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A NOTE ON HOLOMORPHIC MATRIC AUTOMORPHIC

FACTORS WITH RESPECT TO A LATTICE

IN A COMPLEX VECTOR SPACE

Dedicated to the memory of Taίra Honda

HISASI MORIKAWA

1. A holomorphic n X w-matric automorphic factor with respect to a

lattice L in Cg means a system of holomorphic n x n-matrices {μa(z) \ a e L)

such that

( 1 ) det μa(z) Φ 0 everywhere on C° ,

( 2 ) μa+β(z) = μa(z + β)μβ(z) (α, β e L) .

This is nothing else than the condition of a group action of L on Cg X Cn

(z, u) > (z + a, μa(z)u) (a e L) .

The quotient Eμ — C9 X Cn /L by this group action of L is a holomorphic

vector bundle of rank n over the complex torus Cg/L. Holomorphic

vector bundles over the complex torus C9/L are always constructed by

this way, since holomorphic vector bundles over Cg are trivial.

Denoting

o)aiz) = μa(zYιdμa(z) (a e L)

we get a system of n x n-matric connections satisfying

( 3 ) dωa(z) + ωa(z) A ωa(z) = 0 ,

( 4 ) ωa+β(z) = ωβ(2) + i«α(^)-1ω/^ + a)μa(z) (a, β e L) .

In the present short note we shall characterize matric automorphic factors

{μa(z)\aeL} such that
i) the associated vector bundle Eμ is simple and ii)
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Mate + β)μa(*rι (a,βeL)

are constant matrices.

PROPOSITION 1. Let {μa(z)\ae L} be a holomorphic n x n-matric

automorphic factor with respect to a lattice L in C9, and let ωa(z) be the

integrable connections given by

ωβ(s) = μa(zYιdμa(z) (a 6 L) .

Then following three conditions are equivalent each other,

( 5 ) ωa(z) = Σ Aaldzί with constant matrices Aai (a e L 1 < £ < g) .

( 6 ) μa(z) = μa(0) exp {Σ Aatz4} with constant matrices Aal satisfying

[Aat9Aah] = 0 (aeL; 1 < £, h < g) ,

( 7 ) μa(z + β)μa(z)~1 (a,βeL) are constant matrices .

Proof. If we assume (5), we have ωa(z) Λ ωa(z) = 0 and thus [Aaί, Aah]

= 0 (a, βeL; 1 < £, h < g). By virtue of this commutativity, putting

βa&) = μa(0) exp {2] Aβ^}, we have

μa{z)-'dμa{z) - ωα(«) - μa{z)-'dμa{z) (aeL).

Since /5α(0) = μa(0), we have /2β(«) = μa(z) (aeL). If we assume (6), then

μλ* + β)μX*rι - μM exp {Σ A^μM'1 (α, j8 e L)

are constant matrices. Let us show (7) from (5). From the equation

d(μa(z + β)μa(z)~1) = 0 it follows

ωα(^ + β) - ωβ(s) = ^ α (^ + βYιdμa(z + β)- μ*(fiYιdμa{z)

= ^ α (^ + βYιd(μa(z + β)μa(zYι)μa(z) = 0 ,

and thus ωβ(z + j8) = α>α(a;) (a, βeL). By virtue of compactness of C / L

ωα(2;) can be written

ωa(z) = Σ Aβ ίd^

with constant matrices.

PROPOSITION 2. Lβί {μa(0)\aeL}, {AaJ\aeL,l<£<g} be two sys-

tems of constant n x n-matrices such that det μα(0) Φ 0, [AaO Aah] = 0

( α e L ; 1 < £,h< g). Then {μa(0)exj){ΣAaizt}\aeL} is a holomorphic

n x n-matric automorphic factor with respect to L, if and only if



MATRIC AUTOMORPHIC FACTORS 165

(8) ίAat,Aβh] = 0 (a,βeL;l<£,h<g) ,

( 9) Aβ+M = μβiϋ)-ιAaiμβ(ϋ) + Aμ (a,βeL;l<£<g) ,

(10) ^W^A.rfi/O), A, J - 0 (*, β e L 1 < £f h < g) .

