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LEVY’S FUNCTIONAL ANALYSIS IN TERMS OF AN INFINITE
DIMENSIONAL BROWNIAN MOTION III

YOSHIHEI HASEGAWA

§0. Introduction

The purpose of this paper is to define minimality of surfaces in an
infinite dimensional space E by probabilistic methods with the description
of the relation between minimal surfaces and harmonic functions on the
space E, and to analyze purely analytic properties of a certain class of
quadratic forms on the space E.

We have constructed in the previous papers (Hasegawa [3], [4])" an
infinite dimensional sequence space E:

(01) E={x=(xh ey Xy )eRwa Sl}ép(-’x‘f"‘ +x?V)/N<OO}9

a system of semi-norms {|| |y; 1< N < oo}:

0.2) llly = [(x1 + -+ + 23)/N]”* and |lx]. = IVIE el

and an infinite dimensional Brownian motion B = (2, B(¢, w), P*) on the
space E:

(0.3) B, 0) = (b(t, @), - -+, bi(t, @), - - ) € E,

where {b,(t, »); n > 1} is a family of mutually independent 1-dimensional
Brownian motions. The Laplacian A, on the space E is defined as the
infinitesimal generator of the Brownian motion B up to constant 1/2.
Then we have interpreted some peculiar phenomena to P.Lévy’s potential
theory on the real Hilbert space L*([0, 1]) mainly through the semi-norm
I ll.. In this paper we shall describe other peculiarities to his theory
again with the aid of the semi-norm || ..

Lévy has introduced to his theory important concepts in the geometry
of the space L¥[0, 1]), i.e., the curvatures, in particular the mean curvature

Received May 15, 1982.
» Without special mentions we shall use the terminologies in Hasegawa [3], [4].
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K of a surface, (cf. Lévy [1]). An analogue of such K, still denoted by the
same symbol, will play a dominant role in this paper.

Suppose we are given a surface S = {xe D; u(x) = 0} by a function
u(x) on a domain D of the space E. Then the mean curvature K of the
surface S would be expected to have the following form:

(0.4) K = A, ufgrad ull.. ,

similar to the formula in the finite dimensional case. Unfortunately,
there are some difficulties in defining the gradient. We are therefore in-
terested in the correspondence between the properties K > 0, K = 0, K< 0
of the surface S and the ones A.u>0, A, u=0, A, u <0 of the func-
tion u(x) on the surface S, respectively, (see Definition 2 and Theorem 1).

On the other hand, Lévy has also observed the following peculiar
phenomenon to his theory: For any point x of a minimal surface S in
the sense that K = 0, the “uniform probability measure” on the sphere
S(x) around the point x concentrates on the poor subset S N S(x).

Motivated by this phenomenon, we introduce the concept of B-mini-
mality with the aid of our Brownian motion B.

DerFiNiTION. The surface S in the domain D(C E) with the first exit
time r is said to be B-minimal, if the following holds:

(0.5) B(w)e S for all te[0, 7(w)) a.s. P°, x€8S.

Then we shall prove the equivalence of the minimality (K = 0) and the
B-minimality of surfaces, which contrasts with the finite dimensional cases.

THEOREM 1. Let f(x) be a measurable, || |.-continuous function on a
regular domain D(C E). Then the following assertions are mutually equi-
valent.

1) The function f(x) is harmonic on D.

2) For any constant c, the surface S, = {x € D; f(x) = c} is B-minimal.

It is noted that this theorem tells also the restrainted behaviour of
the Brownian sample paths B(¢, o).

We can then formulate Plateau’s problems in the B-minimality sense,
and we have the following theorem.

THEOREM 3. Let ¢(&) be a bounded, measurable, || ||.-continuous func-
tion on the surface S of a strongly regular domain D(C E) with the bounded
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exit time r. Then there exists a unique function f(x) on D satisfying the
following conditions:
1) The function f(x) is bounded, || |..-continuous and harmonic on D.
2) For any point (€S, the function f(x) converges to &), if xe D
tends to £ in the || |.-sense.

As Lévy insists in his book (Lévy [1]), we see the equivalence between
the Dirichlet problems and Plateau’s problems, which also contrasts with
the finite dimensional cases. Indeed, the surface S, = {xe D;f(x) = c}
with f(x) in Theorem 3 is B-minimal by Theorem 1 and it is spanned in
the contour “line” C, = {{e S; (&) = c}.

