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1. Let 2 be a bounded domain in R™ with coordinates x = (x,, - - -, x,,)
such that £ contains the origin. We consider the elliptic operators

(1.1 L= > a®(o,0.,, k=12---,m,

%,j=1

where a¥’ are real valued and in C*®2). And we assume that there are
positive constants ¢, ¢, with nc, — 2¢, < (n — 1)-¢, such that for any xe¢
) and any &e¢ R"

1.2) 31 aP@EE = o|&F,  0<aP(® <c,.
J=

i 1

Obviously ¢, < ¢;.
In this article we consider the solutions {u,} of the elliptic differential
inequalities in 0

(13)  Lay < 30, b8®o.u + 2 @y, k=12, m.
£=1 i=1 £=1
Here all coefficients are real valued and

bP e C'(Q), P eLi(9Q).

The assumption on c¢® will be weakened later (see Remark 1 in the final
section).

Let F be a compact subset of £ such that the n-dimensional measure
of F is not zero and

(1.4) I [dis (x, F)]*-*-*dx < oo®
Q-F

for some o« satisfying

Received February 12, 1982.
1) We denote by dis(x, F') the distance between x and F.
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(1.5) ne, — 2¢, < a'c, < (n — 1)c, .

From now on we write £, = (%, - -+, X;_3, %41, - -+, X,) and x = (x;, £,).
If we put

G.i‘f = Fc m {(xl’ ey X1y Yy Xjpgy ':xn)]yeRl} y

it can be written by
1.6) Goy = (—00,0) U (b, ) U (U (@, 8)

for some a,, b, » =0,1,2, --.), since G;, is an open set in R'. We assume
that there are positive constants C and ¢ with ¢ < 1 independent of i and
%, such that

%) gm—W§o

We define

luls,A = Sup‘aftlx et ai::u(x)l (6 = El R ‘gn)
=
for non-negative integers s and subsets A of 2. As well-known, this
norm is extended also for real positive s.
Our objective is to prove

TueorREM. Let {u} be solutions of (1.3) in 2 and be in C*92). Let
u, =0 in Q2. Assume that F satisfies the above conditions. Then for any
p with 1 < p < o there are positive constants 7 (<1), C,d and an open
subset G of 2 such that the following holds:

If lupho < K and |u,),» L & for ¢, K with 0 < ¢ < dK, we have

(1.8) lwillioey < CoK'7,
where 7,C,d and G depend only on F,p and the coefficients of (1.3).

The proof is given in the final section. In the next section we give
an example of compact subsets which satisfies (1.4) and (1.7), but contains
neither interior points nor continuous arcs. And for this example we
see that the assumption of |u.|,» < ¢ can be replaced by the weaker one
of |uylyr < ¢ in our Theorem (see Proposition 2).

The system (1.3) was considered first by K. Aké [1] for more extensive
non-linear elliptic operators. He derived the minimum principle for non-
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negative solutions of (1.3) which are named “vector superfunctions” in
[1]. When particularly ¢ = 0 in our Theorem, it means that u, vanish
identically. A. Ancona [2] has discussed the distribution of zero points
for non-negative solutions u« of the inequality du < «-u in the weak
sense, where the assumption on « is weaker than ours, that is, « is locally
integrable in 2.

By V. A. Kondrat’ev and S.D. Eidel’man [6], the Harnack’s inequality
holds in the wide sense for positive solutions of (1.3). This implies that

ij uydx < cij wdax
k=1J 9 k=1J 9

for any two fixed subdomains £’ and 2”7 with 2” < 2’ <« 2. Hence our
Theorem is effective, when F has no interior point. In [6] more general
non-stationary systems were treated. For elliptic systems (1.3) F. Mandras
[7] also has shown an inequality of Harnack’s type in the ordinary sense,
where it needs some hypothesis on the sign of c{¥(x).

Recently, the problem of elliptic variational inequalities with obstacles
has been studied in great detail for vector-valued functions by several
authors (cf. e.g. [4]), which is closely related to inequalities (1.3). In this
connection, we give a remark in the final section (see Remark 4).

