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ON SOME DEGENERATE PARABOLIC EQUATIONS II
TADATO MATSUZAWA

§1. Introduction. In the article I: [8], we have proved the hypo-
ellipticity of a degenerate parabolic equation of the form:

1.1 Pu=2"_ 4@, 9% 1 b, 4 o, tu = f,
at o7 o

where the coefficients a(zx,t), b(x,t) and c(x, t) are complex valued smooth
functions. The fundamental assumption on the coefficients is that
Re afx,t) satisfies the condition of Nirenberg and Treves ([8], (1.5)). To
prove the hypoellipticity we have constructed recurcively the parametrices
as pseudodifferential operators with parameter. This method may be
viewed as an improvement of that of [9] and [7]. We have analyzed
the properties of these parametrices by estimating the symbols with
parameter associated with the given operator. We shall summerize these
results in §3.

The aim of this paper is to solve the Cauchy problem for an equa-
tion of the type (1.1). To this end, we shall apply the Levi method,
which is described in detail in the book [2], Ch. 9.

The first step is to construct the fundamental solution starting with
the above mentioned parametrices (§4, §5). There we need to obtain
the precise estimates of the singularity of parametrices. Those estimates
are derived by observing the order of the corresponding symbols more
precisely than [8]. The difficulty arises in constructing the fundamental
solution since the singularity of the derivative of the first parametrix
can no longer be integrable. We shall be able to obtain the fundamental
solution as a solution of an integral equation by using the p-th parametrix
with x sufficiently large (§5). As soon as the fundamental solution is
obtained, we can prove the existence of the solution of the Cauchy
problem by forming the integral expression (§6).
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62 TADATO MATSUZAWA

The second step is to prove the uniqueness of the solution. The
estimates of the derivatives of the fundamental solution are not available
vet, so, in §7, we shall make use of the method of [1] to prove the
uniqueness of the solution, where it is necessary to assume all the
coefficients of P are real valued. We shall therefore assume that the
coefficients @, b, ¢ are real valued smooth functions throughout this
paper, while such an assumption is not necessary in the first step, namely
in constructing the fundamental solution. The precise condition and the
formulation of the Cauchy problem will be prescribed in §2. These two
steps will prove Theorem 2.1 which is our main result.

Finally, we remark that the degenerate Cauchy problem for a wide
class of equations has been treated in [11], [12] by the method of elliptic
regularization, and in [6] by using the method of semi-group theory.
Our approach is based on the application of the theory of pseudo-
differential operators for a classical treatment of the parabolic equations.

§2. Main results, Let a(x,?), b(x,t) and c(z,t) be real valued in-
finitely differentiable functions defined in R x I, I =[0,T], T > 0, and
satisfy the following conditions:

For any integer m = 0, |D7a(x, )|, |[D7b(x,t)| and |D7c(x,t)| are

@D bounded in R X I where D7 = aaxmm ;
2.2) oz, t) =0 inR x1I;
there exist an integer ¢ = 1 and a real number § > 0 such that
2.3
@3) J‘ta(x,f)drgﬁ(t——t’)" veR, 0<t <t<T;
o
2.4) |ag(x, D) = Calz, t)"? inR xI;
@.5) [b(x, t)] £ Calx, t)/* in R X I, where C denotes a positive

constant

Under these conditions, we shall solve the following Cauchy problem:

(2.6
inR x (0,7,

2.7 u(x, 0) = o(x) on R,
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where f(x,t) is a measurable function in B X I and ¢(x) is a continuous
function in R.

By a solution of (2.6), (2.7 we mean a function % = u(x,t) in
C(R x I) which satisfies the equation (2.6) in the distribution sense in
R x (0,T7) and satisfies the initial condition (2.7) in the usual sense.
Our main result is the following.

THEOREM 2.1. Let f(x,t) be a measurable function in R X I and
o(x) be a continuous function in R and assume that

2.8) [ flx,t)] < M exp [k |z]F] ae.in R x1I,
2.9) lp@)] < Mexplk [zl inR

for some positive constants M and k. Then there exists a solution
w(xz,t) of the Cauchy problem (2.6), (2.7) in the strip R X [0 <t < t,],
where t, (0 < t, < T) is a constant depending on the operator P and where

(2.10) luzx, t)| < const. exp [K |x] mR X0t <]

for some constant k'. The solution is unique in the class of continuous
functions satisfying (2.10) with some constant k'. Furthermore the solu-
tion w(x,t) is in C*(R X [0 <t < D) of f(x,t) is in C°(R X I).

In §6, we shall prove the existence part of this theorem, and in § 7
we shall prove the uniqueness of the solution. We remark that the
solution exists in the whole strip R x [0,T] if we replace the condition
2.8), (2.9) by

2.8) [ flx,t)| £ Mexp [k|z]] ae.inR x1I,
2.9) lo(@)] < M exp [k |x~¢] in R, e>0.