The role of the strong regularity property of D in Theorem 3 will be
explained in Section 3, (see Theorem 4), and strongly regular domains
will be illustrated there, (see Theorem 5).

We now turn to the analysis of functions f(x) on the space E, in
particular infinite dimensional quadratic forms. There are requested purely
analytic methods for our profound analysis of f(x) on E, since the Bro-
wnian sample paths B(¢, ») behave in a very much restricted manner, as
was seen above. Another observation on the paths is concerned with

the derivatives of the function f(x) = ||x|%.. The gradient of the function
f(x) at a point @ = (a,, - - -, a,, - - -) € E vanishes from the probabilistic point
of view: ‘

lim (ana,Lbﬂ(t, a))) / N=0 foralt>0as P.
Hence, for the study of the differentiation of general functions f(x) on E,
we need not only probabilistic methods but also analytic ones. We shall
therefore put more stress on the study of analytical properties of the
functions f(x).

To fix the idea, we shall first restrict our attention to the class of
quadratic forms. Such a restriction enables us to think of a counterpart
of the fact that the quadratic forms are concordant with the concepts of
curvatures in the finite dimensional case.

Next we shall state the main results concerning the quadratic forms.
Given a bounded sequence {4,; n > 1} of real numbers 1, with the limit
A=limy,.(@ + -+ + Ay)/N satisfying also the restriction 2, > 4, for
some constant 4, > 0. Then we define a function f,(x) on the space E as
follows:
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Lim (A3 + - -+ + Ayx%)/N, if the limit exists,
fiw) = {71 ,
+ o, otherwise .

Setting E = {x ¢ E; fi(x) < + oo}, the complement E’ = E\E isa || |.-open,
dense subset of E, (see Theorem 6). While we shall prove (see Theorem 7):

B(weE forall t>0 as. P*, xckE,

which describes the restricted behaviour of the Brownian paths B(¢, w)
topologically. This result suggests us to define a quadratic form f,(x) as
follows:

-

ﬁz(x) =m(21x§+ R Zngv')/M X = (xb sty Xy "')GE,
N1oo

which is || |l.-continuous on the whole space E, contrary to the function
fi(x). In a similar spirit to the definition of f,(x), we have, (see Theorem 8):

ﬁ(zf(l)xf 4+ oo+ AwaW)/N = W(Zﬁia) + -+ Zin(N))/N on E,

where ¢ denotes some permutation on the natural numbers with the in-
verse t. This theorem shows how the surfaces {xe¢E; f.(x) = c} change
under the permutation ¢. We shall also have a criterion of harmonicity
for a class of quadratic forms, (see Theorem 7).

Finally we show that the most basic quadratic form ||’ cannot be
Fréchet differentiable at some points, which is most typical in analytical
character, (see Theorem 12).

§1. Harmonic functions and B-minimal surfaces

In this section, we shall introduce the concept of B-minimality of a
surface in the space E and describe the relation between B-minimal sur-
faces and harmonic functions.

First we recall the definition of harmonic functions on E. The to-
pology induced by the semi-norms {|| |y; 1< N < oo} is called the O;-
topology, and the one induced by the semi-norms {|| |y; 1< N < oo} is
called the O,-topology, respectively. We shall use the O,-topology only,
without special mentions. But the s-algebra & of the space E is generated
by the O,-open subsets. Next a subset A of E is said to be semi-bounded,
if the set {||x|ly; x € A} is bounded for some semi-norm || |y, (1 < N < o).

Now we are in a position to state the following
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DerFiNITION 1. For a given domain D(C E), we denote by #(D) a
family of semi-bounded domains U such that the closure U of U is
included in D and that the first exit time ¢, from U is an {&#,} stopping
time. Then a real measurable function f(x) on D is said to be harmonic
on the domain D, if for any Ue % (D) the following holds on D:

(1.1) E*[f(B(zu)] = f(%) .
Next we remind the definition of B-minimality.

DreFiniTioN 2. For a given continuous, measurable function wu(x)
defined on a measurable domain D(C E), a level set {x e D; u(x) = c},
(c: a constant) is called a surface in the domain D defined by the func-
tion u(x) and denoted by S,. or simply by S, admitting degenerated
surfaces.