Proof. Assume that {μa(z) = μα(0) exp ( Σ Aβ,s,)} is an automorphic

factor with respect to L. From the relations

μ-J& + a)μa(z) = / , ωa(z) = 2] Aα,d^ ,

ωβ+/ι(2) = ^ia;)-1^/^ + a)μa(z) + ωa(z)

it follows

ω_α+i3(0) = ω.β +/2 + a) = ^_α(^ + aYιωβ{z)μ_a{z + a) + ω_a(z + α)

= μ£z)ωβ(z)μa(zYι + ω_a(z + a)

= μa(z)ωβ(ff)μa(zrι + ω_a(0) = ^Wω^OKCO)"1 + ω_α(0) ,

and thus

Λ(0)"W2H(0) = αί/OWO)- 1 ^) (α, j8 e L) .

Comparing the coefficients of a;̂ d2;Λ in the both sides of

exp {Σ Aβ,s,} 2] AMd«ft = Σ A^& f t exp {Σ Aβi^}

we have [Aa£9Aβh] = 0 ( f f , j 3 e L ; l < ^ , K s f ) . From the relation μa+β(z)

= ^α(a; + jS)///^ we have

j"β+/s) = i"«+/i(0) exp {Σ Ae+/i^}

= ^.(0) exp {Σ Aaeβ£}μβ(0) exp {Σ Aβ +^,}

- μa(z + j S ) ^ )

= μM exp {Σ Ael(«, + βύ}μβ(O) exp {Σ -4^}

- μa(0) exp {Σ Aβift}^(0)

= exp {Σi μβWYιAaiμMz*i e χ P ί Σ Aβίze).

Hence, comparing the coefficients of z£ and ztzh in the both sides of

exp {Σ Aa+μZt} = exp {Σ μβ(fiYιAatμβ{0)zi} e χ P ί Σ ^^^} ,

respectively, we have

Aa+μ = μβ{0YιAaeμβ{ϋ) + Aβi ,

Aa+βiAβ+βh = μM^A^Mμ^OY'A^μM

+ μβ(0YιAβ4μβ(0)Aβh + μβ(0YιAahμβ(0)Aμ + AβiAβΛ
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and thus

)-ιAahμβ{Q) = μβ(θrlAahμβ(O)Aβi .

Namely [Aβi, μβ(O)-1Aahμβ((ϊ)] = 0 (α, 0 € L 1 < ί, h < g). Conversely if we

assume (8), (9), (10), then putting

μ«O) = μ«(0) exp {Σ Aaizt} (α e L) ,

we have

= A(0) exp {Σ Aβ,(s, + β£)μβ(O)} exp {Σ A^A}

= μM exp {Σ A^β^φ) exp {Σ ftίO)"^^} exp {Σ Aβiz4}

= ^(0)^(0) exp {Σ W 0 Γ A Λ ( 0 ) + A^,}

= /iα+^(0) e x p {Aa+βizt} = jUβ+/!(2;) .

COROLLARY 1.

(11) Λ ^
= exp {Σ (Aβ+/M - A^α, - Σ (Aβ+iM - AJft} (α, /3 e L) .

Proof. From the relation μa+β(z) = ^β(« + β)μβ(z) — μβ(z + a)μa(z) it

follows

μAz)μβ(z) - μβ(0)uβ(0) exp {Σ (^W^A^/i/O) + A ^ }

= μMμβ(0) exp {Σ A β + ^} ,

= /^(0K(0) exp {Σ W 0 ) " V « » + A «^}

= μβ(O)μa(O) exp {Σ Aβ+^,} ,

0) exp {Σ μβ(ff)-1Aaiμβ(ff)βi}

= ^α+j3(0) = Λ(0K(0) exp {Σ ^W^A

Hence

= exp {Σ ^ .W^A^CO)^ - Σ μβ(V)-1Aaiμβ{0)β4}

= exp {Σ W«+/ί/ - ^ ^ ) ^ - Σ ( Aα+/ί/ - A

COROLLARY 2. ΓΛe matric group generated by {μa(z)\aeL} is a

metabelian group whose derived group is a group of constant matrices.

This is an immediate consequence of Corollary 1.
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2. A holomorphic vector bundle is called to be simple, if its endo-

morphisms are sealer multiplications. The vector bundle associated with

{μa(z)\a e L} is simple, if and only if sealer matrices are only holomorphic

matrices B(z) such that

B(z + ά)μa{z) = μa{z)B{z) (aeL) .