In category of complex valued functions, a theorem analogous to
ours is obtained for elliptic operators with simple characteristics and
two variables (see [3]), where the method is restricted to the case of n = 2
and the motivation is derived from the ill-posed problems.

We have also

CoroLLARY. Let {u,} and F be such as in our Theorem. Then for
any p with 1 < p < co and for any subdomain £ with Q' < 2, there are
positive constants C,d and 7 (<1) depending only on F,p, 2’ and the coe-
flicients of (1.3) such that the following is valid:

If luh,o < K and |u),» < ¢ for ¢, K with 0 < ¢ < dK, the inequality

Nugllioey < Cer K7
holds.
In fact, combining (1.8) and the inequality of [6], we have

1/p
Upllppion S K- u,dx
” Ic”L (2" = e-hre (J‘gl k )

é CK(P-I)/P i (I ujdx)l/p
=i\Ja
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< CK(:I—I)/p(Cerl—r)I/p
< Cer/pK(p-r)/p .

Replacing 7/p newly with 7, we obtain our Corollary.

2. In this section we denote the one-dimensional variable by x or y.
Let 0<d<1 and let @ = {(x,9); |x|] < a, |y]| < b}, where b <a <1. We
calculate first the integral

j f  dis (@, 9), Q)] *dxdy
If we put @’ = {(x,5); 0 < bx/a <y < b}, we then have
[[, tis (@ 5), @1-sdxdy

= jJQ’ (b — y)*dxdy
=1 —06)2 —d)'ab?.

If we put
Q" = {(x,9); 0 <y < bxla < b},
r=Q"'N{0<x<a— b},
7=Q"N{y>x+b—a}N{x>a—>b},
and

RI=Q"N{y<x+b—a},
it follows that

—y in @U@/
—x in Q/

b
dis (%, 3), @) — {a

(see Figure 1).

(Figure 1)
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Hence we get

[]. tais (@ 3), @1~y
= (1= 3@ — B+ @ — 7B — @bl
[ tais (@ ), Q-drdy = (1 = 97/@ = )@ — b')a b

and

| Lw[dis (5, 3), Q)] -*dxdy = (1 — 3)-(2 — 8)"b* .
Combining these equalities we obtain

2.1) ff. 1dis (¢, @)*dxdy < C(aby-".

Secondly we put
A ={x|<a/2 |yl <a/2} N [{x] < b2} U {y] <b/2]
and
A, = {x| < b/2, |y| < b2},
A, = {x| < b2, b2 <y<alZ,
A; = {|x] < b[2, —a/2 <y < —b2},
A4 = {-—a/2 <x< “‘b[z’ ‘y[ < b/Z} »
A, = (b2 < x<af2 |y < b2

(see Figure 2).
y

]
7

b/2

.
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%
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(Figure 2)



56 KAZUYA HAYASIDA AND YOSHIAKI IKEDA
Then A = (5., A, and dis ((x, y), A°) = dis ((x, y), AS. Thus it follows that
f f [dis (x, 9), A)]-*dxdy
< 3 [ tdis (@), 49)-dxdy .
By (2.1) this implies that

([ 1ais (), 491-+dxdy
< C[B-2 + 4(b(a — b)'~1.

(2.2)

Now we give an example of compact subsets F' with the assumptions
in the previous section.

We consider in a closed interval [0, ¢] (0 < ¢ < 1). For the time being
we take a sequence in such a way that

2.3) 0<a, < 2*-%(«: — i}Z"‘aj)  on=12....
=1

We eliminate from [0, ¢c] an open interval O{ with its length a, and
with its center ¢/2. The remained closed intervals are denoted respectively
by I’ and I{" in turn from the left. Next we eliminate from each I{"
an open interval O with its length @, whose center is identical with
that of I’. Then there are remained four closed intervals which are
denoted by I®, I, I and I® in turn from the left, respectively (see
Figure 3). We repeat inductively this process, that is, O{"*? is eliminated
from the center of I (j =1,2,---,2"). The lastly remained closed set
is written by E.

