GL2(C) where G = Gal (Q/ Q) ,

such that the Artin L-function for p is equal to the L-function associated
to f{z). In this paper, we shall show that, for almost every prime £,
the subfield of Q corresponding to the kernel of p is realized as a field
generated by the coordinates of certain points of finite order of an abelian
variety attached to a certain cusp form of type (2, eψ) on ΓQ(N£), where
ψ is a character of (Z/£Z)X of order £ — 1. (See Theorem (2.4).)

We apply the above result to the theory of Shimura [8] to obtain
further theorems in §4.

The proof is based on an idea of Shimura which is very useful for
proving congruences between cusp forms. The author wishes to express
his hearty thanks to Prof. G. Shimura for suggesting these problems.

Notations and Definitions

§ 0-1. We denote by Z, Q, R and C, respectively, the ring of rational
integers, the rational number field, the real number field and the com-
plex number field. The algebraic closure of Q in C is denoted by Q. If
x is a complex number, x denotes its complex conjugate. For an associa-
tive ring A with the identity element, Ax denotes the group of all in-
vertible elements.

For a Dirichlet character χ defined modΛf, χ denotes the Dirichlet
character defined mod N such that χ(a) = χ(α) for all a e Z, (α, N) = 1.
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There is a natural one-to-one correspondence between such Dirichlet
characters defined mod N and the Cx-valued characters of the multiplica-
tive group (Z/NZ)X of the residue class ring Z/NZ. We identify a
Dirichlet character defined modiV with the corresponding character of
(Z/NZ)X.

Let k be an algebraic number field of finite degree. We denote by
ok the maximal integer ring of k. For a fractional ideal of α in k, N(a)
denotes the absolute norm of α. For a formal product f of an integral
ideal f0 in k and archimedian primes of k, we denote by J(f) the group
of all fractional ideals in k prime to f0 and by P(f) the subgroup of /(f)
consisting of all the principal ideals generated by the elements a of k
such that a is positive at all archimedian primes involved in f, and a = 1
(mod \p) for all finite prime factors p of f, where \p is the p-closure of f0
in the p-completion of k. For a real archimedian prime p^ of k, (x/p^)
= 1 or — 1 according as x is positive or negative at p^.

We shall be discussing homomorphisms χ of the Ideal group 7(f) into
a finite group g whose kernel contain P(f). The conductor of χ is defined
to be the divisor f' of f such that: (i) χ is trivial on /(f) Π P(f') (ii) no
proper divisor of f has the property (i). Then χ can be extended uniquely
to a homomorphism χ' of 7(f) into g whose kernel contains P(f) We
often denote χf by the same symbol χ.

Let ί be a rational prime and let ί be a prime divisor of Q lying
above t. We denote by |#|, for xeQ, the absolute value on ί-adic com-
pletion of Q normalized so that

§0-2. We denote by φ the complex upper half plane:

$ = {zeC\Imz > 0} .

For a positive integer tc, a holomorphic function g(z) on φ and an element

α = (a b\ of GL2tff) with det a > 0, we define a function # | [a]κ by

flr I [a]κ = det (α)"2 (cs + 4)
cz + d

Let N be a positive integer and let ε be an arbitrary Cx-valued character
of (Z/NZ)X such that



CUSP FORMS 65

e(_l) = (-1)- .

Let

Γ0(N) = { ( * ^ e SL2(Z) | C Ξ O (mod N ) } ,

e Γ0(N) I a = d = 1 (mod N

Γ(2SO = {(* ^ e Λ(2V) 16 = 0 (mod 2V)} .

Let /(#) be a modular form of weight K with respect to Γ^N) satisfying

d)<ε(d)f(z) for all ( α *) e Γ0(ΛΓ) .
\c d)

λ (c« + d)ε(d)f(z) for all (
cz + d I \c

We call such f(z) a modular form of type Oc, ε) on Γ0(N). When f(z) is

a cusp form, we call f(z) a cusp form of type (/c, ε) on Γ0(N). We denote

by Sκ(N,ε) the vector space of all cusp forms of type (κ,ε) on Γ0(N).

Then we can define the Hecke operator T(p) or U(p) as follows. Let

f(z) = Σ ane2πinz be a modular form of type (tc,ε) on Γ0(N). For each

prime p, we put

f(z) I Γ(P) = Σ a>pn#'tiu + eίp)?-1 Σ α«β>r<lwιr if P |N ,

f(z)\U(p) = Σ*pn<Pi1u if p\N .

Thus we obtain another modular form of type (K, ε) on Γ0(N), which is

a cusp form if / is a cusp form.

We define the essential part S&N, ε) of SK(N, ε) as follows. Let Sl(N, ε)

denote the subspace of St(N, ε) spanned by all the functions of the form

g(mz), where g e S£M, ε) for a divisor M (< N) of N, modulo which ε can

be defined, and m is a positive divisor of N/M. Then we denote by S°K(N, ε)

the orthogonal complement of Sl(N,ε) in Sκ(N,ε) with respect to the

Petersson metric.

