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A NOTE ON LOCAL DENSITIES OF QUADRATIC FORMS
YOSHIYUKI KITAOKA

Let L, M be regular quadratic lattices over Z,. The local density
a(L, M) is an important invariant in the theory of representation of
quadratic forms and they appear naturally in Fourier coefficients of
Eisenstein series. In spite of the importance we knew little except the
case when either L = M or vk L = 1 and M is unimodular. Evaluating
them is a laborious task. Recently M. Ozeki gave an formula of local
densities «,(L, M), where rk L = 2, M is unimodular and p + 2, by cal-
culating generalized Gauss sums. Here we give a general induction
formula and a simpler proof of his results as an application and interest-
ing relations which are not referred in [4], [5].

For a prime p, we denote by @,, Z, the p-adic completion of the
rational number field @, the rational integer ring Z respectively.

Let G = GL,(Q,) N M(Z,), U= GL,(Z,). By H,(Q, we denote the
vector space over @ consisting of all formal finite linear combinations
with coefficients in @ of the double cosets UgU, ge G. Let g,he G and
UgU=Ug U -.-U Ug, UhU = Uh, U --- U Uh, be left cosets decomposi-
tions of UgU, UhU respectively. For every ke G, the number (UkrU;
UgU, UhU) of pairs (i, j) such that Uk = Ug,h, is determined uniquely
by UgU, UhRU and UkRU. Then we define the product UgU.-UrU by
> v (URU; UgU, URU) URU (=3, Ugh; formally). Let x2(r,---,r,)

" 0
denote the matrix ( ' ) where r, - - -, r, are integers with r, > ...
0 ’ an
>r, Put
7, = Ux0, ---,0U
r, = Ux1,0,...,00U
r, = Ux1,1,0,.---,00U

Ty = UX(I’ ] 1)U’
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and T(R) = > rveeras UX(ry -+, 7 )U for £ >0 and T(k) =0 for £ <0.
720

Then we know, [10], the following

THEOREM. H,(Q,) is a commutative ring and
ST(—1)pr Tk — hyw, =0 for k> 1.
h=0

Applying this, we give an induction formula of local densities.

Let S be the set of non-singular symmetric n X n matrices over Q,.
For S, S,eS we define an equivalence relation S, ~ S, by S, ='TS,T
for some T'e U. By #(n) we denote the vector space over @ spanned
by [S], Seg, where [S] stands for the equivalence class containing S.
Let g be an element of G and UgU = Ug, U --- U Ug, a left cosets de-
composition. Then we define the action of UgU by

[T]| UgU = p©rds @t neusi-m Z g Tg: ] for Te § ,

where m is a fixed integer. It is easy to see that this is well-defined.
LEmma 1. Let g, h be elements of G. Then we have
({11 UgU)|URU = [T1|(UgU-URU) for TeS.

Proof. Let UgU = Ug, U --- U Ug, UhU = Uh, U --- U Uh,. Then
we have

([T] ‘ UgU){ UhU = p(ordp (det g))(n+1-m) Z [‘gfngi—l] | ULU
— p(ordp (det gh))(n+1-m) Z [th;lt fng{Ih}l]
%
= [T]|(UU- UgU) = [T]|(UgU-URU)..

Thus we get a homomorphism from H,(Q,) to End(#(n)) and the
above theorem implies

LEmMMA 2. For TeS we have

M=

(=1)p**=-v2[T| T(k — h)r, =0 for R >1.

]

h=0

Let S be a non-singular symmetric m X m matrix and even, that is,
entries of S are in Z, and diagonals are in 2Z,. Suppose m > n. For
TeS N MJ(Z,) we put

AT, S) = #{X e M, (Z,/(p9))|'XSX = T'mod p'} .



QUADRATIC FORMS 147

Then 2-me(pH)+hr2-mn A (T, S) is independent of ¢ if ¢ is sufficiently large
and we denote the value by «,(T,S) (6, . is the Kronecker’s delta).
Let N=Z,[u, ---,u,], M= Z,)v, ---,v,] be lattices over Z, with rk N
= n, rk M = m respectively. We define inner products (,) by ((u,, u,))
=T, (v, v,) =S. We denote by C,«(T, S)

ﬁ{u: N — Mjp* M?

(ux, ux) = (x, x) mod 2p’Z, for xe N and u
induces an injective mapping from N/pN to M[pM
and by dp(T’ S) 2—3n,mpnordpdets X (ps)n(nn)/z—mncps(z S) where s iS any

natural number such that p*-'S-!' is even and M* is the dual lattice of
M. Then the following is proved in [1].

LemmA 3. Keeping the above, we have

(xp(T', S) — 27202,1; Z p(ordp (detg))(n+l—m)dp<tg——ng-1, S) .

U\UGU 3¢

We define linear mappings d, « from #(n) to Q by d([T']) = 2"=2d (T, S),
a([T]) = a,(T, S). Then Lemma 3 means

olTD = > d(T1|UgU) = 3 d(T1|T(A)

(for sufficiently large &, d([T]|T'(k)) = 0).