ExAMPLE: The coefficients of the operator

2
P, = 9 t* + e"”'”‘)i + groernm 0 + const., £ integer > 0
ot oz’ o

satisfy the conditions (2.1)~(2.5) in R, X [0, T] (T > 0) with ¢ = k + 1.

§ 3. Application of the results of the article I: [8].

We can construct the parametrices for the operator P as in [8] under
the conditions (2.1) ~(2.5). We note that we have treated the case where
=24+ 1, £ =0 and the coefficients a, b, ¢ have been assumed to be
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complex valued functions (in [8]). We recall the procedure in the fol-
lowing. We set

9

L=
at

+ a(z, H)&,
o ien(m )0 i 0 .
L, = —ifa(x, t)— — a(x, t)— + b(x, ) — + ¢} + c(x, 1),
ox ox? ox
for (x,t,8)e R, X I X R,. Consider the problem:

LK, = (% + oz, t)$2>Ko(x,§; t,t/) =0 in R, Xx R, X 4,

(3.1)
A={t1t);0<t <t<T},
3.2) Ky, &; 6,80 =1,
(3.3) Kz, &;6t)=0 if0<t<t'<T.

Then we have the solution

l —
— B d . 2] s s ,t,t’ R R Y| ,
60 Kot < [0, a0 s (@,6,t,) e R X R X
0 when0<t<t'<T.

We note that the notion of the set 4 is slightly different from that of
[8. For 7=0,1,2,... we define recurcively the symbol functions
K(x,&;t,t) as the solution of the problem:

3.5) LK; (x,&;t,t) = —L,K(x,&;t,1) in R, xR, x4,
(3.6) Kju(@, 658,10 =0,

3.7 K; (2,&;t,t)=0 Hfost<¥<T.

The K,’s satisfy.

—f Ky(z,&; t,9)L,K(x,&; s, t)ds ,
y

3.8) Kj+1(x,§; t,t) = (x,&,t,t)eR, X Re % 4

0, when 0 Zt<t/<ST.

As in [8], we have the following proposition:

ProposITION 3.1. (cf. [8], Prop. 4.1, Prop. 5.1) For any e > 0 and
for any integer a and B =0, we have
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(3.9 K;@,&5¢t)esd; S™=(R, X B)) N Qo E(d; Siiiral(Ry X RY)
' i=012,..-,
3.10) [(Ky(x,&;6,t) —DA+EPD*30 in B, X R, ast]t,

|(D2D4DK (1 + [§)(-Pomlomipratilome 30 ip

3.11) .
R, XR. ast|t for0=p<j.

For the notations in the proposition we refer to the article [8].

By virtue of Proposition 3.1, for every j > 0, we can define a dis-
tribution &; = o )z, y,t,t) e P (R, X R, X I, X I,) by an oscillatory
integral:

(8.12) A (x,y,t, ) = (Zn)“l/zr el VK (x, &5 t, t)dE .
As in [8], we can show that

(i) P loay+ --- + H =68 —y,t—t)+ (2n)—1/2jm ei(x—y)szKﬂ
(@,&;¢t,t)ds  in R, X R, X I, X I,

(ii) %j(x’y’tyt/)ecm(w) ’ .7: 0’1y2’ Tty
W= {,y,t,t)eR, X Ry X I X I;|x —y| + |t — t'| > 0}

(i) A Hx,y,t,t) is very regular in the sense of Schwartz [15],
7=0,1,2, ..., that is to mean the mappings

1#(’1/, t,) i d JI '%/‘j(xy y’ t7 t/)"l/'(y, t’)d?/dt' )

RXI

SD(x, t) = J:[ fj(x’ Y, ty tl)so(xa t)dxdt
RXI
define linear continuous transformations from 2(R X I) into &R x I).

These are extended to the linear continuous transformation from &’(R x I)
into 2/(R X I) by continuity (cf. [8], Prop. 4.2).

(iv) the second term in the right of (i) is also very regular and
becomes smoother in R, X B, X I X I according as x becomes
larger.

From these facts we obtain the following theorem.
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THEOREM 3.1. (cf. [8], Theorem 1.1). The operator P is hypoelliptic
in the strip R X I.

§4. Precise estimates of D77 ;(x,y,t,¢),m,j=0,1,2,.-..
We set

A=A@,t,t) = ﬁ Wz, dde (@ tt)eR x4,
Ad={tt0<t <t<T}.
Then by the assumptions (2.1)~(2.4) we have
4.1) ot —t)y <A@, t,t) S Cit —t) (x,t,t)eR x 4,

(4.2) l j : 0@, )| < Gyt — VYA < Gt — ) (x,t,t)eR X 4.