§ 0-3. Let / = Σ Gbne
2Hnz and g = Σ bne

2πinz be formal power series with

coefficients in Q. Let ϊ be a prime divisor of Q. We write

/ = g (mod ϊ)

when an — bn are ϊ-adic integers satisfying an — bn = 0 (mod ϊ) for all n.
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§ l Preliminaries

§1-1. Eisenstein series of weight one

Let £ be an odd prime. We fix a prime divisor ϊ lying above £ in
the algebraic closure Q of Q. Let ψ be the Dirichlet character defined
mod £ satisfying

<ψ (o)o = 1 (mod ΐ) for all a e Z, (α, £) = 1 .

In [4], Hecke showed that the space of Eisenstein series of weight
1 with respect to Γ(jS) is generated, for all pairs (α19o2) of rational in-
tegers, by

Gχ(z \ dιy a29 6) = C(β\> o 2 , £) —

with

m mχ>0
mi=αi (mod /)

sgnm2
, (mod/) | m o | 1 + s

sgn mj

where 2] ; denotes that the term mι = m2 = 0 is to be omitted. Then

g/flg + b . α ^ Λ = ψz + QQ(Z. α ( l i + ca^ ba + da Q
\cz + d /

for (^ b^jeSL2(Z).

For any Dirichlet character χ defined mod £ such that χ(—1) = —1, we put

= Σ ϊfy^G^z ; 0 9 a f £ ) 9
a mod *

= Σ xfβ)Gι(z;a,b,ί).
α,& mod *

Then both G1)Z and G2,z are Eisenstein series of type (l,χ) on Γo(£), and
their Fourier expansions at the cusp 00 are as follows:

GUχ = 2L(l,χ) - Σ
Wi>0

2,r = -2τriL(0,χ) - Σ
m>0
mi>0

where L(s, χ) is the Dirichlet's L-function for the character χ and C(χ) =
Σi^α^-iZ(α)e2ί t i (α/ί) By the functional equation of L(s,χ), we have L(0, χ)
= (C(χ)/^)L(l,χ). Since C(χ)C(χ) = - ^ , we have
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G - C ( χ ) G

Put

So we have

Since

g.,» c 2nίC(χ) _ 2
2L(l ,χ) ' x OAX, ΰ W,χ)

Σ χ(m)e2πimmiz .
m>0
mi>0

0 /i* 0 ^~^

it follows

Σ
For each χ, there exists a unique odd integer r with 1 < r < £ — 1 such

that χ(a) = cιr (mod ϊ) for all aeZ, (a, £) = 1. Therefore we have

Σ x(a)a= Σ ^r+1 (modi),

- 1 (modϊ) if r = £ - 2 ,

0 (mod ΐ) otherwise .

Hence cχ = 0 (mod ϊ) if and only if χ = ψ. When 1 < r < £ — 4, we have

the following informations about ct. In [5], it is proved that IΣi<;α<;*-i%(α)tt|

> 2 if and only if the Bernoulli number Br+1 is divisible by £, and it is

also proved that, for £ < 4001, \Σi^a^-i χ(β)a\ < 2 for any χ. Hence we

obtain

if χ = ψ ,

if χ = ψ~r and £J(Br+1 with 1 < r < £ — 4 ,

otherwise .

I /i

We calculate _ , . _ Λ l

0/1
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Σ

Hence we have

ElιX
O/i 2L(l,ϊ) \\i O/i

_ 2L(l,χ) V I p

We summarize these as follows for the later use:

For any character χ of {ZjίZ)^ such that χ(—1) = —1, put

EltX = 1 + cx 2 χ(m)e2πimmiZ, __ _ 2πiC(χ)

Then £Ί,χ is the Eisenstein series of type (l,χ) on Γo(£) and satisfies

Especially for the character ψ, we have the following congruence:

EιΛ = 1 (mod I) .

We should remark that the Eisenstein series Ee_λ(z) of weight I —

on SL2(Z) satisfies the same congruences:

EΛ_M ΈΞ 1 (mod ϊ) if £ > 5 ,

where #,_! is the £ — 1-th Bernoulli number. Ep^(z) was used by Serre

in [7] to develop the theory of p-adic modular forms and was also used

by Deligne and Serre to prove a theorem about which we shall make a

remark in the next section. Our idea, which is due to G. Shimura, is

to use EιΛ instead of E^z).

§1-2. A theorem of Stickelberger.

The ^-adic absolute value of the Gauss sum C(χ) is calculated in [10].

We recall only the simplest case.
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Let K = Q(C*Ci-i) where ζ4 = e2*^ and C#-i = f*™'-1". Let ί be a

prime factor of ^ in Z. Then Nί = ^. Let ψ be a Cx-valued character

of (Z/£Z)X such that

ψ(α)α = 1 (mod ϊ) for all aeZ, (a, 6) — 1 .

LEMMA (1.1) (Stickelberger). The notations being as above, we have,

for any Cx-valued character ψr with 1 < r < I — 2 of (Z/£Z)X,

(C-l)' r!

