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A NOTE ON LOCAL DENSITIES OF QUADRATIC FORMS

YOSHIYUKI KITAOKA

Let L, M be regular quadratic lattices over Zv. The local density
ap(L, M) is an important invariant in the theory of representation of
quadratic forms and they appear naturally in Fourier coefficients of
Eisenstein series. In spite of the importance we knew little except the
case when either L = M or rk L = 1 and M is unimodular. Evaluating
them is a laborious task. Recently M. Ozeki gave an formula of local
densities ap(L, M), where rk L = 2, M is unimodular and p Φ 2, by cal-
culating generalized Gauss sums. Here we give a general induction
formula and a simpler proof of his results as an application and interest-
ing relations which are not referred in [4], [5].

For a prime p, we denote by Qp, Zp the p-adic completion of the
rational number field Q, the rational integer ring Z respectively.

Let G = GLn(Qp) Π Mn(Zp), U = GLn(Zp). By Hn(Qp) we denote the

vector space over Q consisting of all formal finite linear combinations
with coefficients in Q of the double cosets UgU, ge G. Let g,heG and
UgU = Ug1 U U Ugs, UhU = Uh, U U Uht be left cosets decomposi-
tions of UgU, UhU respectively. For every keG, the number μ(UkU;
UgU, UhU) of pairs (ί,j) such that Uk = Ugjij is determined uniquely
by UgU, UhU and UkU. Then we define the product UgU-UhU by
ΣukUμ(UkU; UgU, UhU) UkU ( = Σi,jUgihj formal ly) . L e t X(rί9. ,rn)

denote the matrix where rl9 , rn are integers with rx >

\ o ' W
> rn. Put

πo= UX(0, • .-,0)17

JΓ, = UX(l,0, •• ,0)U

π2= UX(l,l,0, ;0)U

π'n=UX(l,. .,ΐ)U,
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and T(k) = Σ r i + . . . + r κ = , Ux(ru , rn)U for k > 0 and T(k) = 0 for k < 0.

Then we know, [10], the following

THEOREM. Hn(Qp) is a commutative ring and

Σ ( - l j y ^ - ^ Γ ί f e - h)πh = 0 for k>l.

Applying this, we give an induction formula of local densities.

Let S be the set of non-singular symmetric n X n matrices over Qp.

For S19 S2e S we define an equivalence relation S1 ~ S2 by Sj = lTS2T

for some TeU. By ^(n) we denote the vector space over Q spanned

by [S], S e S, where [S] stands for the equivalence class containing S.

Let g be an element of G and UgU = C/̂ Ί U U Ugs a left cosets de-

composition. Then we define the action of UgU by

[T] I UgU = p(orf,<**,))(»+!-») 2] [fcr'Z&r1! for Γ e S ,
i

where m is a fixed integer. It is easy to see that this is well-defined.

LEMMA 1. Let g, h be elements of G. Then we have

([T] I UgU)\UhU = [T]\(UgU. UhU) for TeS.

Proof. Let UgU = Ugί U U Ugt9 UhU = Uhλ U U Uht. Then

we have

([T] I UgU) \ UhU = p{Oΐά» ^tg))(n+i-m) 2] ['g^1!^:1] I UhU
i

_ p(ordp(det^Λ))(n + l-TO) V^ ltfo-1 tg71'J1g71fi-:1]

= [T]\(UhU UgU) = m|(Γfei7.l7λί7) .

Thus we get a homomorphism from Hn(Qp) to End(j£?(τι)) and the

above theorem implies

LEMMA 2. For TeS we have

- A)τrA = 0 for k>l.

Let S be a non-singular symmetric m X m matrix and even, that is,

entries of S are in Zp and diagonals are in 2ZP. Suppose m>n. For

TeS f] Mn(Zp) we put

AP<(T, S) = %{XeMm>n(ZPl(p>)) \ `XSX =
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Then 2-δm'n(pt)n^n+ί)/2-mnApt(T, S) is independent of t if t is sufficiently large

and we denote the value by ap(T, S) (δm>n is the Kronecker's delta).

Let N = Zp[uu - -, un], M = Zp[vu , vm] be lattices over Zp with r k N

= n, rk M = m respectively. We define inner products ( , ) by ((uu Uj))

= T, ((vi9 Vj)) = S. We denote by Cpt(T, S)

(ux, ux) = (x, x) mod 2pιZv for x e N and u
u: N-> M/ptM^

induces an injective mapping from N/pN to M/pM

and by dp(T, S) 2-δn mpnorάPάets x (ps)n^n+1)/2-mnCpS(T, S) where s is any

natural number such that pt``S'1 is even and M# is the dual lattice of

M. Then the following is proved in [1].

LEMMA 3. Keeping the above, we have

CXp\l , iθ) — Δ `* 2_i P Up\ & •*& 9 &/
U\UGUBg

We define linear mappings d, α from J2?(n) to Q by d([Γ]) = 2nδ2-'^(Γ, S),

α:([T]) = ap(T, S). Then Lemma 3 means

a([T]) = Σ <2([7Ί I f ^ ^ ) = Σ d([T] I Γ(A))
UgUeUGU k=Q

(for sufficiently large A, d([T] | T{k)) = 0).