In the following we use the symbols C, C,, C,, - - - to express the different
positive constants.
Now we recall that
1 —
exp|—1| alx, d-z] z,&t,t)eR, X R x4,
K650 — p|-[ ewodrg| @)
0 oSt T,

Substituting & by { = & + i9pe C, we can extend the domain of K, to the
set R, X C X I XI:
¢
exp| [ at@, 9)de- 12], 2, t, 1) eR X Cx 4,
Ko e it p[[} otz e e + ip @, t,t) e X
0 0st<tYT.
LEMMA 4.1. ((c¢f. [8], Prop. 4.1) For every integer m = 0 we have

4.3) |DpKy(x,8;t,t)] < Cn(X + [&] + [ph ™~ exp [—0,48° 4+ 6,477,
(z,6,t,theRx Cx 4,

where C,,d;, 08, are positive constants depending only on m.
Proof. For m = 0, we easily have
4.4 |Ko(x,C5t,t) = exp[—A& + A9,  (t,t)ed.

For a positive integer m, D"K(x,; t,t) is expressed as a linear com-
bination of terms
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(4.5) [n(j;D;n“)a(x,r)dz(s + W)] exp [——I:a(x, O)de(e + 2'77)2]
J 0< mP,mP 4+ ... +mP 4+ ... =m.

We are now ready to analyse each factor in (4.5). For a factor with
mP =1 we see by (4.2)

[ e, 0aze + ipr| = @ — vyrave + ), @red.

Then by (4.1) we have

(t . t/)l/ZAl/ZEZ exp [__51A$2]
4.6) = &[TV — )€ (ALY exp [—0,447]
é Ce lsl(o—l)/n eXp [—(51 - E)Afz] ’

for any ¢ such that 0 < e < 4,. Similarly we have
4.7 (t — t):* AV exp [0,A7] = C,|p|“ V" exp [(5, + CpAY’]

with some positive constants C, and C,. Next, for a factor with m > 2
we have

U:D;"(’)a(x, ode(e + i77)2| < Ot — t)E + 7D
< C(|g|@ oo o |p|@e=D)(E — ) (&2 + p))Y° .

Hence we have, as above, for m’ = 2

‘J‘j D9z, t)de(& + ip)?

= Ci(§|* D + [p|@e=77) exp [ (8, — A& + (3, + CPAYT,
0<e<y.

- exp [—8,A8° + 8,A7]
(4.8)

The assumption (2.1) has been assumed throughout the proof of Lemma
4.1, while we have used the same symbols C,, C,,d,,d,, - -+ although they
differ in different cases. Combining (4.6), (4.7) and (4.8) we prove
Lemma 4.1.

Now we recall that

1 —
K, ety — |~ [ B@ et oLk @e s, @ped,

0 0=st<tsT,

where
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. 0 o° d .
L, = —ia(x,t) — — a(x,)— + b(x, D|— + &) + c(x,?) .
ox ox? ox

We can also extend the domain of K, (x,&;%,%) by substituting & be
=&+ 1.

LEMMA 4.2. (cf. [8], Prop. 5.1) We have

|ID7K (2,85 t, )] < C, (1 + |&] + [pDmie=D7e=di7 exp [—-5,A€ + 0,A77],

4.9) ’ ‘
(,¢t,theRxCxd, jm=0,12,.-.,

where the constants C, ;, 8, and J, depend only on m and j.

Proof. We shall use mathematical induction in . By Lemma 4.1
we have the result in the case j = 0. Assume the inequality (4.9) for
some 7 = 0 to estimate D7K,,, for m =0,1,2,...:

D?Kji-l(xyc; t) t,) = —‘D? jt Ko(-%',c; t’ S)Lsz(x, C; 3, tl)ds
I

(4.10) _— (m)

a=0 \ (¥

: f " DRy, C; t,8)DsLLK,(x, C; 5, £))ds .
tl

It suffices to estimate some typical terms in the last expression, and
other terms will be treated similarly:

(i) By Lemma 4.1 and by the assumption on K, we have
I, = U:DT“ o, t, 8)Dz(iCalx, $)D K (x, L5 s, t)ds
< ;(g) [\ 1DzKi(@,€5 6, 9D5 1K (w5 5, 1)DE(@, 9)] ds(€] + [1)
SO+ (8] + [phmotevevieile exp [—5,A8 + 0,Ar)
[ 1Dta@, 91 dsel + 1)

As in the proof of Lemma 4.1 we will estimate each term in the last
summation. For the term with 8 = 0 we have

(L -+ 18] + gD oo exp [~ 8A8 + 3471 | @, )zl + 12D
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< Ci(1 + |&] + |g)imene-vio=ile=t exp [— (5, — )AE + (5, + CpA7]
0 <e<dy
= C(1 + [&] + [ghme—/e=*bleexp [— (6, — AE + (6, + CA7] .