From this follows immediately

PROPOSITION (1.2). We have

§1-3. Lemma of Deligne and Serre.

LEMMA (1.3) (Deligne and Serre, [1]). Let f(z) = Σ?-i ̂ e 2 r t ί n z 6e α

ĉ S2> form of type (tc,ε) on Γ0(N) such that an are l-adic integers for

every n>l. Suppose an satisfy the following congruences for every

prime p

anap ΞΞ anp + ε{p)pκ'1an/p (mod ϊ) if pJ(N ,

anav = anp ( m o d I ) if p \ N .

Then, there exists a cusp form g(z) = 2 ; β l bne
2πίnz of the same type (/c, ε)

as f(z) on Γ0(N) such that

(1-1) g(z) is a common eigenfunction of the Hecke operators T(p) and

U(q) for all primes p)(N and q\N.

(1-2) bn = an (mod ϊ) for all n>l.

§2. Remark on a theorem of Deligne and Serre

§2-1. We recall a theorem of Deligne and Serre.

THEOREM (2.1) (Deligne and Serre, [1]). Let N > 1 be an integer

and let ε be a Dirichlet character defined modN such that e(—1) = — 1.

Let

fiz) = Σ *«e2πinz f «i = i >
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be a cusp form of type (1, e) on Γ0(N) which is a common eigenf unction

of Hecke operators T(p) for all primes pJ(N with eigenvalues ap. Then

there exists a linear representation

p: G > GL2(C) , where G = Gal (Q/Q) ,

such that p is unramified outside of N and satisfies

Tr(FPtP) = ap9 det (FPfP) = e(p) for all primes pJ(N ,

where FPιP is the image by p of the Frobenίus element related to p.

The representation p associated with / by Theorem (2.1) is irredu-

cible and the image of p is finite. We denote by Kf the subfield of Q

corresponding to the kernel of p. Then Kf is a finite Galois extension

over Q.

§2-2. We recall a theorem of Shimura.

Let N > 1 be an integer and let χ be a Dirichlet character defined

modJV such that χ(—1) = 1. Let

K(z) = f ] cne
2πinz, cx = 1 ,

be a cusp form of type (2, χ) on Γ0(N) which is a common eigenf unction

of Hecke operators T(p) and U(q) for all primes p\N and q\N. We

denote by M the subfield of C generated over Q by the coefficients cn

for all n.

THEOREM (2.2) (Shimura, [8]). The notations being as above, there

exists a couple (A,θ) with the following properties:

(2.1) A is an abelian subvariety, of dimension [M: Q], of the Jacobian

variety of the modular function field with respect to

(2.2) θ is an isomorphism of M into End (A) ® Q.

(2.3) A and the elements of Θ{M) Π End (A) are rational over Q.

(2.4) For every prime p,θ(cp) coincides with the homomorphism of A

naturally induced from the Hecke operator T(p) or U(p).

Changing (A,θ) by an isogeny over Q, if necessary, we may assume

θ(oM) c End (A) .
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§2-3 We fix an element

f(z) = Σ ane
2*™ , a, = 1 ,

71 = 1

of £?(N, ε) which is a common eigenfunction of Hecke operators T(p) and

U(q) for all primes p\N and # | N. Let N' be the least common multiple

of N and £. If ^ does not divide N, f(z) is replaced by f(z) — af(Sz)

where a is a solution of the equation X2 — α̂ X + ε(£) = 0. For any

prime p Φ &, f(z) and /(z) — af(£z) have the same eigenvalues for the

Hecke operators T(p) or t7(p).

Put

g(fi) = f(z)-Euf(z) = Σ Ke2πin* .

Then gr(̂ ) is an element of S2(N',εψ). Since

α n p = αwαp + ε(p)αTO/ί) for any prime pJ(N' ,

we have

bnp = &wδp + ε(p)6n/p (mod ϊ) ,

= bnbp + ε(p)ψ(p)p bn/p (mod I) .

Since

anq = αwαα for any prime g | iV7 ,

we have

bnq = bnbq (mod ϊ) .

Hence, by means of Lemma (1.3), we obtain the following proposition.

PROPOSITION (2.3). The notations being as above, there exists an

element

Hz) = Σ cne
2πίnz, cx = 1 ,

71=1

of S2(N',εψ) such that

(2.5) h(z) is a common eigenfunction of Hecke operators T{p) and U(q)

for all primes p\N' and q\N\

(2.6) h(z) = f(z) (modϊ) .
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Now we assume that &• is greater than 3 and is prime to the order

of GsΛ(Kf/Q). Let h(z) be such a cusp form of type (2,eψ) on Γ0(N')

corresponding to f(z) as in Proposition (2.3), and let (A,θ) be a couple

associated with h(z) by means of Theorem (2.2). We denote by ί the

prime ideal of M which is the restriction of ϊ to M. Put

A[ί] = {teA\θ(l)t = 0} .