THEOREM 1. Let T™, S™ (m > n) be even non-singular symmetric
matrices. Then we have

2n52,pdp(T, S) — i (_1)hph(h—1)/2+h(n+1-m) Z ap(cg—ng—l, S) .

h=0 U\rpn3g

Proof. Lemmas 2, 3 yield
o 35, (~ 1P AT |, ) = 33 (=1)'p"* " T d(IT] |, TG — )
h=0 h=0 120

=2 d(i (—=1)rp =92 T] |z, TG — h))

120 h=0
=d(T) . Q.E.D.
Hereafter we assume that p is an odd prime and n =2 Let

U(I(; (1)>U = Ug, U --- U Ug, be a left cosets decomposition of U(IS g) U.

Then U (18 (1))U== pgitUU -+ U pg:tU is a right cosets decomposition

and we can take {g;} as {g;'} = {(1(41) g), (% ‘ﬁg ) a mod p}. Put
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T:(el(l;n ;)a>, geZy, 0<a,<a,.
&P™

If ¢ =0 modp, a, <a, then

(4] Ry G

If a 5 0 modp, a%, + ¢ 2 0 modp and a, = a,, then

(O B G

If ¢ =0 modp, a%, 4+ ¢ =0 modp and @, = «,, then

(0] Bl AR

0 1/p 0 eepat/’

Applying Theorem 1 and writing as a,(s,p™, &,p®, S) instead of «, (T, S),
we have the following:

if 0 < a, < a,, then
“p(T» S) = dp(T) S) + p4—map(51pal_2’ ezpa2: S) + p3—map(61pa,1, ezpag—z, S)
— D" ay(ep™ 7, 0™, S)
if 0 < a, = a,, then

a (T, S) = d (T, S) + p* "a,(e,p™ % &,p™, S) + P> "a,(e,0™, &,0" % S)
+ pa—m ZEl ap((azel + ez)pal-Z’ ((1261 + 62)518219“’, S)

a mod p
a(a?er+e2) %0(p)

+ pa_m(l + x(“‘5152))ap(pa1_1, 5152pa1_1’ S)

- p"_zmap(elpal_?; &p™ % S),

where X is the quadratic residue symbol defined modulo p.
THEOREM 2. Let ¢, ¢, be p-adic units in Z, and 0< a, < a, (a,€Z)

and S a unimodular symmetric m X m matrix in M,(Z,). Suppose that
m > 2 and p is an odd prime. Let

1(S) = x(—D)= det S) or A(—1)™-9%2det S)

according to 2|m or 2/m where X is the quadratic residue symbol defined
modulo p.
Put
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A, B) = (L= ASp~"A)(1 = p")(1 — p=)
x (S Spery — pe-men 5 @Sy
k=0 k=0
‘Bl(a, b) =pa/2+(3—m)b/2+1-m/2(1 . pl—m)(l ___p(z—m)(an)/z)(l . pz—m)—-l .

Then we have, for

T = (6:1"“ 0 )
0 e&p* ’

1) if m=0mod2, a, + a, =0 mod 2, then
ap(T, S) = pa,, a, + a,) + pe-m@+ @1 — 1(S)p~")
X (L + USU—ee)p' ™) 32 (US)p™)
@) if m=0mod2, a, + a, =1 mod 2, then
a)(T, S) = Bfa, a; + a, + 1),
B) if m=1mod2, a, =a,=1 mod?2, then

“p(Ty S) = X(_‘elez),81(an az)
+ (1 . pl—m)(l _ p(4—7n)(a1+1)/2)(1 _ p4—m)—l ,

@ ifm=1mod2, a, =1, ¢, =0 mod2, then

ap(T’ S) = X(S)X(ez)ﬁl(ab az)
+ (1 ._pl—M)(l _.p<4—m><a1+1>/2)(1 ___p4—m)—1 ,

B) if m=1mod2, a,=0, a¢, =1 mod 2, then

Olp(T, S) = X(S)x(5x).31(ax —1La,+ 1)
(L= P — pU (L — piey

+ UL — pim) S (S
k=0
®6) if m=1mod2, a, =a, =0 mod2, then
a)(T, S) = p® ™"p(a, — 1, @) + (L — p'"")(1 — p-™a)(1 — p*-™)~!
+ UL — p ) S (St T"
k=0
Proof. First we note that if N is a unimodular quadratic lattice and

L, M are quadratic lattices with integral scale, then «,(N | L, N | M)
= a,(N, N | M)a,(L, M). If, hence, a, = 0, then
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ay(T, ) = ay(e, Sharyep™, ) where S ~ (* o)
1

and the theorem follows from Hilfssatz 16 in [7]. It is easy to prove the
theorem by the induction on @, + a, in each case, using the induction
formula before the theorem and d,(7,S) =@ — 1(S)pr-"*(1A — p* ™).
@ + 26S)p*~™") (resp. (1 — p*~™)(1 — p'~™)) for 2|m (resp. 2/m), 1 < a, < a,.