For the term with g =1, applying (4.2) we have

¢
(1 + |§] + [pphime—D/o=dle exp [ — 6,A8" + 52A7)2]L,Iax(x,f)l de(|&] + |3
< CQA + |&] + |pphtmle-tDle exp [—(9,7e)AE + (6, + CAY] .
We use (4.8), then the terms with g = 2 are bounded by

(1 _,,_ Isl + lﬂD(m—ﬁ+1)(a—1)/a-—j/v+(2(a—l))/o exp [__(51 . S)AEZ + (52 + CZ)A722]
S @+ €] + [phimeevemtrblieexp [~ (8, — )A* + (3, + CAY] .

Thus we have
(4.11) Igza < C(l + IEI + ml)(m(a—m/a—(ﬂl)/u exp [—51A;72 + 52A772]

with some constants C, ¢, and §, depending only on m, 7.
(ii) We have

19, = ] | DK@, L5 £, 9)DICH(, DK (@, G 5, ¢)ds
=3 ; )| 1Dz @, 5 b D3R (2, € 5, )DEDG, 9 dis(€] + Iy
§C§O+M+WWWWWW%mPﬂ%HWAﬂ
[\ 1D, )1 sl + 1o
We will estimate the term with g = 0:
I= (Ut (] + oot exp 3,48 + 8,471 | [bGe,5)]ds(é] + 1) .
By the assumption (2.5) we have

[, 1o, 91dsuel + 1nd < ct — erearqe + 1o
< CUEI7Ye 4 7Y )((E — t)° (&% + )V (A& + )V .
Then we have

I < G+ & + [phmie=U0le exp [— (8, — A" + (3, + CA7]
0 <e<dy.
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To estimate the terms with § =1 we use the assumption (2.1).
II = 2“3 (1 — lgl + Inl)(m—ﬂ)(n—l)/a]‘/a exp [__61A$2 + 52A,'72]
p=1

: f | Db, )| ds(€] + |5))

< CQ A+ [§] + [phem-vie=vio=die exp [—0,AE" + 6,A7°]- (¢ — V(&[] + (7]
(& — (& + 19D = CU&] + [pD =¥ ((t — (& + DV .

Thus we have

I < C(L+ 8] + [g) ™79 ro0 exp [—(3, — DAL + (3, + CIAT] .
Combining the above two estimates we have
4.12) I, < C(L + [€] + [p)me/e=Gs exp [—5,AE + 8,A7]

where C, 6, and 9§, depend only on m and j.
To complete the proof of Lemma 14.2, it remains to estimate the
terms:

D Y Kz, t, 9)alzx, s)D2K (x, ¢ 5 8, t)ds ,
iy

Dr r Ky(x,¢; t,8)b(x,8)D K (x,¢;s,t)ds,
y

D™ r Ky(z,¢;t,9)c(x, )K (x,C; s, t)ds
o

which are treated in the same manner as above and we get Lemma 4.2.
Using Lemma 4.2 we shall obtain the precise estimate of »¢7;:

A @y, t, ) ::(zﬂ)-UZJ“ e K (x, €5, t)dE (3.12) .

THEOREM 4.3. For every integers m, j = 0 the following inequality
holds:

2
(D2 a1, )] < CAP=miexp | =X =V

(x,y,t, ) eR X R X 4

(4.13)

where C and ¢ are positive constants depending only on m and j.

Proof. We can easily see that K,x,¢;t,t), m, j=0,1,..-,- are
entire functions in ¢,{ e C. Using Cauchy’s theorem and the inequality
(4.9), we find that



DEGENERATE PARABOLIC EQUATIONS 71

1) A @yt 8) = @R[ VK (@€ iy 8 e
3

is independent of 7, and hence, it coincides with the functions o#°; defined
in 3.12) for 0 <t <t<T. We have

DA (@, y, 8, ) = @) 3 (’”)
a=0 \ X

: J e (ie — pmeDK (2,6 + i3 4, t)dE, 0S¢ <t<T.
R¢

We shall analyse each term of the right side. Using (4.9) again we set

[, et ots — proeDik (@, & + ins t, )]
< oo [ (L Jg] 4 e e exp [—0,A8° + 2,4171d8
< Cre~=1 exp [3,A71] Leu + [EDm-i exp [—8,A£de
+ Che= @07 |ym=ile exp [5,A77] LE exp [—6,A8%ds

=I14+1I.
Take

4.15 =__*=Y z,y,t,tDeR X RX 4.
(415 17 25,4, t, V) @95 e B X R X

Then we obtain

2
I < ClAIre-12a4m) o [ —(x — Y ] .
= Gy Xp _———"452A

As for II we have

II < C’A~" exp [__ (x — y)2]< - y)m_j/a
46,A 26,A

= C'A"exp [ (x — ?/)2]< z—Y )m jlaA—I/Z(’m.——j/u)
45,A 20,A?