DerFinNITION 3. A surface S in a measurable domain D with the first
exit time 7 is said to be B-minimal, if the following holds:

(1.2) B,(w)e S for all te|0, 7(w)) a.s. P*, xe S.

Then, as stated in the introduction, we have the following theorem which
shows the equivalence of the minimality (K = 0) and the B-minimality
of surfaces.

DerFiNiTION 4. We say that a nonempty copen set D is regular, if
there exists a || |.-continuous, measurable function u(x) on E such that
D = {x e E; u(x) < 0} and u(x) is bounded on each | |.-ball.

TuEOREM 1. For a measurable, || |.-continuous function f(x) on a
regular domain D, the following two conditions are equivalent:

1) The function f(x) is harmonic on D.

2) For any constant c, the surface S, = {x e D; f(x) = c} is B-minimal.

Proof. It is sufficient to show the B-minimality of the surfaces S,
for the harmonic function f(x). Choose a function u(x) on E so as to
satisfy the condition in Definition 4. Fix a point xc E. The function
w(B@®) is A, o(b,(D), b,,.(2), - - -)-measurable because of the || |..-continuity,
(see (0.3)). Hence we have the following with the aid of Kolmogorov’s
0-1 law:

(1.3) w(B,(0)) = E*[u(B,)] a.s. P* for all £ > 0.
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The | |l.-continuity of the paths B(f, w) in ¢ shows the continuity of the
function w(BJ{w)) in £. Since u(x) is bounded on every | |.-bounded set,
the right-hand side of (1.3) is also continuous in {. Hence we have the
following:

(1.4) u(B(w)) = E*[u(B.(w))] for all ¢ > 0 a.s. P>,
Hence there exists a function z(x) € [0, co] on the space E such that
(w) = t(x) a.s. P*, (xeE),

where z(0) denotes the first exit time from the domain D. Next we fix

a point aeD and ¢, T such that 0 <t < T < c(a). Then, by (1.4) we
have a constant 4§:

max {u(B(0); 0 <t T} = —6 <0 as. Pe,

Therefore

(1.5) B,(w) € G; for all te[0, T] a.s. P°,

where G; = {x e E; u(x) < —4/2}.

Then the first exit time #,(w) from the measurable, | |.-open subset G;:

G, =G, N {xeE;|x — all. < v}
is deterministic and the formula (1.5) shows
#(w) = &, a.s. P2,

Noticing the closure 5,, of G, is included in D, we have consequently the
following equality by the harmonicity of f(x):

(1.6) E°[f(B(t)] = E°[f(Bz))] = f(a) .

In a quite similar manner to the derivation of (1.4), we have therefore
the following:

(1.7  f(B/(w) = E[f(B)] = f(a) for all te [0, z(@)) a.s. P*. Q.E.D.

Consequently the Brownian paths B({, ) move almost surely on the
surface S, = {xe D; f(x) = ¢} defined by the harmonic function f(x) on
the domain D.

Here we shall describe some properties of the boundary of the regular
domain D in Definition 4. The boundary of D with respect to the O;-
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-topology coincides with the one of D with respect to the | |l.-topology,
and, however, may not be measurable. We shall forward denote by oD
and S the boundary of D and the surface {x ¢ E; u(x) = 0}, respectively.
Then it is easily seen that 6D C S, and further the following theorem
holds.

THEOREM 2. The boundary 0D of a nonempty regular domain D coin-
cides with the surface S, provided that the function u(x) defining D = {x
e E; u(x) < 0} is convex on E.

Proof. It is sufficient to prove S C 9D. Take points{€ S and ae D,
and set f(r) = u(r(¢ — @) + a), (r > 0). Then it can be seen that f(r) is
convex and f(0) = u(a) < 0, f(1) = 0, which shows that r = 1 is the unique
solution of the equation f(r) = 0. Since r(¢ — @) + ¢ belongs to D for
re[0, 1) and converges to { as r 11, the proof is now complete.

Lastly we note that the first exit time r of a regular domain is
deterministic.

§ 2. Plateau’s problems and the Dirichlet problems

In this section, we shall formulate Plateau’s problems under the
identification of the minimality (K = 0) and the B-minimality.