THEOREM 1. Let T{n), S{m) (m > ή) be even non-singular symmetric

matrices. Then we have

2nδ*>*dp(T, S) = Σ (-l)^^*- 1 ^*^"* 1 -") Σ ct£g-χTg-\ S) .
h=0 U\πh3g

Proof. Lemmas 2, 3 yield

= Σ(-V>hPHh~1)/2Σd([T]\πhT(i - h))

( n \

/ i \ •»•//' L-*- J 1 ^Λ,-4 V̂  n ) )
h=0 /

= d([T]) . Q.E.D.

Hereafter we assume that p is an odd prime and n = 2. Let

-? 1 )Ϊ7 = Z7gΊ U U C/^ be a left cosets decomposition of t/ ί^ 1 )Z7.

Then C/ί-? ^ )!7 — pg^U U ••• U pg7λU is a right cosets decomposition

and we can take {gt} as {gΐ1} = l( jp Λ, ί Q y \ a modpl. Put
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If a ^ 0 mod/?, a% < a2, then

τ\(l α/p\Ί / £ l p^" 2 0 \

L\o l/p/J V o e ϊ P« /'

If a =£ 0 modp, α2^ + ε2 ^ 0 modp and at = α2, then

0 εiε2p
a`/VO l/p/J V V 0

If a ^ 0 modp, α2εj + ε2 = 0 modp and ax — az, then

LVO l/p/J V 0 eiejjβι-V

Applying Theorem 1 and writing as α ^ p 0 1 , ε2p
α% S) instead of av(T, S),

we have the following:

if 0 < αt < α2, then

α,(Γ, S) = dp(Γ, S) +/34-mαP(ε1p
o'-2, ε2p*% S) +J33-map(£l jp

aS ε2p
α-2, S)

- p`->map(ειP*`-\ εj)"-1, S) .

if 0 < αj = α2, then

αp(Γ, S) = dp(T, S) + p -αpίej)'-*, ε2p
a\ S) + &-~at{6j>'», εiP^'\ S)

+ P

3-m Σ ccp((a\ + ε2)p
α>-2, (α2

εi + ε2)εΆp
a\ S)

a modp
(2 + )^0

+ Zί-e^KCp^-1, ε^p^"1, S)

where Z is the quadratic residue symbol defined modulo p.

THEOREM 2. Let εί9 ε2 be p-adίc units in Zp and 0 < a1 < a2 (at e Z)

and S a unimodular symmetric m x m matrix in Mm(Zp). Suppose that

m > 2 and p is an odd prime. Let

χ(S) = X((-l)m / 2detS) or X((-iym~wdet8)

according to 2\m or 2\m where 1 is the quadratic residue symbol defined

modulo p.

Put
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βla, b) = (1 -

X

we have, for

τ = (εiPaι 0 \
V 0 ε2p

a>) '

(1) if m = 0 mod 2, α, + α2 = 0 mod 2, then

ap(T, S) = ^(α,, α, + α2) +pc-»)(«i+-)/«(i

x (l + χ(S)χ(-£lε2)p]-»/2; α i

(2) if ?ΠΞΞO mod 2, α, + α2 = 1 mod 2,

α,(Γ, S) = βjμlt α, + α, + 1) ,

(3) if m Ξ 1 mod 2, α, Ξ α, Ξ 1 mod 2,

α,(Γ, S) = Xi-s^htflu α2)

(4) if m = 1 mod 2, αx = 1, α2 = 0 mod 2,

α p(Γ, S) - X(S)X(e^(a19 α2)

(5) if m = 1 mod 2, αx = 0, a2 = l mod 2,

α p(Γ, S) = X(S)X(εdβ1(aί - 1, α2 + 1)

(6) if m = 1 mod 2, αj = α2 =• 0 mod 2, then

ap{T, S) = pv-wβfa - 1, α2) + (1 - ^ - "

Proof. First we note that if JV is a unimodular quadratic lattice and

L, M are quadratic lattices with integral scale, then ap(N J_ L, JV _j_ M)

= arp(iV; iVj_ M)ap(L, M). If, hence, αj = 0, then
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a,(T, S) = ap(ei, S)ap{ε2p*\ S,) where S ~ ( 6 l ) ,

and the theorem follows from Hilfssatz 16 in [7]. It is easy to prove the

theorem by the induction on ax + α2 in each case, using the induction

formula before the theorem and dp(T, S) = (1 - X(S)p-m/2)(l -p 2 ' 7 7 1 )-

(1 + X(S)p2~m/2) (resp. (1 - p3"m)(l - p1-™)) for 2\m (resp. 2\m\ 1 < a, < α2.