0&2) 0{1) 0§2)

S e e GO Yo —d,
I§.2) 152) I?EZ) IiZ)
(Figure 3)
Obviously, |E|=c¢ — >}7.,2/"'a; > 0. Since
0pl=a,, IIp|=27(c—327a),
i=1

we see by (2.3)

2) The notation |+ | means the one-dimensional measure.
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24) (I» U OPINP < M,

where M is independent of n,j and j’.
For the above set E we have

PropositioN 1. Suppose that ue C¥[0,c]) eand |v’| < K in [0,c]. If
lu| < e (£K) on E, it follows that

(2.5) || £CweK
on E, where C, is independent of ¢ and K.

Proof. First we note that this proposition is correct, if {u| < ¢ and
w =0 1in [0,c]. In fact, we have for some &

[/(§)] = [(u(c) — u()/(c — 0)] < 2¢/c

and in virtue of Cauchy’s mean value theorem we get
| (x) — W' (€))/(w(x) — w&))| = 2w (E)Ww'(§)uw'() = 2K

for any xe(0,c). Thus (2.5) is obtained.

Now, by the uniform continuity of u there is a number n such that
|u] < 2 on U3, I, since ¥, I\  E as n — oo. It is sufficient to prove
(2.5) on each I for such n and for any fixed k.

Naturally it may be assumed that (™ N {w/(x) 3 0} = ¢, where I
is the interior of I™. This set can be written as a union of open con-
nected components, that is, 7™ N {¢/(x) % 0} = U= (75, 8,). It suffices to
show (2.5) for each (7,,d,). If uw/'(r,) =0, it follows from the Cauchy’s
mean value theorem that

(W (@) — w'(r))(w(x) — ;) = 2u"(8)

for any xe (7}, d;) and for some &e (7, x). Thus (2.5) holds in (7;,4,). It
is similar, if w/(5,) = 0.

When ©/(7,) % 0 and «/(3,) = 0, it is clear that [{" = (7;,6,) and &/ %0
on I™. Hence v >0 or v/ < 0 there. We may assume that v’ >0 on
I™ without loss of generality. It is immediately seen that some O is
adjacent either on the left or right side of I{. For example, let O be
on the right side of I, Let I™ = [, ¢], and let us put

p=sup{p|y >0on [y, r<p<Zc}.

Then 6§ <7, < c. It suffices to assume that w/(p) = 0. In fact, unless it
is so, we may treat y, in place of 7, such as
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7p=1inf{pjuw’ >0 on [5,d], 0 < » <4§}.
When 7, ¢ O, we see that

’ 2 __ u(a) - u(r) _
() = 0= S ) — u)

for some x,¢(7,d), and
u@) — u(r) = (@ — NW@) + 30 — Mu"(x)
for some x, e (¥,d). Since 7,4 e E, this implies
w(x) < 4e(wD)©G —7) + $K) .
On the other hand it follows from (2.4) that

G — 1) < M{u'(n) — W@/ — T)
< MK.

Hence we obtain u/(x,)* < 2(2M + 1):K. Applying again Cauchy’s mean
value theorem, we have

[ ()" — w/(x))/(ux) — w(x)| < 2K,

for any xe[r,d], that is, w(x)’ < u'(x) + 2K(u(x)| + [w(x,)). Therefore
we conclude that on I

(2.6) w(x) < 22M + 5)K .

This means that (2.5) holds in I(™.
Next let 7,& 0. Then we write by p the right terminus of OQ.
Naturally pe E and v’ > 0 in [r, ¢]. Hence we see

—eZSul) S ulx) Su e

for xe[r, 4, that is, |u(x)] < e in I U O. By the way of making E
there are I such that I&? D I® and I&Y = I™ U O U I™,. Since
|u] £ 2 on IM,, the same inequality holds also on I{™V.

If peI®, the Cauchy’s mean value theorem implies immediately
that w/(x)* < 8K on I, that is, (2.5) holds in I{®.

If pelIf, >0 on IZ Y. Hence replacing I{® by I% ", we can
repeat the above argument. Doing inductively over and over again, we
finally arrive at the case that ' > 0 in [0,c¢]. This is nothing but the
beginning of the proof. Thus we complete the proof.
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We set F=FE X E(c@2) for the above set E. From Proposition 1
we have immediately

PropPosITION 2. Let ue C¥(2), and let |ul,, < K. If |uhr < e (LK)
on F, then |u|, , < CweK.