We denote by Lί the subfield of C generated over Q by the coordinates

of all points of A[ΐ],

THEOREM (2.4). The notations being as above, we have

We shall use the following two results in our proof of Theorem (2.4).

PROPOSITION (2.5) (Serre, [6]). Let F be a commutative field. Let

H be a finite subgroup of PGL2(F) whose order is prime to the charac-

teristic of F. Then H is cyclic or dihedral or is isomorphic to one of

the groups Sί4, <54 and 2ί5.

P R O P O S I T I O N ( 2 . 6 ) ( D i c k s o n , [2]) . Let S>5 be a prime and let F be

a finite field in characteristic (,. Suppose that G is a subgroup of PSL2(F)

which has order divisible by £ and which is irreducible in the sense that

it acts without fixed points on Pι(F). Then there is a subfield F/ of F

such that G is conjugate in PGL2(F) either to PGL2(F;) or to PSL2(F;).

Proof of Theorem (2.4). Put Gί = Gal (LJQ). Taking a basis of

A[ϊ], we obtain an injective homomorphism

St:G, >GL2(oM/ί) .

Let p be a prime which does not divide N'. Then p is unramified in

L t. We denote by σp the Frobenius element in Gx related to p. Then

we have

det (XI2 - dt(σp)) = X2- cvX + pe(p)f(p) (mod I) ,

= X2 - apX + ε(p) (mod ϊ) ,

= det (XI2 - FPfV) (modϊ) .

If p is decomposed completely in Lx over Q, we have det (XI2 — ΐfc(σp)) =

(X — I)2. Hence we have
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det (XI2 - FPtP) = (X - I)2 (mod I) .

Since the order of FPiP is prime to ΰ9FPfP is proved to be equal to the
identity. Therefore Kf is contained in Lt. If the order of Gx is prime
to ί, the same arguments show that Lx is contained in Kf. Therefore
we may suppose that the order of Gx is divisible by ί. We denote by
g the subgroup of Gx corresponding to Kf by Galois theory. Put F = oM/ϊ.
Let φ: GL2(F) -> PGL2(F) be the natural homomorphism. Put G'x = <poϊR(Gx)
and g' = ^oSΐ(g). Also put H = G\ Π PSL2(F) and § = g7 Π PSL2(F).

PSL2(F)

Since GJQ ~ Gal (Kf/Q), the order of g is also divisible by L Hence the
orders of § and H are divisible by i.

The case where H is irreducible. By Proposition (2.6), there is a
subfield F; of F such that H is conjugate in PGL2(F) either to PSL2(F')
or to PGL2(Ff). Since ^ is a normal subgroup of H, H/§ has at most
order 2; this contradicts to Proposition (2.5).

The case where H is not irreducible. H is conjugate in PGL2(F) to
a subgroup of

a b\\a,deF*,beF\.F*/F* .

Since the order of H/§ is prime £, H/§ is a cyclic group; this contradicts
to Proposition (2.5).

Therefore the order of Gt is proved to be prime to β, and the proof
of (2.4) is completed. Q.E.D.
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§ 3 . Congruences between cusp forms

§3-1. We briefly recall Shimura's theory concerning the relation between

the arithmetic of real quadratic fields and the cusp forms of 'Neben'-

type in Hecke's sense from his article [8].

Let N be a positive integer and χ be an arbitrary Cx-valued charac-

ter of (Z/NZ)X such that

We assume χ is a non-trivial real character, and we denote by k the real

quadratic field corresponding to χ. We denote by e the non-trivial auto-

morphism of k. We fix a non-zero element h(z) = ΣXi cine2*ίnz of S°2(N, χ),

which is a common eigenfunction of Hecke operators T(p) and U(q) for

all primes pJ(N and q \ N. Replacing h by its suitable constant multiple,

we can assume ax = 1. For a fixed / , we denote by K the subfield of

C generated over Q by the coefficients an for all n. K is an algebraic

number field of finite degree and contains the roots of unity χ(n) for all

n. Moreover, since χ is not trivial, K is a CM-field, namely, a totally

imaginary quadratic extension of a totally real algebraic number field.

We denote by F the maximal real subfield of K, and denote by p the

complex conjugation. Let b0 be the ideal of o^ generated by all x in o^

such that xp = —x. Then we can define the 'odd part' b of b0 by the

properties: (i) b is a divisor of b0 prime to 2; (ii) ΛΓCb"1-̂ ) is a power

of 2. Then b0 divides the different of K relative to F, b is square-free,

hp = b, and b2 = co^ with a square-free integral ideal c in F. The follow-

ing result is a fundamental theorem in [8].

THEOREM (3.1) (Shimura, [8]). Let I be a prime factor of c in F.

Then, there exist (oF/ΐ)x-valued characters r, and Sx of an ideal group of

k satisfying the following properties:

(3.1) f[rt]
e = f[sj. Every finite prime factor of f[rr] divides N(ΐ)N.

(3.2) rx(α) = s^a6) for every a e

(3.3) r̂ mOfc) = s^mo^ = (m/pj (mmodl) for every meZ prime to f[rj]

where p^ is the archimedian prime of Q.