DEFINITION 5. A nonempty regular domain D(C E) is said to be
strongly regular, provided that the function u(x) defining the domain D
= {x e E; u(x) < 0} in Definition 4 is strictly subharmonic on the surface
S = {x e E; u(x) = 0} in the following sense:

@.1) j WC + rOuds) >0 forany r>0 and CeS,

where p stands for the standard Gaussian white noise.

Remark. A finite intersection of (resp., strongly) regular domains is
(resp., strongly) regular.

Now we are ready to state our realization of Lévy’s insistence that
Plateau’s problems and the Dirichlet problems are mutually equivalent
in his theory.

TueEoREM 3. We are given a strongly regular domain D(C E) with
the bounded exit time ©. Then for a bounded, measurable, || |..-continuous
function $(&) on the surface S of D, the function f(x)
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(2.2) f(x) = E°[¢(B)], (xeD),
is the unique one satisfying the following two conditions:
1) The function f(x) is bounded, | |.-continuous and harmonic on D.

2) For any point {e S, the function f(x) converges to (), if xe D
tends to C in the || |.-sense.

Proof. First choose a function u(x) on E such that D = {x e E; u(x)
< 0} and the function u(x) satisfies the condition of Definition 5. Set

(2.3) ux, ) = fu(x + VtOude) fort>0 and xcE.

Then in a quite similar way to the derivation of (1.4), we have the fol-
lowing:

(2.4) w(B(w)) = v(x, t) for all £>0 a.s. P°, (xekE).

Hence there exists a bounded function z(x) € [0, o) on D such that
(w) = =(x) a.s. P*,

and z(x) is a solution of the following equation:

(2.5) u(x, t(x)) =0, (xe D).

Suppose now we have a solution #(x) of (2.5) other than z(x), (xe D;
fixed). Then by (2.4), it holds that

u(B(t(x))) = w(B(z(x))) = 0 a.s. P°.

Hence observing the mutual independence of B(i(x)) — B(z(x)) and B(z(x)),
we get the following contradiction from the strict subharmonicity of u(x)
at y = B(z(x)) e S:

0 = E*[w(B(Kx)))|a(B(s); 0 < s < z(x))]
- fu(y + VIE = (08)u(de) > 0 as. P,

Therefore z(x), (x € D) is the unique solution of the equation (2.5). Namely
it holds that

v(x, ) <0 for all t < z(x), and uv(x, t) >0 for all ¢t > z(x).
Hence we obtain

{xe D; o(x) > t} = {xe D; v(x, t) < 0} for all £t >0,
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which implies the measurability of the function <(x).

If |x, — «.—0, o(x,)—>t as n?too, (x, xeD), then

v(x, t) = lim v(x,, 7(x,)) = 0.
nloo

Thus the || |.-continuity of «(x) on D also follows from the uniqueness
of the solution #(x) of (2.5).

Next assume that there exist £t > 0, a point £ S and a sequence
{x,; n > 1} of points x,e€ D such that |x, — {|.. — 0, =(x,) >¢ as n 1 co.
Then it holds that

w(lC + B(t) = lim u(x, + B(z(x,))) = 0 a.s. P°.

Hence the strict subharmonicity of u(x) on S induces the following con-
tradiction:

0= Ju(C + Vi&)u(de) > 0,

which shows that z(x,) -0 as n1 oo, if |x, — {|l. — 0 as n— oco. Since
the function ¢(¢) on the measurable surface S is | |l..-continuous, mea-
surable, and the Brownian motion B is strong Markov, it is now easily
seen that the function f(x)

(2.6) f(x) = E°[$(B)] = fsb(x + Ve(®))uds), (xeD),

satisfies the conditions 1), 2) of this theorem.

Finally, assuming that there is another function g(x) satisfying
the conditions 1), 2), we shall prove h(x) = f(x) — g(x) must be zero. Now
fix a point ae D and define regular domains D, = {x € E; u(x) < —1/n},
(n > 1). The first exit times 7, from D, are deterministic and have the
limit 7, = lim,,., 7, (<t < o). Then it holds that v(a, ;) = 0. Hence the
uniqueness of the solution #(a) of (2.5) shows lim,,. z, = «(a) a.s. P% and
we obtain the following:

lim A(B(z,)) = 0 a.s. P°.

nie

Therefore the harmonicity of the function A(x) on D gives

h(a@) = E*[h(B()] = lim E*[A(B(z.)] = 0

with the aid of Lebesgue’s dominated convergence theorem. That is,



164 YOSHIHEI HASEGAWA

flx) = g(x) on the domain D . Q.E.D.