Let o’ be the constant in (1.5) for n = 2 and ¢ be any fixed positive
number less than 1. In addition to (2.3) we impose on E the following

conditions:

2.7 ]Z=]l 21-1q5 < oo

and

28) ;4’03-“*“" : jﬁ; Y@ a) - < oo .

Then we see that F' satisfies (1.4) and (1.7).
In fact, (1.7) is trivial from (2.7). We write J = [0,¢c] X [0, ¢]. By
virtue of (2.2) we easily see

], tais (G 5), Fo1-~dxdy
< c[§amar 1 5 a(es(e - fra)a) .
J=1 7=1 k=1

The sums on the right-hand side is finite from (2.8), which implies im-
mediately (1.4). It is clear that there is actually a sequence which satisfies
(2.3), (2.7) and (2.8) simultaneously.

If F is particularly the above set in our Theorem, the assumption
lug)r < e 1s weakened by |uir < e. And (1.8) becomes

Neilloe = C(Co\/;IG{)TK‘“T

< K,
if 0 < e < d*K/C.
3. From now on let « be a fixed number such that
(3.1) ne, — 2¢, < ac, , a<a.
We rewrite (1.1) simply by
L = ?"_; @;;0,,0,,

where a,; satisfy the assumptions in (1.2).
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Let r be the Euclidean metric of x. By (1.2) we have
Lr2= a2 + a)yr* lZ a,x,x, — ar-t-e ; a,
> alac, — (ncl’J— 2¢)r 2=,
Hence it follows from (3.1) that
3.2) Lr-+ = ¢,r-%-

in 2 for some positive constant c,.
We construct the function

Pp(x) = le — y|*dy

for the set F' in the first section.
First we see that 4, is in C'(R"). In fact, let f;(r) (6 > 0) be a C'-
function such that

0.f(r)] <1 inrz=0

and

@)=r for r >4,

02 f(r) <6 for r<s.
If we set

e = [ (fx —y)redy,
we obtain

0. — [ 2.0x — y-)dy|
<af, hifFdy+ [ - gledy),

where D, = {y; |x — y| < 6}. By (1.5) and (3.1) the right-hand side tends
to zero uniformly as § — 0. Hence -, ¢ C}(R").
Next we have

(3.3) [0*x(x)| < C[dis (x, F)]* > .
Indeed, since dis (x, F) < |x — y| for y e F, it follows that in F°¢

0| £ € |x — yl+-edy

= C [dlS (x, F)]n—z—a'Ile _ yla'—a—ndy .
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The last integral is uniformly bounded by virtue of «’ > «. Hence (3.3)
is valid.

Lemma 19. For any given p > 0, there are positive numbers c,,c,
(c; <c,), a closed subset F’ of F, and subdomains, 2,,2,, 2 of 2 with F’
cechc? cf such that

(i) F’ has the same assumptions as F.

(i) Vrl®), [90e(0)] S pLirp() in 2 — F.
(1il) Yplx) =c, in 2, and Yp(x) < ¢, in 2 — 0,

Proof. We may assume that the origin is the Lebesgue density point
of F without loss of generality.

By (3.2) there are a positive number § and a compact subdomain 2’
of 2 containing the origin such that if |y| < and xe 2/, then

(3'4) lx - yl-a ’ [ax(lx - yl-a)l é pL:c([x - yl-a) .

Secondly we choose subdomains, 2,, 2, of 2 and a,, a, so that 0e 2, c 2,
c?,0<a<a, and

{§ax (xeQ, Iyléa)’
ga2 (erm [ylga)’

where 6 is retaken, if necessary.