(3.4) rάcήsM = (N(ά) mod I) for all a e /(f[r,]) Π 7(f[β,]).

(3.5) // p is a rational prime that is prime to N(ΐ) N, and that decom-
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poses into two distinct prime ideals p and pε in k, then

rfy) + 8t(p ) = (ap mod I) .

The properties of these characters rt and st are connected with the
reciprocity law of a certain abelian extension of k which can be generated
by the coordinates of certain points of finite order on an abelian variety
associated with h(z).

We define a formal power series by

hrι(z) = Σ rx(α)efcW(β) ,
α

where the sum is extended over all integral ideals prime to f[rj. Then,
from Theorem (3.1), it follows a formal congruence between partial sum
of h(z) and hrt(z)9 namely,

Σ ane
2πίnz = Σ rx(jxWiN^ (mod 6,) ,

(»,2V(l)2V) = l ( N N

where fy is the prime factor of I in K such that BJ = ϊo*. Shimura con-
jectured that the congruence holds between entire sums:

(3.6) h(z) = hrι(z) (mod 6,) .

It was also proved that the right hand side of (3.6) actually coincides with
reduction modi of a cusp form of weight 1, which is the Mellin trans-
form of a L-function of k with a certain class character.

The purpose in this section is, by means of the same idea used in
§2, to prove directly, not by way of abelian varieties, congruences be-
tween cusp forms of weight K with K > 2 and cusp forms of weight 1 which
is the Mellin transform of L-f unctions of real quadratic fields with certain
class characters, and we shall apply this to prove the above conjecture
in several cases in the next section.

§3-2. Let m be a positive integer prime to £. Let σά, = ( ^), 1 < j < £,

( £x 1\
£mv £1' w ^ s o m e i n t e £ e r s x a n d V> be a matrix with

determinant £. Then we have

(3.7) Γ0(m)(l °)ro(m) = Γ0(m)W£ U U Γ0(m)σj , (disjoint sum) .
\0 £/ 3 = 1

Put pj = Wjτσj9 1 < j < £ and p4+1 = 1. Then we have

(3.8) Γ0(ra) = U Γ0(£m)pj , (disjoint sum) .
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LEMMA (3.2). Let χ(ri) be a Cx-valued character of (Z/mZ)x. For

any element f(z) of Sκ(Γ0(m£),χ)9 both

(3.9) / + χ(£)-ψ-"2f I [W£]κ I ϋ(ί) ,

and

(3.io) niwλ + p

are elements of S£Γ0(m),χ).

Proof. For γ = ( ^ J jeΛW, we have pjγpϊ1 = ( j j) (modm).

Hence ΣΫΛfllpji* is an element of S£F0(m),χ). We have

Σ /1 ίpjl =f+tf\ IW 'U

since /|[TFJ| = χ(£)f. It is easily proved that f\[W£]κ is also an element

of SχΓ0(m£)fχ). Hence we obtain (3.10), applying (3.9) to /|[TfJ,.

Q.E.D.

For any element of S£Γ0(m£),χ), we define

(3.11) Tr(f) = /

Remark (3.3). In [7], Serre defined the trace of modular forms on

Γo(£). The above lemma gives a slight generalization of Serre's definition.

§ 3-3. Letfc = Q(V AT) be a real quadratic field and let N be the discrim-

inant of k. Let £ > 5 be a prime which decomposes into two prime

ideals in fc. We fix a prime factor lx of ^ in k such that ϊ̂  is lying

under L Let £«, be an archimedian prime of k and let m be an integral

ideal of k such that m is prime to £. Put m = Nk/Qm. Let Λ be a Cx-

valued character of the ideal group of k whose conductor is j^-m-Ij.

With such a λ9 we associate a function /^z) by

where α runs over all integral ideals of k prime to mlx. On account of

the functional equation of the corresponding L-function

L(s,λ) =
α

/a(«) is proved to be an element of S%£mN, χ) with χ(a) = (N/a)λ(aok) for
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aeZ, (a,£mN) = 1, where (N/a) is the Legendre symbol. Moreover, on

account of that L(s,λ) has an Euler product, fλ(z) is a common eigen-

function of Hecke operators T(p) and U(q) for all primes pJfSmN and

q\£mN. Then χ is decomposed into the product of χ1 and χ2 which are

characters of (Z/£2Z)X and of (Z/mNZ)x respectively. Since ψ is a

generator of the character group of (Z/£Z)X, there exists a unique in-

teger K with 1 < K < & — 1 such that

(3.12) %1 = ψ - ,

where ψ is the Dirichlet character introduced in §1-1.

THEOREM (3.4). The notations being as above, there exists an element

h(z) of Sκ+1(mN,χ2) such that

(3.13) h(z) is a common eigenfunction of Hecke operators T(p) and U(q)

for all primes pJ(mN and q\mN,

(3.14) h(z)=fλ(z) (mod!) .