Remark. If the D is | |.-bounded, the exit time z(x) is bounded
on D.

§3. Strongly regular domains

In this section, we shall explain the necessity of the strong regularity
condition on the domain D to have Theorem 3, and give some (strictly)
subharmonic functions u(x) associated with the D.

DeriniTioN 6. Let {y,; x € D} be the harmonic measures relative to
a regular domain D and xe D:

1(A) = P*(B(r) e 4), (ACS),

where z and S denote the first exit time from D and the surface of D,
respectively. Then a boundary point & € dD is said to be irregular, if there
exists a bounded, measurable, || |.-continuous function ¢(§) on S such

that the function f(x) = Iq&(é)yx(ds) on D does not converge to ¢({) asxe D
tends to ¢ in the || [.-sense.

THEOREM 4. Let D be a regular domain with the first exit time t de-
fined by a function u(x) on E such that D = {xe E: u(x) < 0}. Suppose we
are given a boundary point {€oD and a ball U= {xcE;|x—{l.<r},
(r > 0) with the first exit time t,; such that u(x) is superharmonic on U
in the following sense:

3.1) E*[u(B,)] < u(x) for all t <1ty a.s. P, (xeU).
Then the boundary point { is irregular.

Proof. First fix a point a e D N U such that |la — ¢. <+ 3 r/2. Then
the superharmonicity of u(x) on U gives:

u(B,(0)) = E“[u(B,)] < u(a) <0 for all ¢t <17y a.s. P,

where zy(w) =r* — |le — g% > r*/4 a.s. P°. Since 7 is deterministic, there-
fore, we obtain:

IBiz) = €& = |l — al’. + = > r}/4 a.s. P°.

Now it is clear that £ e dD is irregular in the above-mentioned sense.

Q.E.D.
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ExampPLE. Set
D= {xcE; . <1, <{x, &, >0},

where £c E with ||&]. = 1 and 4<%, &. = ||x + &% — |lx — &&. Then the
boundary point { e dD such that ||Z]|l. <1, <, &. = 0 is irregular.
Observing the proof of the above theorem, it is reasonable to assume
the strict subharmonicity of u(x) on S for the sake of the regularity of
the boundary.
Next we give some (strictly) subharmonic functions u(x) on E.

THEOREM We are given a sequence {2,; n > 1} of real numbers 2,

5.
With g = A, = Ann > 0 and a continuous, subharmonic® function ¢(s) on
R? such that

3.3) Ig(s) — ¢ < clt — s|*(1 + [s] + [t)*"", (s, te R),

with constants ¢, a, (¢ > 0, 0 < « < 1). Then the function u(x)
P N
(3'4) u(x) = Jl\fitrn [;2n¢(x(n—l)d+l9 ) xnd)]/N5 X = (xl’ Ty Xy ) € E:

is | |l.-continuous and bounded on every | |.-bounded set:

(35) u(x) — u(¥)] < 3cdAp e — Az @ + %2 + YL~ (x,y€E),
and subharmonic on E in the following sense:

(3.6) E*u(B,)] = u(x) for all t >0, xecE.

Furthermore, if the ¢(s) is not harmonic on R®, then u(x) is strictly sub-
harmonic on E in the following sense:

(3.7 E-[u(B,)] > u(x) for all t >0 and x€E.

Proof. First we shall prove the estimate (3.5). Put £, = (Xu-pas1

s %) and Fu = Yew-varn > Yua)y =2 1) for x=(x;, -+, x,, --+)€E

and y= (¥, -+, Yu, - --) € E, respectively. Then we have the following
inequality:

czmax < ) 5 e - . 2-a

DR — 33 290 < Do

‘L
N =1

1-a/2

< e (o 23180 = 9.F) (A 25 0+ 18] + 15.0°)
< o gy Bl = 5:F) (0 + 180 150

D The terms of harmonicity, subharmonicity and superharmonicity of functions on
R? are understood according to Port-Stone [5].
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with the aid of Hélder’s inequality. Hence by limiting N 1 co, we obtain
the estimate (3.5). Next we set fi(s) = E’[¢(b(®)] — ¢(s), (se R t > 0),
where {13*, b(¢)} stands for the d-dimensional Brownian motion. Fix £ > 0
and x = (%, ---, %,, ---)€E and choose a strictly increasing sequence
{N,; k > 1} of integers N, such that N, 1 oo as k1 o and

lim [i lnqi(o‘cn)] / N, = u(x).