Since the origin is the density point of F, there is a closed cube J
such that J C {x|r < d} N £, and the n-dimensional measure of F' N J is
not zero. If we put F” = F (N J, naturally F” is closed and satisfies (1.7).
In addition, we see

f [dis (x, F')]"-*-“dx
2-F'
- f [dis (x, F)]**-<dx + f [dis (x, F)]"-*-“dx .
2-F F—F’

The first integral of the right-hand side is estimated from the above by

f [dis (x, F)]"*- dx

Q2-F

and the second integral is estimated by

f [dis (x, J)]*-*-“dx .

F-J

Hence F’ also satisfies (1.4).

3) This appears also in [3] for n = 2. We repeat its proof in order to make sure.
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The statement (i) has just been shown. In view of (3.4), (ii) is valid.
Putting ¢; = a;*mes F’ and ¢, = a;*mes F’/, we have (iii). The proof is
complete.

4. Let ¢ be as in (1.7) and c; be a fixed positive number such that
Ym < ¢ in 2. Then we have

LEMMmA 2. Let ve C¥2') with compact support in 2 and v=0 in 2.
If |v, o £ K and |V, < ¢ (£K), it follows that for any 2 = 2, (>0)

f L* (exp (M) dax
Fre
<cC (e“"K"em‘ + f Lv-exp (AYz.) dx)” ,
Fre

where C, A, are independent of ¢ and K.

Proof. For brevity we denote by + and ¢ the functions +, and
exp (A, respectively.

We replace F by F’ in the definition of G;. Let the new G, be
rewritten in the same form as (1.6). We note that the points (a,, &) and
(b, &;) are all in F’. For ge C¥2’) we see that

by
j Vg, 0, pdx, = [(vgd, £)(, £l
(4.1) o

by
— [ 2.ve)-0.pdx,
and
[(Ugaz,@)(y, £:) 3:3: = (ga,jga)(b,, 2)((b,, &) — ua,, X))
+ v(av’ ﬁi)(axjsa)(bw "'e’l)(g(bw ﬁ'b) - g(av’ &t))
+ (gv)(av’ 'Qi)((axjso)(bv’ :i‘.i) - (azj¢)(av3 &i)) .
We use the trivial inequality
X-Y=sCX+Y)X-Y XY=0).
It follows from the mean value theorem that
[U(bn &i) - v(aw x‘:i)[
é C(v(aw &:i)l_a + v(bu’ ﬁi)l—q)l v(bu’ :i:t) - v(av’ i‘:i)ri
< Ce°K°(b, — a,)° .
Hence, noting that |9,,0| < C2e's, we obtain
4) L* is the formal adjoint operator of L.
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|[(vgd, o)y, £)11=2]
<cC <2e“~"e"°K"(b, — @) + (b, — a)

by
o [ 10.0. 9 2)1d)

Since [0%| < 2(0*¥} + 2Py [)e, this implies that
[[(vgaxﬁo)(y, -'f?i)]g:m
< Cero(sKr(b, — @) + ¢ | 1@V, 2)1dx.)

We integrate the both sides of (4.1) with x; and repeat the same
calculus as there. Then by virtue of (1.4), (1.7) and (3.3) it follows im-
mediately that

if Vg0, 2, pdx — f 09,3, (gu)dx < Ce- Kt

[ Fre Fre {

We verify more easily

“.2) @j vgd, pdx — I 0. (vg)dx| < Cei~rKre
iJFe F'e

Therefore we obtain

[, vLrpdx — [ gLvda| < Cot-eRrec.
1J Fre e
This completes the proof.

5. We prove our Theorem.

Let 6(x) be a function in C%£’) with compact support in £’ such
that # >0 in 2’ and § = 1in 2,. We set v, = fu,. Then (1.3) is rewritten
by

(5.1) Lo, < Zz: biy0,,v, + [; c?v, + Ry,

where

R, = uwlL,0 +23,a%3,0-9,u, — >, b3, 0-u, .
2 J 1,6
By virtue of Lemma 2 it follows that for 2 > 2,

}E‘I v, L¥edx < C(s“"K" eHes i goLkvkdx) .
k=1J Fre k=1J Fre
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Naturally L¥ is written:
Lf = Ly + 5 bP@0R., + ¢ .
Thus we see
Lip = [¥ iZ]I a0, 0.0 + 2 (%] @§0:0:70 + 25 b80,0) + Pl .