TuEOREM 3. Let S be a unimodular symmetric m X m matrix (m > 3)
and p + 2 put

ap((elpal a )’ S) = ap(elpal, 52pa2, S) .
&D*

Then we have

a?(elpal+2) ezpa2+2, S) - p4—map(€1pal, D", S)
= Otp(elpal’ ezpa2+4’ S) _p4—map(elpa,-2, 52pa2+2, S)
fOI‘ 2<a,<a, 5;‘621),( .

If m is even, then we have a detailed relation:

“p(elpa1+l, &p™*, S) — X(S)pz_mﬂ“p(elpm: 0%, S)
= Ofp(eh &,p™**%, S) for 0<a,<a, ¢¢ zy.

Proof. This follows immediately from Theorem 2.

Remark. By the Siegel formula relations in Theorem 3 imply rela-
tions among Fourier coefficients of Eisenstein series of degree 2. Especially
detailed relations for even m and %(S) = 1 are equivalent to Resnikoff-
Saldafia-Maass relations. We note that a,(¢T, S) = a,(T, S) (c € Z}) if S™
is unimodular and m is even, because we have S ~ ¢S in this case.

Remark. We conjecture that the first relations in Theorem 3 hold
for any regular symmetric matrix S with 2 + s < a, < @, where s is the
smallest integer such that p*S-' is integral. This is the case for any
binary matrix S, evaluating densities by reduction formulas. Note that
if n = m, then p-C% (TIsI=N2y (T S)/a,(S, S) is the number of quadratic
lattices corresponding to S which contain a fixed lattice corresponding
to T ¢k T =n, rk S = m).

Theorem 1 is not so useful to evaluate local densities in general.
At first the author got Theorem 2 in another way. (The formulas in [4]
were not correct.) But at any rate Theorem 1 suggests that there are
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many relations among local densities since d,(T, S) is constant if 7T =
0 mod p°* such that p*-'S-! is even.

We can evaluate local densities for n = 3 by using Theorem 1. But
formulas are complicated. We give them for n = 3, m = 3, 4.

Let p be an odd prime and S (tk S = m) a symmetric unimodular
matrix. Put

& p™
T(elpal, &0, £,D%) = &p* s
&p"

where ¢;€ Z;, 0 < a, < a, < a,.

1) Case of m = 3.

It is obvious that «,(T'(e,p™, &,p*, e;p*), S) = 0 unless X(ee|S)) =1
and @, + @, + a@; = 0 mod 2. Suppose that X(ee.e;(S)) = 1 and a, + a, + a,
=0 mod 2. Then we have

“p(T(Elpal, &D%, &p®), S) = preutw/, a‘p(s; S)
1+ X(—ee) p* if 2fay, 2|a, ,

0sks(a1-1)/2

1+ x(—ess,) > p* if 24a,, 24a, ,

0sk<(a1-1)/2

X
(2 + A(—epey) — X(“ezes)aﬂl)o Z p*

sk=ai/2-1

+ 30 U —eey)t-p if 2|q, .

0<k=az—a;

2) Case of m = 4.
The value a,(T(e,p™, e,p*, &;0%), SY(1 — 2(S)p~5)-'(1 — p~% ! is equal to

21) (X X(S)k)(OSkZ (U — e,e)U(S))F)pter+ e

0sk=a1 <k=az-az
+2( 3«8y > p
0sksar a1 js(a1+az)/2-1
2 if 2|a,, 2|a,, 2]a,,
X(S)*p?
+ ogjgl—l (osfcz‘;f ()¥p {1 + X(S) if 24a,, 2/a,, 2|a, ,

2.2) 1+ x(—ezea)xo > 1x(S)’°) 2 p’

<k=a a1+1=js(a1+az2-1)/2
1 + X(—epey) if 2|a,, 24a,, 24a,,

+ 23 (23 1(S)Hp’ {1 + U —egU(S)  if 2}a, 2|a, 2|a,,

0721 0Sk=j

2.3) ( X(S)k)(o Z (X(_ElEZ)X(S))k)p(alﬂzg)/z

0sk=ai <k=az-az

+ (14 t(—ee)t(SN( 2 US)) 2, p

Sk=ai a1 js(ar+az2)/2-1
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1 4+ X(—ee)x(S) if 2|a,, 2|a,, 2/a, ,
1 4 X(—eey) if 24a,, 24a,, 2|a, ,

L+ e SN T HS) > p

asjs(ar+az-1)/2
1 4 X(—e)X(S) if 2|a,, 2/a,, 2|a, ,
1 4+ X(—ee) if 24a,, 2|a,, 24a, .

+ox o« x(S)'opf{

Osjsa1-1 0sks=j

+ 25 (> u(S)y)p!

0sjsa1-1 0sk=sj

Hence we see that

ap(T(sxpa”zs 6D, 5apa3+2)s S) - pzap(T(expal, &b*, Espas)’ S)

[1]
[z1]
[3]
[4]
[5]
[e]l
[71
[8]
[9]
[10]

a (T (e;, 0%+ %%, gp®* ), S)
= + X(S)pa,(T(e;, e,p™* =+ ep»*©*?), S)  if 2|a,,
a’p(T(exp, &PUT NS, &0+, S) if 2*(11 .
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