< (C Aif2e-120+m) exp [ (x _ y)z QED
= 50,A

§ 5. Construction of the fundamental solution.
As in the book [2], we give the following definition.
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DEFINITION 5.1. A fundamental solution of Pu =0 in R, X I is a
function I'(x, y, t, t') defined in R, X R, X 4 which satisfies the following
conditions:

(i) for fixed (y,t), I' is, as a function of (z,t) (xe R, 0S¢ <t D),

a solution of the equation Pu = 0;

(ii) it holds that

(6.1) lim| I'(z,y,t,t)eWdy = ¢(x), xeR,,

tit’ JRy
for every continuous function ¢(x) such that

(5.2) lp(x)| < const. exp [h2?] , h>0.

LEMMA 5.1. Let o(x) be a continuous function satisfying (5.2) with
some positive constant h. Then we have

(53) lim .%/‘0(.%', Y, t, t')SD(?/)d?/ = ¢(x) ) X e R.r ’

tit’ J Ry

(54) lim %j(x’ Y, t, t,)(P(y)d?/ =0,xe Rz ’ .? = 1; 2’ Tt
Ry

tit
Proof. We can easily see that

1

n o _(x"!/)2
fo(xry’tyt)—wmt —————-——].

|5

Then it follows that
Il Az, y,t,)dy = 1.
Thus we have
[ @t ey = o + [ i@, u,t, 006w ~ p@)dy

=o(x) + 1.

The integral I is divided into two parts: I, with |y — 2| < and I,
with |y — 2| = 6, and take ¢ such that |f(y) — f(®)| <e if |y — x| < 4.
Here ¢ is any fixed positive number, and ¢ is a fixed positive number
depending on ¢. If we use the estimate (4.13) we obtain

(5.5) [ t@utiasc osv<isr,
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where C is independent of ¢,t’. Similarly we see that
(5.6) fl @yt ) e 2he — 9y — 0 ¢t
Using (5.4) it follows that

.7 L) < ej @yt )] dE S Coe.

ly~x|

Using (5.6) and the inequality
(5.8) lo(y)| =< const. exp [2h(z — ¥)T,

where the constant depends on z, it is proved that I,— 0 as t| ¢ (for
each fixed xz). Hence [I,| <& if t — ¢’ is sufficiently small. Combining
this with (5.7) we get |I| £ (C + 1) if t — ¢ is sufficiently small. Since
¢ is arbitrary, (5.3) follows.

To prove (5.4), using the inequalities (4.13) and (5.8) we have, for
any fixed e R,

|[19 0,0, 0oty | = €47 [ 4= exp [L”A‘ﬂ]dy
< C'A(x, t, )% - 0 as tlt, 7=1,2,...,

Now we set
E, :gofj(x,y,t,t') . op=0,1,2,--. .
Then we have
P B, = 3@ —y,t — ) + @) [ e VLK, .85 t, )
=ox —y,t—-t)+ Flz,y,tt), §3, @) .
LEMMA 5.2. We have

(5.9) |F.(x,y, 1, t)] = CA=V*# exp [—““—Zi’ﬁ] . x=01,2..",

@,9,t,s)eR x R x 4,

where the constants C and c depend only on p.

Proof. 1f we substitute & by (=& 4 ipeC, then LK (x,{;¢,t) is
an entire function of {. By Lemma 4.2 we have
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|LK (2,85 8, 0)| = CQA + |§|+ pD*~*/* exp [ 3,48 + 6,A7T,

where the constants C, §, and 0, depend only on g Using Cauchy’s
theorem and setting y = (x — ¥)/2§,A(x,t,t) as in the proof of Theorem
4.3, we have the inequality (5.9).

We shall need the following lemmas.

LEMMA 5.3. (c¢f. [2], Ch. 1. Lemma 1.) Let f(x,y) be a continuous
function of (x,y) when x,y bury in a compact domain S of Ry X Ry and
x + 1y, and let

f If, )dy —0  as e—0,
S(x,s)

uniformly with respect to x in S, where S(x,¢) is the intersection of S
with the ball with center x and radius e. Then, for any bounded
measurable function g(y) in S, the (improper) integral

h(z) = L F (@, »o@)dy

s a continuous function in S.

LEMMA 5.4. Let f(x,t) be a measurable function in R x I, I, =
[T, T.], 0T, <T,£T, satisfying

5.10)  |f(z, 0| < const. exp [A2*] a.e. n R X I, for A< (T, — Ty)~°

where ¢ is chosen depending only on p.
Then

G.11) 6@, t) = ” E @0, t, ) f @, )dydt’ ,  p=0,1,2,---,
Told Ry

612 Tt = [ FeytOretwd, sz
Tod Ry

are continuous functions in R X I, and

(5.13) lim &(x,t) =0, zeR,.

tiTo

Furthermore, for 4= /2 we have the following equality in the distribu-
tion sense:

(5.14) PO(x,t) = flx,t) + U(x, ?) m B X (T, T) .
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Proof. We note that @(x,t) is called the volume potential of f with
respect to the parametrix E,. This is an improper integral, the integrand
having a singularity at ¥y = «, ¢ =t. However the singularity is in-
tegrable. Indeed, by Theorem 4.3, we have

(5.15) |E,(x,y,t,t)| < const. A~ exp [__Cﬂ_(x; Y )2] ,

Then we have
(" 1@t )y < const. o,

Hence the singularity is integrable.
If

: 6
(5-16) 1< T Ty
then 2 < (¢, — ¢)/A by the assumption (2.3), and the integral in (5.11)
exists.

