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G. L. CSORDAS

l Introduction.

Let J denote the set of all inner functions in H°°, where H°° is the
Banach algebra of all bounded analytic functions on the open unit disk
D. Let /* denote the set of all functions f(z) in H°° for which the
cluster set C(f,a) at any point a on the circumference C = {a\ \a\ = 1}
is either the closed unit disk \w\ < 1 or else a single point of modulus
one. Clearly, / is a subset of /*. In [3] the author has proved that /
is properly contained in /*. Recently, Lohwater and Piranian [7] have
shown that there is an outer function in /*. The purpose of this note
is to point out some applications of this result. In particular we shall
show in Theorem 2.3 that there exist outer functions whose boundary
behavior is similar to that of inner functions.

2. Applications.

Let Γ denote the Silov boundary of H°° and let Γa = Γ Π Ma where
Ma is the fiber lying above the point a on C. (For the terminology
used here we refer the reader to Hoffmann [5].) We begin with a theo-
rem which establishes a connection between the boundary values of an
arbitrary function f(z) in H°° and the set of values which / assumes
on Γa. (See [4] for the proof.)

THEOREM 2.1. Let f(z) be a function in H00 and let Cp(f,a) denote
the radial cluster set of f at the point a on D. Then, the set

is of measure zero.

As an immediate consequence of this theorem and a result of
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Hoffman ([5], p. 179) we obtain

COROLLARY 2.2. A function f(z) in H°° is an inner function if and

only if the image of the Silov boundary, f(Γ) is a subset of \z\ = 1.

Ohtsuka [8] has constructed an inner function which admits every
value of modulus less than one as a radical limit. Thus, Theorem 2.1
is best possible in the sense that E, in general, need not be a countable
set.

In view of Theorem 2.1 it is natural to inquire whether a point
which belongs to f(Γa) — FrC(f, a), where FrC(f, a) denotes the frontier
of C(f,a), for a "large" set of points a on C is necessarily a radial
limit value of /. The solution to this problem is contained in the
following.

THEOREM 2.3. Let f be an outer function in /*. Suppose that for
each point a on C the cluster set C(f,a) is the closed unit disk \w\<l
and suppose that zero is not a radial limit value of f. Then, 0 e f(Γa)
for each a on C.

In ([7], Theorem 3) Lohwater and Piranian have constructed a
function in /* which satisfies the hypotheses of this theorm. The proof
of this theorem involves the use of a result of Weiss ([9], Theorem, 5.2)
and the extended form of the Gross-Iversen theorem (see for example
[2, Theorem 5.10]).

Remark, It is known ([1], p. 112) that if g is meromorphic in D,
then

(1) FrC(g) U FrR(g) c Ω{g) ,

where C(g) denotes the global cluster set of g,R(g) the range of values
of g and Ω(g) the closure of the set of radial limit values of g. Col-
lingwood and Cartwright ([1], p. 113) have shown by an example that

this result is best possible in the sense that Ω(g) cannot be replaced in
(1) by Ω(g). The function / of Theorem 2.3 provides an additional
example. To see this we need merely to observe that

(2) o e <βfφ) n a/) n Ω(f) n VΩ(/) n

where ΉS denotes the complement of the set S. The difference between
the behavior of inner functions and functions in 7* — / is further il-
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luminated by relation (2). We recall that if g is an inner function,
then every omitted value w,\w\<l, is a radial limit value of g. On
the other hand relation (2) shows that in general an omitted value of a
function / in 7* — / need not be a radial limit value.

Our next application is in real-variable theory. Recently Lohwater
[6] has pointed out that the derivative of an absolutely continuous
function may be more irregular in its behaviour than the derivative of
a singular function. This observation is further substantiated by the
following

THEOREM 2.4. There exists an absolutely continuous nonincreasing
function μ(θ) on the interval 0 < θ < 2π with the following property:
for any neighborhood, N(θ0), of an arbitrary point θ0 in 0 < θ < 2π and
for any K < 0, no matter how large \K\ is, the set

{θeN(θo)\μ'(θ)<K}

has positive Lebesgue measure while μ'(θ) Φ — oo for all θ in 0 < θ < 2π.

We will present an outline of the proof. Let / be a function in
7* which satisfies the hypothesis of Theorem 2.3. Next consider the
Poisson-Stieltjes integral representation of / :

= exp f A- Γ ̂ ±
I 2π J o eιθ —

Then μ(θ) is an absolutely continuous, nonincreasing function on 0 < θ
< 2π. Since 0 $ Ω(f) μ\θ) Φ - oo for all θ. It follows now from Theo-
rem 2.3 and a result of Hoffman ([5], p. 171) that μ satisfies the required
property.
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