THEOREM 3. Lei S be a unimodular symmetric m X m matrix (m > 3)

and p Φ 2

Then we have

«v^Pai+\ *&****> S) - p4-map(είP

a\ ε2p
a% S)

= αp(eiPβl, ε2P
α2+4, S) - p'-``a&j)**-2, ε2p

a*+\ S)

for 2<a,< α2, εt e Z* .

J/ m is ei eλz, ί/ien w β have a detailed relation:

ccp(ειp
a` + 1, e2p*>+\ S) - X(S)p2-m'2ap(εlP

a\ ε2p
a>, S)

= ^pfe, ε2p
αi+α2+2, S) for 0 < Oi < α2, ε, e ZJ .

Proof This follows immediately from Theorem 2.

Remark. By the Siegel formula relations in Theorem 3 imply rela-

tions among Fourier coefficients of Eisenstein series of degree 2. Especially

detailed relations for even m and X(S) = 1 are equivalent to Resnikoff-

Saldana-Maass relations. We note that ap(εT, S) = ap(T, S) (ε e Z*) if S(m>

is unimodular and m is even, because we have S — εS in this case.

Remark. We conjecture that the first relations in Theorem 3 hold

for any regular symmetric matrix S with 2 + s ^ a1 < a2 where s is the

smallest integer such that p'S'1 is integral. This is the case for any

binary matrix S, evaluating densities by reduction formulas. Note that

if n = m, then p-^d^ιτ^S]-^/2ap(T, S)/ap(S9 S) is the number of quadratic

lattices corresponding to S which contain a fixed lattice corresponding

to T (rk T = 72, rk S = m).

Theorem 1 is not so useful to evaluate local densities in general.

At first the author got Theorem 2 in another way. (The formulas in [4]

were not correct.) But at any rate Theorem 1 suggests that there are
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many relations among local densities since dp(T, S) is constant if T =

0 modp* such that p8'^-1 is even.

We can evaluate local densities for n = 3 by using Theorem 1. But

formulas are complicated. We give them for n = 3, m = 3,4.

Let p be an odd prime and S (rk S — m) a symmetric unimodular

matrix. Put

lε>paι \

where et e Z*, 0 ^ at ^ α2 ̂  α3.

1) Case o/ m = 3.

It is obvious that a^Tie.p"1, ε2p
a% ε3p

aή, S) = 0 unless Z(e1e2s3|S|) = 1

and θ! + α2 + α3 ΞΞ 0 mod 2. Suppose that Z(ε1ε2e31 S[) = 1 and a{ -\- a2 + a3

= 0 mod 2. Then we have

aJίTiεφ*1, ε2p
α% εzp

aή, S) = p(a`+a*+a*)/2-ap(S, S)

(1 + χ(-e i e a))

0£k£ai/2-lJ

if 2|α1 ; 2|α2 ,

if 2|α, .

2) Case of m = 4.

The value a p(T(£ lp% ε2p% SsP"8), S)(l - χ(S)p-2)-`(l - p-2)-1 is equal to

Σ2.1) ( Σ

+ 2( Σ W ) Σ

+ Σ ( Σ ^

2.2) (1 + %(-ε2ε3))( Σ X(S)k) Σ P

2.3) ( Σ

i f 2 | a 1 ) 2 | a 2 > 2 | a 3 ,

if 2\au 2|a2, 2|a, ,

Γl + X(-ε2ε3) if 2|o l f 2|a2 ) 2|a3 ,

' )P \l + χ(-ε2ε3)Z(S) if 2|a,, 2|a2, 2|a3 ,

Σ
%(-εiε2)Z(S))(

O
Σ
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if 2|α,,2|α 2, 2^α3,

i f 2J(a19 2J(a2, 2 | α 8 ,

f 1 + Xi-ε&MS) if 21 α1? 2|α2, 21 α, ,

<wli o J i ; P [1 + X ( ) if 2^α1? 2 |α 2,

Hence we see that

lP^\ ε2p^\ ε3p
α3+2), S) - p2ap(T(εlP*\ ε2p

a\ ε,paή, S)

+ χ(S)pap(T(είy ej)a^+% e 3pα i + α 3 + 2), S) if 21 a, ,

, ε 2pα i + α 2 + 3, ε 3pα i + α 3 + 3), S) if 2 ^ .
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