The continuity of &(x,t) follows by breaking the y-integral into two
parts and treating each part separately. The continuity of the integral
corresponding to the unbounded part D, of R, (x is bounded away from
D)) follows by a standard theorem of calculus, whereas the continuity
of the integral corresponding to the bounded part D, of R, follows by
employing Lemma 5.3.

The continuity of J(x,%) is obtained similarly as above taking the
bound of 2 smaller than (5.16) if necessary. Indeed, we have by (5.9)

(5.17) |F, (&, yt, t)] < CLA™2 exp [~_°‘ﬂ(x_; ) ]

if 4 = 2¢ and the singularity is integrable as above.
Remembering that

E(x,y,t,th =0 t<¢t,

we have (5.13) by the same consideration as above.

It remains to prove the equality (5.14). By the property (i) of §3
it follows that if x = 2¢
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P, j j E(z, 9, t, )o(y, t)dydt’
Tod Ry
= oz, ) + j ’ j F (@, v, t, oy, t)dydt
Tod By

for any ¢(x,t) e Co(R X [T, T.]). By continuity this equality holds in
the distribution sense for any bounded measurable function ¢(x,t) with
compact support in R x I,. For f(x,t) as given in Lemma 5.4, we set

I PAC2% I ] I
f"(x’t)_{ 0 Zl>n, n=12---.
Then we find that

fn(xy t)-“’f(x’ t) ’

0,2, 1) = j ‘ j B2, 9, t, ) oy, t)dydt — B(z, 1) ,
Tod Ry

U, (2, 1) = j‘ J F(x, 9, t, ) fo(y, )dydt! — U, )
ToJ Ry

in the distribution sense as n— oo. Thus we obtain the equality (5.14)
and this completes the proof of Lemma 5.4.

Now applying the parametrix method (cf. [2], Ch. 9), we shall con-
struct the fundamental solution I" in the form

(518) P(xy Y, tr t,) = E,,(x’ Y, t’ t’) + jt ds j Eu(x! 2, t’ S)Q(Z, Y, S, tl)dz
¢ R,

when y = 3.

If @ is a function such that Lemma 5.4 can be applied to the
integral on the right hand side of (5.18), then I' satisfies the equation
PI' = 0 as a function of (z,t) (see (i) of Def. 5.1) if and only if

D(z,y,t,t)
(5.19) "
— _F(z,9,t,t) _j ds j F (2, t, 90, 4, s, )dz(t > t') .
t R
The following series is a formal solution of (5.19):
(5.20) D@y, t,t) = 3. Ou(@,y, 1, ),
m=1

where @, = F, and

(.21) Dz, ¥, t, t) = f dsj 0@, 2,1, 0 (2,0, 5, 8)de, m=2.
I R,
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Setting a, = %(ﬁ - 3), 4 = 30, we have by (5.9)
g

2
5.22 F,| < et — ¢)% ex F@@_—_@}
(5.22) B, £ et = ¢)nexp | =
where the constants ¢, and ¢, depend only on g. Thus F,= 9, is a
bounded function if px = 3o.
We shall prove by induction in m that

’@m+1(x’ Y, t! tl)' é CIA;n(t - t/)M(a#+l)"‘];_ eXp [M] ’
(5.23) m! t—1t)
0<A4,<e,.

Indeed, (5.22) implies (5.23) the case m = 0. Assume (5.23) for m = 0,
then we have

Dp,o| = CIAT [ ds (t — )% exp —c(x — 2) (8 — t/)maptn
m! Je s t

- exp [M]dz
s—t
< CfA{"(t . t/)apr (s — t')"‘(“/‘“)dsj exp [_ (¢, — AN — Z)Z]
m! ¢ Ry t—s
. exp [—A2( (@ — 2 + z—vr )]dz .
t—s s —t

We can easily see

min

s,t

(x — 2) @—y]_ (@—y)
[t—s + s—-t’]_ t—t

Thus we have

D 1n] < %(t — ). exp [_M] . It (s — t')m‘“"“)dsf
! T N N

- exp [— (e, — fﬂ(i — 2 ]dz

C,Are,CT"? (t — ) m+DautDd gxp [_ Ax — '!/)2] .
T (mlm@, + 1)+ 1) t—t

If we take A, = max (¢, ¢,CT"?), the proof of (5.23) is completed.
From (5.23) it follows that the series in (5.20) is convergent and
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that @ satisfies (5.19). Furthermore, from the estimates of @,, (m = 1)
we see that