Proof. Put g(z) =fλ(z) EltΨ(z)κ. By (3.12), g(z) is an element of

Sκ+1(£mN,χ2). We shall show that Ύrg = g (modi). For that purpose,

we shall prove that

(3.15) p-i'+wgi [We]κ+1 = 0 (mod ϊ) .

We have

because

By Proposition (1.2), we have

Since /(^ ) is a common eigenfunction of Hecke operators T(p) and

for all primes pJf£mN and q\£mN by means of Asai's calculation [9], we

have
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with

χ = (C(χι)rv% if K Φ β - 1 ,

' ~~ \-p-u% if κ = £ _ 1 ,

where /('>(s) = Σϊ- i atf>&*ina, a[&) = 1, is an element of S%£mN, χ2χ1) which

is a common eigenfunction of Hecke operators T(p) and Z7(#) for all

primes pJ(£mN and q \ £mN, and ĉ  is the eigenvalue of fx(z) for the Hecke

operator Ό(£). In [9], the explicit relations of Fourier coefficients of

both functions f(z) and f{i)(z) are given. We should remark the follow-

ing: in [9], every computation was done under the condition that the

level N is square-free, but it is not always necessary. It is easily checked

that we can apply his result in our case. Hence we have

/?i-(*+i)/2#

1

y £ Cψ if K Φ ί - 1 ,

-2\ae\ if K = £ — 1 .

Therefore (3.15) is proved. Q.E.D.

Remark (3.5). We should remark that K need not be restricted to

the interval 1 < K < £ — 1. We may take arbitrary positive K which

satisfies (3.12).

Remark (3.6). Starting from any new form in S°r(m£,χ) with r > 1,

we can obtain the similar results to Theorem (3.4).

§ 4. The case of square-free level N with the character (N/ )

Let k = Q(VN) with a positive square-free integer N = 1 (mod 4).

Let u0 be the fundamental unit of k. Suppose Nk/Q(u0) = — 1. Let £ > 5

be a rational prime which divides Nk/Q(u0 — 1). Then £ decomposes into

two prime ideals in k. Moreover, uQ — 1 is divisible by only one of the

two prime factors of £ in k. Hence we may assume that u0 = 1 (mod lx)

with a prime factor tx of ^ in k which is lying under ϊ. Let £«, be an

archimedian prime of k such that (ujp^) = 1. Then, there exists an

ideal character λ of k with conductor ^^Λx satisfying

for every a in k prime to ϊx. Here c: (ok/ϊx)
x —> (Z/£Z)X is the natural
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isomorphism such that K^Hiodli) = αmod^ for every aeZ, (a, £) = 1.

We fix such a λ and, with λ, we associate a function /j(s) by

fλ(z) = Σ Λ(α)e2*^* ,
0

where α runs over all integral ideals of k prime to lλ. Then fλ(z) is an

element of S1(N£9(N/ )ψ~ι) which is a common eigenfunction of Hecke

operators T(p) and U(q) for all primes pJ(N£ and q\N£. Applying

Theorem (3.4) to fλ(z), we obtain the following

PROPOSITION (4.1). The notations being as above, there exists an

element h(z) of S2(N, (N/ )) such that

(4.1) h(z) is a common eigenf unction of Hecke operators T(p) and U(q)

for all primes p)(N and q\N,

(4.2) h(z)=fλ(z) (modi).

We fix such a h(z) obtained in Proposition (4.1) and, to such h(z),

we can apply Shimura's theory a part of which is explained in §3-1,

namely, we consider (A,θ),K,F,c, etc, for the fixed h(z). As a corollary

of Proposition (4.1), we immediately obtain the following

COROLLARY (4.2). The notations being as above, £ is a prime factor

of N(c).

Hence the prime ideal I of F which is lying under ί is a prime factor

of c. Let fy be a prime ideal of K such that 6J = ίo*. Put

and denote by Lh the field generated over Q by the coordinates of all

points in A[bJ. From Theorem (2.4) follows

COROLLARY (4.3). The notations being as above, we have

if the class number of k is prime to £.

Proof. We have to check only the condition that £ is prime to the

order of Gal (KfJQ) is satisfied. The order of KpJd/p(pM is equal to

h(£ — 1), where h is the class number of k. Since the order of Gal iKfJQ)
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divides h\£ — I)2, the above condition is satisfied if h is prime to £.
Q.E.D.

We give a relation between the characters λ and r, or sv We denote
by g the residue field of Q with respect to I. Hence o^/ϊ is canonically
imbedded into g. For any fractional ideal a of /(poo ίi), we define λ(ά) by

ί(α) = i(α)(mod ΐ) .

It is obvious that λ is a $x-valued character of I(pJx) which is trivial on
and that the conductor of λ is equal to pj^

COROLLARY (4.4). The notations being as above, either rx or s{ coin-
cides with λ. Especially the conductor f[rj of rt is equal to p^-^ and ίfee
following congruence holds:

(4.3) Hz)=frι (modi).