kEto In=1
Then, noticing ||B(¢, ). = ¢ + ||x|% for all ¢ > 0 a.s. P*, we have:
_ o
o0 > E-[u(B)] > T [( 3 4.0 + 9(5.)) /N |
N 1o n=1
J Nk A
> lim [(;2_.:1 ant(xn)> / Nk] + w(x) .

Etoo

3.8)

Hence the subharmonicity of ¢(s) shows the one of u(x) on E. Moreover
suppose that E°[u(B;)] = u(x) at a point xc¢ E and a £ > 0. Then, by (3.8),
it holds that

I Nk A
0 = EfQu(B] - u() = Tim [(32.A() /N,]
> Jpin o im' {n < N,; [£,] < VdT)N, >0,
koo
where p, = min {fy(s); [s| < ¥/ dr}, (r > 0). Here assume that the ¢(s) is

not harmonic on R? Then there exist a point a e R? and an r, > 0 such
that

[4@ + reyot@s > 4@,

where ¢ denotes the uniform probability measure on the unit sphere of
R?  We can, therefore, see that f,(s) > 0 for all £ > 0, s € R?, which gives
p. > 0. Hence we have the following contradiction:

R Ni
dlat > Tm-L-5' (%, > dr*  for any r> 0.
k1o Nk n=1

Consequently u(x) is strictly subharmonic on E. Q.E.D.

Remark. In the above theorem, if the ¢(s) is convex on RY then the
u(x) is convex on E. Hence the domain D = {x ¢ E; u(x) < c}, (c; a constant)
is regular and the boundary 8D coincides with the surface S = {x ¢ E; u(x)
= ¢}, (if D is nonempty), (see Theorem 2).
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For example, the function u.(x), (1 < a < 2),

(3'9) ua(x):ﬁ(ixlla—‘_ A +|lea)/N’ x:(xb sy Xpy "')EE,
is || |l.-continuous, strictly subharmonic and bounded on every | |.-

bounded set, and it holds that aD, = S,, where D, = {x € E; u,(x) < 1} and
S, ={x¢cE; u(x) =1}. Although D,, 1 <« <2) is not | |.-bounded,
there exists a constant M, > 0 such that z(w) < M, a.s. P*, (x€D,),
where 7, denotes the first exit time from D,.

Thus we can obtain a lot of | |l..-continuous, strictly subharmonic
functions bounded on every || |.-bounded subset of E and equivalently,
of strongly regular domains.

§4. Quadratic forms and transformation groups

Our analysis established in Sections 1~3 depends heavily on the pro-
babilistic methods. In this section we shall put stress on study of purely
analytical properties of quadratic forms on the space E.

To begin with, we introduce the following two functions fi(x), fi(x):

Lim [A,x} 4+ - -+ + 2yx%4]/N, if the limit exists,
(4.1) filx) = V'

+ oo, otherwise ,
(4.2) fx) = }E [ + -+ + 223]/N,
with the restriction:
(4.3) Amax = An 2 Apw > 0,
and put
(4.4) E={xcE;f(x) < +}, E =E\E.

Then our first assertion is the following

THEOREM 6.

1) The function f,(x), (resp., f(x)) is|| |.-continuous on E, (resp., on E).

2) The set E' is || |.-open, and dense in E with respect to the O;-
topology.

Proof. We shall prove the denseness of E’ in the space E. Take a
point @ = (a, - -, @,, - - -) € E such that |af., > 0, a sequence {N,; k& > 0}
of integers N, such that N, 1 oo, N, /N,.;—~c as k 1 oo, and N, = 0.
Next put
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—a, lf Mk—l<n<-zv‘zlc9
c, = .
" a, if Ny, <n < Ny,
Then, noticing the following:

lifm ai + -+ 4+ 2388 )/Ne = @) = A a2 >10
we have:

lim [Nz Zna,,c,,] / N, = —f(@) <0, lim [”z llnancn] / N, =f(@)>0.

ktoo Ln=1

Therefore we have points b, = a + ec€ E/, (¢ > 0) and lim, ,||b. — a|, = 0
for pe{1,2, -+, ©}. For a point a e E with |a|l. = 0 the proof is imme-
diate. The proof of the other assertion is straightforward. Q.E.D.