Characterizing a simple vector bundle Eμ such that

μa(zYιdμa(z) = 2 Aaidz4 (a e L)

with constant matrices Aa£, we need the following Clifford theorem,

CLIFFORD THEOREM. Let G be a group and H be a normal subgroup

of G. Let V be a vector space of finite dimension over a field which

is a simple G-module. Then there exists a vector subspace W which is

simple H-module and elements gn, , gιm, , grl9 , grm in G such that

V = (gnW® Θ glnW) Θ Θ (grίW® Θ grMW)

and guW and gjkW are equivalent H-modules if and only if i = j .

Proof. Let W be a vector subspace which is a simple ff-module.

Since H is normal in G, the images gW (g e G) are simple ίf-modules,

and 7 is a sum of gW (g e G). Hence there exist elements g[, , gf

p

of (? such that

V = tfiy 0 . . . 0 ^pT^ .

Let {flru, , gιm} be the largest subset in {g'19 , ̂ } such that ^ F F

(1 < ^ < m) are equivalent to W. Then 7 is a direct sum of the images

of 0u W Θ ••• Θ gimW by elements of G. This completes the proof of

Clifford theorem.

LEMMA 1. Let G be a transitive abelian permutation group acting

on {1,2, . . . , r } . Then \G\ = r.

Proof. Let JV be the stabilizer of letter 1. Then |G/iV| = r and G

acts on G/N. Two permutation groups (G, {1,2, , r}) and (G, G/ΛO are

isomorphic as permutation groups. Since G is abelian, N must be a

normal subgroup, and thus any element of N leaves invariant every letter

in {1,2, . . ,r}. This shows \G\ = \G/N\ = r.
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THEOREM 1. Let {μa(z) \ a e L] be a holomorphic n x n-matric auto-

morphic factor with respect to a lattice L in Cg such that i)

μa(z)~1dμa(z) — 2] Aaίdzt (a e L)

with constant matrices Aa£, ii) the associated vector bundle Eμ is simple.

Then there exist a sublattice M of L and a line bundle ££ over Cg/M

such that [L: M] = n and Eμ is the direct image of & with respect to

the natural isogeny C9/M -*C9/L..

Proof. We use the following notations:

A: the commutative matric algebra generated by AaJ (ae L l < £ < g)

and identity matrix over C,

G: the group generated by {μα(0), exp {^ Aa£β£}, (a, β e L)} and

GL(n9 C) Π A,

Go: the group generated by {exp {Σ Aaφ£} (a, βeL) and GL(n, C) Π Λ9

Gx = {g eG\g~1Aaίg = Aaί (ae L; 1 < i < g)}

φrιAatμβqS) = Aa£(aeL;l<t<g)}.

By virtue of (8), (9) and (11) Go is an abelian normal subgroup of G such

that G/Go is abelian, and G1 is a normal subgroup containing Go. Hence

GjGx is abelian. If a constant matrix B satisfies

BμM = μMB , BAa£ = Aaβ (aeL,l<£<g),

then Bμa(z) = μa(z)B (aeL), because from Proposition 1

μS?) = μa(0) exp {£s Aa,ze} (aeL) .

Since Eμ is simple, such a matrix B must be a sealer matrix. This means

that G is an irreducible n x w-matric group. Let V be the vector space

of dimension non which G acts. Applying Clifford theorem to the pair

(G, Go), we get a system of inequivalent representations χ, •• ,χ7l of

degree one of the abelian group Go such that the irreducible G-module

V decomposed into a direct sum of G0-modules

V = Vλ 0 . . . 0 Vr

with properties that

dim Vi = - ( 1 < i < r) ,
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X Go, vt e Vt) .

since χ19 ,χ r are inequivalent each other, the subspaces VΊ, , F r are

also Gj-modules. Moreover, since Go is normal in G, G acts on the set

{1, , r) as follows

gVt = Viσ(g) (geG),

and the kernel of σ is Gx. Since 7 is an irreducible G-module and GjGx

is abelian, by virtue of Lemma 1 we have \GjGx\ = \σ(G)\ = r. Next we

shall show that V€ (1 < i < g) are irreducible Grmodules. We assume
for a moment that at least one of Grmodules of {V19 , Fr} is reducible,
then dimension of the linear hull of G1 over C is less than