By (8.2) and ellipticity of L, there are a positive constant ¢, and 2, (=1,
such that for 1 > 1,

Lo 2 capl [ 1= — yl-+dy + 2174F)

in ' — F'.
On the other hand it follows from (4.2) that

legobg?aziv,de <C (e‘""K"emﬁ + Llc(l + Z[a«pl)v,gadx) .
Combining the above inequalities, we obtain for 1 > 2,
f e(Twydz=C (eKe + Lw;o(; IR, |)dx> ,
where it is seen that the integral on the left-hand side can be replaced by
fgo(; v)dx since f o(Tvdx < Ceets.

We note that R, =0 in £,. Reducing the integral domain of the left-
hand side, we have by Lemma 1

6.2) o f " w)dx < Ce-"K e 4+ Kes) (A= 2).
21 k&
That is,
I (S u)dx < CE - Kreits0 4 Keiaev) |
2k

Now we use the idea of F. John [5] (see p. 559) with respect to the
ill-posed Cauchy problem. Setting & = (1 — 0)(2¢c; — ¢,)~* and 2 = log (K/e)",
we see

j (" u)dx < CefK'-#
24 k

where B = h(c, — ¢;). Hence we obtain
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(I u,g’dx)l/pé (K”“.[ ukdx)llp
2 13

< Cebir K1-8/m) |

If we choose G = 2,, 7 = B/p and d = exp (—4,/h), the proof of our The-
orem is complete.

Remark 1. From the above proof we immediately see that the as-
sumption on ¢/ is weakened as follows:

¢(x) = O(L' |z — yl-z—ady> (dis (x, F) — 0) .

Remark 2. Let 6 be any fixed positive number less than 1. In our
Theorem we easily verify that the assumption |u}, , £ K is weakened to
|u]iss,0 < K, if the real number § in (1.7) is restricted to 0 < o < 4.

Remark 3. Instead of (1.3) we consider the solutions {u,} of the in-
homogeneous inequalities

Lt £ 513 b0@0.tts + 3 @+ foy k=1,2-,m,
where f, e C%(2). Then (5.2) is replaced with
e (Dudds< € (Ko + K v e[ (TIfDdx),
which implies that for 1 > 1, we have
[, Cudds < c (k- + airee [ (SifDds).

Remark 4. Let {u,} be in C'*(2) (0 <4d < 1) and solutions of (1.3)
in the weak sense, that is,

5.3) j uLipdx < 57 00, u,-¢dx + 3, f cPu,pdx
1,8 é

for any ¢ e Ci(2) with ¢ = 0 in 2. We assume (1.7) for ¢ with 0 < ¢ <4
and that L, has constant coefficients independent of %, which means
naturally that L* = L (=L,). Moreover let ¢/ be in C(RQ).

We construct the well-known regular approximation of u, such that

up (@) = [ w i ~ 9)dy

for sufficiently small p > 0. By (5.3) we have
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LW@ﬁﬁﬁmumw—w@

= 5 [ 000,004, — D)y + T [ e @uinx — y)dy
= D000 u + X eup + £
1,¢ ¢

Here £ is of the form:
i (x) = 2 (O (¥) — bF (23, uly)-j(x — y)dy
+ 22 [ @0 — e @i (e — 3)dy -

Let 2” be a subdomain such that 2’ « 2”7 « 2. Since the support of j,(x)
is in {{x| < p}, it follows that [f{], o < C(p)(é}[u,[l,,,u), where C(p) —0
as p— 0.

Let ¢ and K be positive numbers in our Theorem. Suppose that
[uhr < e and U5 < K. Noting that |uf — w], 0. —0 (o —0), we
have in view of Remarks 2 and 3

f (Cu)ds < CFK-# O<p <1).
21 k

Hence the conclusion in our Theorem holds also for this case.

It is known that vector-valued solutions of variational inequalities
satisfy (5.3) for some closed convex sets of vector functions. Recently,
S. Hildebrandt and K. O. Widman [4] have studied the Holder continuity
for first derivatives of these solutions, where quasi-linear elliptic systems
have been treated.
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