Proof. Let p be a rational prime not dividing N(ΐ) N, p a prime
ideal in k dividing p and S3 a prime divisor of Q which extends p. Con-
sider reduction modulo S3 and indicate reduced objects by putting tildes.
Let πp denote the Frobenius endomorphism of A of degree p and σv a
Frobenius element of Gal (Q/k) for 93. We suppose (N/p) = 1. Then σp

is also a Frobenius element of Gal(Q/Q) for S3. We denote by 9ΐ and
R the bradic representations of End (A) ® Q and End (A) ® Q respectively.
Then it is known that

if we take a suitable choice of basis of A[ί>Γl and A[bf]. We have

{p) 0

On the other hand, if we restrict ΐd to all such σp with (N/p) = 1, we
can obtain diagonal matrices simultaneously, namely,

St(σp)
(KP) o \
\ 0 ΛQ) )/

where ε is the non-trivial automorphism of k. When (N/p) = — 1, we
have
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λ(pok) = ψ"1 o c(p mod Ij) (mod ϊ)

= p (mod ί)

= rx{pok) = s,(poΛ) .

Therefore, either rί or st coincides with 1

Since it is clear that

fλ(z)=frι (modi),

(4.3) follows immediately from (3.14). Q.E.D.

Now we go back to the general theory and explain another conjecture

of Shimura. Assume JV is a prime. Accordingly χ(α) = (N/a) and N = 1

(mod 4), so that k = Q(VN). Let u0 be the fundamental unit of k. In

[8], Shimura conjectured that

(4.4) N(c) and TrΛ/Q (uQ) consist of the same prime factors, if we disregard

2 and 3.

We can give a partial answer for his conjecture as a direct consequence

of Proposition (4.1).

PROPOSITION (4.5). Let N be a square-free integer such that N = 1

(mod 4), and let uobe the fundamental unit of k = Q(VN). Suppose Nk/Q

= — 1. Let £ > 5 be any prime which divides Trk/Qu0. Then there

exists an element h(z) of S2(N, (N/ )) which is a common eigenfunction

of Hecke operators T(p) and U(q) for all primes pJ(N and q\N such

that ί divides N(c) for h(z).

§5. The micellaneous cases

In the preceding section, we reconsidered Shimura's result in the

case of square-free level N with the character (JV/ ) from our view

point, namely, congruences between cusp forms of weight one and of

weight two. We can also find various detailed examples in the case of

arbitrary levels in [3] and [8]. For some of these, we can make the

similar arguments to § 4, but we should remark that there are also some

cases for which Theorem (3.4) is not effective.

In this section, we choose three of these examples and analyze them.

§5-1. The case of level 4ΛΓ

Let k = Q(VN) with a square-free integer N = 5 (mod 8). Let u0
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be the fundamental unit of k. Suppose Nk/Q(uQ) = — 1. We also assume

TrΛ / Q^ 0 Φ 0 (mod 4). We denote by ε the non-trivial automorphism of k

throughout this section.

PROPOSITION (5.1). The notations being as above, u0 (mod 2) is a

generator of (oA./2ofc)
x.

Proof. Since 2 remains prime in k, (oΛ/2ofc)
x is the cyclic group of

order 3. If u0 = 1 (mod 2), we have (u0 — ΐ)(ue

0 — 1) = —Ύrk/Qu0 = 0

(mod 4); this contradicts our assumption. Q.E.D.

Let £ > 5 be a prime such that

Ύrk/Q ul = 0 (mod £) , Ύrk/Q UOΞ£O (mod £) .

Then £ decomposes into two prime ideals in k. Let lλ be a prime factor

of £ in k such that u\ = 1 (modtj). We may assume that lx is lying

under ϊ.

Let $<» be an archimedian prime of k such that (ujp^) = 1. Then

there exists a Cx-valued character λ of the ideal group of k with the

conductor poo-2-Γ! satisfying

(a mod 2)ψ~1 o (̂α mod IJ

where φ is the character of (ofc/2ofc)
x such that φ(uQ mod 2) = ψ o ^ mod Q.

With such a Λ, we associate a function /Xz) by

where α runs over all integral ideals of k prime to 2 ϊ lβ Then //z) is

an element of S1(/ίN£,(N/ ίψ"1). Applying Theorem (3.4) to fλ(z), we

obtain the following

PROPOSITION (5.2). The notations being as above, there exists an

element h(z) in S2(^N9(N/ )) such that

(5.1) h(z) is a common eigenfunction of Hecke operators Tip) and U(q)

for all primes pJf4JN and q \ 4N,

(5.2) h(z)=fx(z) (modϊ).

Remark (5.3). Some numerical examples in this case are given by

Doi and Yamauchi [3].
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§5-2. The case of level 3W

PROPOSITION (5.4). Let k = Q(VN) with a positive square-free integer

2V ΞΞ 1 (mod 4). Let uQ be the fundamental unit of k. Suppose Nk/Q(uQ)

= - 1 . (1) If N = 2 (mod 3), the order of u0 in (ok/Sok)
x is 8. (2) Let

£ be a prime. Then Nk/Q(u\ + 1) = 0 (mod £) if and only if Trfe/Q (uo^N)

== 0 (mod £).