\r) r

Hence the dimension of the linear hull of G is less than r-n2/r = n2.
This contradicts with the irreducibility of G-module V. Hence V19 , Vr

are irreducible Grmodules. From equations

Aa+βti = u

we observe that

Aa£ =

μβ(0)-1Aaiμβ(0) =

if and oly if

(aeL,

This means that Lλ = {/3| A^ (1 < ^ < g) are sealer matrices}. This means

that there exist a constant matrix F and an irreducible representation

p of Gj such that

where gi = //ai(0) (1 < ί < r) and {αi, , ar} is a system of representa-

tives of G/G, in G such that 1̂ «<<°» = % (1 < ΐ < r). Since />(̂ 0) (flr0 e Go)

are sealer n/r x ^/r-matrices, the set {p(μβ(0)) \ β e Lλ) is an irreducible

set. In the previous note [1] we proved that a holomorphic k x fc-auto-
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morphic factor {vβ(z)\βeN} with respect to a lattice N is written

z) (βeN)

with sealer functions ξβ(z) and {vβ(0)\βeN} is an irreducible set of k x k-

matrices, then there exist a sublattice iV0 such that [N:N0] = k and

vγ(z) (γeN0) are sealer matrices. Hence putting

Aβt = aβ£ln ,

exp {2τrVΓ^ϊ Σ aμz£} (β e Lx) ,

we find a sublattice M such that

[L: M] = [L: LJIA: Af] = r — = n
r

and vr(^) (y e M) are sealer matrices. Since ^(μ/0)) (γ e M) are sealer

matrices, /t>(jMβ<(O)"1/£r(O)/£β|(O)) ( f e l ; l < i < r ) are also sealer matrices.

This means that there exists holomorphic sealer automorphic factors

{η?\z)}> , forn)(3)} with respect to the lattice ilί such that

and [L: M] = n. Let ^ α ) , ,if(n) be line bundles over M correspond-

ing to {ηf\z), - ,{$n>(2)}, respectively. Then we have isomorphisms of

vector bundles

φ*(Eμ) - <̂ f(1) ® Θ &{n) ,

where φ*(Eμ) is the reciprocal image of £7̂  and φ*(J?) is the direct image

of se with respect to φ. Hence, if we put

ty(0) = p(μβ(0)) , Aμ = a^/n , ^(2;) = v/0) exp {J] α ^ } ,

by virtue of the above result, we find a sublattice M such that [L: M]

— [L: LJ [L^. M] = r n/r = n and î O) (̂  e M) are sealer n/r X

matrices. Since p(μr(0)) (γeM) are sealer matrices, />(μα/0)-7<r(0)μ

(̂  e M 1 < i < r) are also sealer matrices. This means that there exists

holomorphic sealer automorphic factors {η™(z) Iϊ e M}, ,{$r)(2) \γ eM}

such that
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lη?\z)In/r 0 \

\ (γeM).

0 VJ

Let J£?(1), , j? ( r ) be the line bundles over Cg/M associated to {η?\z) \ γ e M},

• -,{η(

r

r)(z)\γ eM}, respectively. Then we have an isomorphism of vector

bundles

n/r

n/r

Eμ) ~ (φφ*(J?{1)) Θ Θ

Θ Θ (φφ*&ln)) Θ Θ φ<p*(&ln)))

where φ*(Eμ) is the inverse image of Eμ and φ#φ*(Eμ) is the direct image

of φ*(Eμ). Since Eμ is simple and rank p#GS?*(ί)) = rank Eμ (1 < ί <ri),

Eμ must be isomorphic to one of φ*{J£a)) (1 < i < n). This completes the

proof of Theorem.

THEOREM 2. Let {μa(z)\aeL} be a holomorphic n x n-automorphίc

factor with respect to a lattice L in Cg, such that i) the associated

vector bundle Eμ is simple and ii) μa(z + β)μa(z)~ί (a, βeL) are constant

matrices. Then there exist a sublattίce M of L and a line bundle & on

C9 jM such that Eμ is isomorphic to the direct image of ££ with respect

to the natural isogeny Cg/M —> Cg/N.

Proof. This an immediate consequence from Theorem 1 and Propo-

sition 1.

REFERENCES

[ 1 ] H. Morikawa, A note on holomorphic vector bundles over complex tori, Nagoya
Math. J. Vol. 41 (1970), 101-106.

Department of Mathematics
Nagoya University