(5.24) 0, ¥, )] S At — ¢, exp [~ AL=W']

where the constants A] and A, depend only on p. It is then clear that

Lemma 5.4 is applied to the integral on the right hand side of (5.18)

and thus I' satisfies the equation P, ['(x,y,t,t) =00t/ <t ).
The second property of fundamental solution, namely (5.1), follows

from Lemma 5.1 and the following estimate:

(5.25) f j dszzEﬂ(x, U, t, 80z, v, s, ¥)dz l < Ot — ) exp[—M],

t—1t

where the constants C, and C, depend only on p. We have (5.25) as
follows:

Ut ds Eﬂ@dz‘ < const. (t — t/)e~. r ds| (& — s)-"
I R, t R,

PP [" C/(tx S Lk _t,y)z] (Th. 4.3)
— 8 s —
< const. (t — /)% - exp [_ cons:- (xtl— y)2]
: Jt (t — 8)*aVdg | (x — 2)7 exp [ const. (x — 2)° ]dz
134 Ra t s

(1 2 ,< 1)
g
< Cy(t — t)e exp [——CZ(x - y)2] .
t—t
Thus we have obtained the following theorem.

THEOREM 5.5. There exists a fundamental solution I'(x,y, t,t) (given
in (5.18)) of Pu = 0 in R, X I satisfying the inequality:

(5.26) |, v,t,t)| < CA~ exp [—i@z‘—@] + Ot — e

c(x — y)z] ,

.eX pa—
o -

where
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A:Jt a(@, o)de a#:—;—<ﬁ—3>;yg3a,
.

ag

and the constants C,c,C’' and ¢’ depend only on p.

§ 6. Existence of solution.

THEOREM 6.1. (Existence) Let f(x,t) be a measurable function in
R x I and ¢(x) be a continuous function in R and assume that

2.8) |f(x, )| < Mexplka®’] ae in RXI,

(2.9) lp(@)| £ M exp [ka?] in R .

Then the function

6D @t =[[ 1@y 60700t + [ 6yt 0pwdy

18 a solution of the Cauchy problem (2.6), (2.7) in the strip 0 <t <t
where t, = min (T, %) and where ¢ is o constant depending on P, and

(6.2) |[u(z, )| < const. exp [k x?] rzeR, 0st,,

for some constant k'. The solution u(x,t) is in C*(R X (0,%,]) iof f(x, 1)
is in C*(R X I).

We prepare the following simple lemma whose proof is omitted.

LEMMA 6.2. For any positive numbers A and B with B < 1A, there
exists a positive constant C such that, for all x ¢ R,

(6.3) j exp [— Az — v)°] exp [Byldy < CA-' exp [%sz] .
Ry

Proof of Theorem 6.1. First we consider the function
6.4) w(@, t) = I:f T@,y,t, )/, t)dydt .
By (5.18), decompose u,(z,t) into two parts;
w(@, ) = mR B (@, v, t, ) [y, )dydt’
[ '] B2t 900, 0,5, t)azds| 1w, ravar

=I+1I.



80 TADATO MATSUZAWA

By Lemma 5.4 we are given
13
(6.5) Pod = f@t + || Feut 005 dyat

in a strip 0 <t <t. And by using the estimates (5.10), (5.15) and
Lemma 6.2 we have

(6.6) |I| < const. exp [const. 27] , ostst.

Next we analyse the integral II. Define &(x,y,t,t') = 0 for t < t'. Then
after changing the order of integration the integral II can be written
in the form:

= j B (2,2 t,5) U‘j Oz, y, s, )1, t’)dydt’]dzds :
o) B; o) &y
By Lemma 6.2 and by the estimate (5.23) we have

6.7

” 0,9, 5, ) (W, t’)dydt'\ < C, exp [C,2]
o) By

in a strip 0 <s <{,.

Thus by Lemma 5.4, the integral II has a meaning in some strip 0 =<
t < t,; in fact this is a continuous function in the strip 0t < ¢, by
the same reasoning as in the proof of Lemma 5.4, and we have the
following equality in the distribution sense:

P, II = j j O, y, t, t) S, t)dydt
o) By

6.8) + J:IRyF,,(x, 2,1,9) Uﬁ f &5 1/, t’)dydt] deds
o<t <y, t, = min (¢, &, t,) .
Furthermore, by (56.22) and by using Lemma 6.2 again, we have
6.9) |II] £ const. exp [const. 2] ostst,.
Summing up the above considerations we have
(6.10) P, u(x,t) = f(z,t) in B x (0,¢t),
(6.11) |u,(x, t)] < const. exp [const. 2] in R x [0,¢,].
By (5.26) and by the similar way to the proof of Lemma 5.4 we have
(6.12) lllgl u(x,t) =0.
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Now we consider the function
6.13) w(e, ) = [ It 00wy