Proof. Since (2V/3) = —1,3 remains prime in k, so (ofc/3ofc)
x is a

cyclic group of order 8. Put uQ = (a + bVN)/2 with rational integers a

and 6. If uo = a/2 (mod 3), we have uε

0 = a/2 (mod 3). Hence u0u
6

0 =

α2/4 = 1 (mod 3); this is a contradiction because Nk/Qu0 = — 1. Since u\

ΞΞ (a + bNVN)/2 (mod 3), we have u\ = a1 + N2b2 = - 1 (mod 3). There-

fore the order of u0 in (ok/3ok)
x is proved to be 8. Since Nk/Qu0 = — 1 ,

we have a2 - b2N = - 4 . Nk/Q(u2

0 + 1) = 2 + Ύrk/Q u2 = 2 + (a2 + b2N)/2

= b2N. Hence (2) is proved to be valid. Q.E.D.

Let k = Q(VN) with a positive square-free integer f / = 5 (mod 12).

Let u0 be the fundamental unit of k. Suppose Nk/QuQ — — 1. Let £ > 5

be a prime such that Nk/Q(u2

0 + 1) = 0 (mod .0) and ^|iV. Also suppose £

is completely decomposed in k. Let ίi be a prime factor of £ in k such

that ?4 + 1 ΞΞ 0 (mod Q. We may assume Ix is lying under ϊ. Let χ be

a character of (ok/Sok)
x such that χ W ^ ψ o ^ m o d l ! ) . Let ^ be an

archimedian prime of k such that (UQ/^^) = 1. Then, there exists an

ideal character λ with conductor p^-S-^ satisfying

λ(aok) = (-^-

for every a in k prime to 3tχ. Here c: (ofc/ί1)
x —* (Z/SZ)X is the canonical

isomorphism such that t(α mod Iχ) = α (mod £) for every rational integer

a prime to ^.

With such a Λ, we associate a function /,(£) by

where α runs over all integral ideals of k prime to 3Ii. Then fλ(z) is an

element of S^Ni, (N/ )ψ-χ). Applying Theorem (3.4) to fλ(z), we obtain

the following:

PROPOSITION (5.5). The notations being as above, there exists an

element h(z) in S2(3W, (N/ )) such that
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(5.3) h(z) is a common eίgenfunction of Hecke operators T(p) and U(q)

for all primes pJ(32N and q\32N,

(5.4) h(z)=fλ(z) (modi).

Remark (5.6). Some numerical examples in this case are found in

H. Hijikata's article in Japan-U.S. Seminar on Modern Methods in

Number Theory, Tokyo, 1971.

§5-3. The case of level 53

The preceding two examples are concerned with the cusp forms of

'Neben'-type. We give here an example concerned with the cusp forms

of Ήaupt'-type. This example was found by Doi and Yamauchi [3], and

here we analyze this from our view point, namely, the congruences be-

tween cusp forms.

Let k = Q(VTΓ). Take the fundamental unit u0 = (1 + VΊ>)/2 in k.

Then we have u\ = (11 + 5\/5)/2. The prime 11 decomposes into two

prime ideals in k. Let lt be a prime factor of 11 in k such that

ul==l (mod ίj) .

We may assume that lx is lying under ϊ. Let p^ be an archimedian prime

of k such that

PROPOSITION (5.7). There exists a Cx-valued character λ of the ideal

group of k with the conductor p^ δ ^ such that

λ(aok) — ί-^-)<p(a mod 5)ψ~x o t(a mod ΐj ,

for every a in k prime to 5Ίι. Here φ is the character of (ok/5ok)
x

such that

^(^oinodδ) = — ψoc(u0 mod lx) .

Proof. (θfc/5ofc)
x is the cyclic group of order 20. Since u\ = 3

(mod 5), u0 (mod 5) is a generator of (ok/5ok)
x. On the other hand, u0

(modlj) is of order 5. Hence — ψ o ^ m o d Γ j ) is a primitive 10-th root

of unity. Therefore φ is well-defined, and satisfies φ(—Imod5) = l .

We have
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λ(u0ok) = — 1 φ(u0 mod 5) ψ"1 o £(u0 mod Ix) = 1 ,

and

; i ( ( - l ) o t ) = - 1 . 1 . - 1 = 1 .

Hence Λ is proved to be a character of the ideal group of k with the

conductor p^-bΛ^ Q.E.D.

We should remark that the induced character of (Z/5Z)X given by

the restriction of φ to Z coincides with χ(ή) = (n/5). Hence f(z) is an

element of S^Λlyψ-1). Applying Theorem (3.4) to fλ(z), we obtain the

following

PROPOSITION (5.8). There exists a cusp form h(z) of weight 2 with

respect to Γ0(53) satisfying

(5.5) h(z) is a common eigenfunction of the Hecke operators T(p) and

Z7(5) for all primes

(5.6) h(z)=fλ(z) (modi).
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