By using Lemma 6.2, we have
(6.14) |uy(z, t)| < const. exp [const. x?]

in some strip 0 <t<t. By the properties of fundamental solution
derived in §5, we can easily see that u,(x,t) is a continuous function
in the strip 0 <t < t, and

(6.15) lim u,(x, t) = o(x) xeR.
ti0

Furthermore, we can easily see that u,(x,t) satisfies the equation
(6.16) Pu,(x,t) =0 in B X (0,¢)

in the distribution sense, hence in the usual sense by virtue of hypo-
ellipticity of P. Combining (6.10), (6.12), (6.16) and (6.15) it follows
that u(x,t) defined in (6.1) is a solution of the Cauchy problem (2.6),
2.7 in a strip 0t < ¢t, t, = min(f,,¢). We note that the constants
t;, 1 <j <5, are chosen in the form min {T, C}/k} where C¥ is a con-
stant depending on P (and p) so the same is true for ¢,

Finally, by the hypoellipticity of P we have u(x,t) e C* (R X (0, t,])
if f(x,)eC~(R X I). In this case, we have u(x,t)eC(R X [0,%]) N
C=(R x (0, ). Q.E.D.

§7. Uniqueness of solution. As stated in the introduction we shall
follow the method of [1]. Let 2 be an open finite interval in R, =
{£; —0o <2< o0}, We set Q=2x0,7), 9,Q=1{2 xI[0,T]}U
{2 X (t=0)} and § = Q/3,9.

THEOREM 7.1. (Maximum principle.) Let P be the parabolic operator
given in §2. Let w(x,t) be a real valued function in C%4(Q) N C(Q)
satisfying

P.<0 in@,
=<0 on 9,Q .

Then we have w(x,t) <0 in Q.
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Proof. (a) The case c(z,t) > 0 in Q. Assume that there were a
point (x,, t,) e @ such that

max u = u(xy, t,) > 0.
¢

Then the following must hold at (x,,t,):

a_“zo, i’%go, cu>0.
ox ot

And then

o
ox?

Pty 1 = %%(xo, t) — alite, 10 4 ey, t)uly, ) > 0 ,

which is a contradiction.
() If e(x,t) = —y in @ for some y > 0, we can reduce to the case
c(z,t) > 0. Setting u(x,?) = e”*v with any y’ larger than y, we have

Pv+7v=0 in Q,
<0 on 9,Q ,
oz, t) +¢ >0 in @,

from which our assertion follows immediately.

COROLLARY 7.2. Let u(x,t) be a real valued function in Ci’}t(Q) n
C(Q) satisfying

Pyu=0 in Q,
u=20 on 9,Q .

Then w(z,t) =0 in Q.

THEOREM 7.8. (cf. [1], Theorem 1.) Let u(x,t) be a complex valued
function in C%,(R x (0,T) N C(R x [0,T]) satisfying

(7.1 Pu=0 in R x (0,77,

(7.2) wx,0) =0 on R,

(7.3) lu(z,t)] < Mexp [k(z* + 1)] in R X [0,T], M,k>0.
Then we have w(x,t) =0 in B x [0, T].

Proof. We can easily see that it is sufficient to prove the theorem
in the case where u(x,?) is a real value function.
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We set v = exp [2ke’®(x? 4+ 1)] with 6 > 0 determined later. Then
we have

Py = 4ke®0(x* + 1) — 16k x?a(x, t) + 4ke’ (a(x, t) + xb(x,)) + c(x,t)
v

= 4dke’(x® + 1)@ — Cike’* — Cy)
= 4ke’(x* + 1) — Cke — C) , 0gt=61,

where the constants C, and C, depend only on ngaf (alz, t)| + |0(x, O] +
le(x, ). If we put § = 2H, H = C\ke + C,, then Xwe have

Py>0 in R x[0,H].
Next, for any p > 0, we set

w = u — Mexp [2ke"(x* + 1) — k(p* + D]
in (z|<p) X[0,H']1=Q,.

Then we have
Pw=Pu—Mexp[—k(*+ DPv <0 in @, wt) <0 on 3,Q.

By Theorem 7.1, we have w(x,t) < 0 in —Q,. For any point (z*,t*) e R
x [0, H'], we have (x*,t*) ¢ Q, if we take p sufficiently large, and hence
we have w(x*,t*) < 0. Thus we have

w(x*, t¥) < Mexp [—k(o* + Dlv(x*, t¥) .

Since p is arbitrary and the right hand side tends to zero as p— oo,
we have

u(z, t) < 0 in R x[0,H-'].
Iterating this procedure finitely many times, we obtain

w(xe,t) <0 in R x[0,7).
Similarly we have

uw(x,t) = 0 in R X [0,T].
Q.E.D.

Theorem 2.1 has now been proved combining Theorem 6.1 and
Theorem 7.3.
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