For the sake of the continuity on the whole space E of “‘quadratic
forms”, we prefer the following

DeriNITION 7. The function f(x)
(4'5) f(x)z;l;ﬁ[zlxi-k st +2Nx2N]/M x=(x19"'5xn7"')eEi
1 oo

on the space E with bounded coefficients {2,} is called a quadratic form
of diagonal type.

Then the quadratic form f(x) is measurable || |.-continuous on E.
Moreover we have the following

THEOREM 7. Assume the existence of the limit
(4.6) A= 311112 4+ - +29IN.
Then it holds that
4.7 f(B/(0)) = f(x) + 4t for all t >0 a.s. P*, (xeE).

In addition, we have
(4.8) 1im%§_] A(b.(t, @) — b(s, ) = At —s| for all t,s>0 as. P,
N1too n=1

(x € E), provided that 2, > 0, (n > 1).

Proof. The proof proceeds in the same way as the ones of Proposi-
tion 1.3, Theorem 1.4 of Hasegawa [3]. Q.E.D.
If the sequence {1,} satisfies the condition (4.3) and has the limit 1
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(4.6), the formula (4.7) says that BJ(w)e E for all £> 0 a.s. P (xeE).
Consequently Theorem 6 describes the restricted behaviour of the Brownian
paths B(t, ) topologically. From (4.7) we have also A. f(x) = 21, which
can be rewritten as follows:

This is concordant with the finite dimensional construction method, (see
Sections 1 and 2 of Hasegawa [3]). Moreover f(x) is harmonic (resp.,
strictly subharmonic) on E, iff 2 = 0, (resp., 2 > 0). Analogous phenomena
can be observed in the case of quadratic forms with blockwise interaction
matrices A, (see Theorem 10).

Now we shall introduce a transformation group G, = {g,; ¢}. Fix a
sequence {n,; k > 1} of integers n, such that

(4.9) 2<n < - <n < -+, and ng4n,—>1 as kloo.

DEFINITION 8. A transformation g of the space E onto itself is called
a blockwise permutation associated with the sequence {n,}, if there exists
a permutation ¢ of the set {1,2, 3, ---} which is also a permutation of
each block {n, + 1, n, + 2, ---, n;,,} for each 2> 1, and g = g,:

(410) (gax)n = Xo(n) fOI' X = (xl, cery Xy vt ) eE.

The permutation ¢ itself is called a blockwise permutation also.
For a blockwise permutation ¢ with the inverse r and bounded coeffi-
cients {1,}, define a quadratic form f,(x) as follows:

I N
(411) fa(x) = lim LZ 2,(")36?“ X = (xl, ey Xy v ) eE.
Ntew N a2=1

Then we have the following invariance theorem.

THEOREM 8. Fix a blockwise permutation ¢ with the inverse r.
1) For a bounded sequence {1,} with the limit 1, (4.6), it holds that

(4.12) A= zlleno: @Ay + -+ + )N

2) For a bounded sequence {1,} with a definite sign, it holds that:

(4.13) fo(x) = f(g,%) ,
(4.14) lelTI?o Qewxi + -+ 4+ Awxy)/N = leltm Xy + -+ + Ayxim)IN .
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Here the equality (4.14) means that if one of the both limits exists, so does
the other and the equality holds.

3) For a bounded sequence {1,} with mixed signs, the equalities (4.13),
(4.14) hold for points x ¢ E such that limy,., |x|y exist.

Proof. First we prove the equality (4.13) in case of 2, > 0, (n > 1).
Fix a point x€ E. For an integer N such that n, < N < n,.,, we put
fu(x) = (A} + --- 4 Ayx3)/N and choose an integer g, € {n, + 1, - -, ny,,}
such that

qu(gax) = max {fﬂk+1(g0'x)’ R fnk+1(gox)} .

Then we have the following:

(Zr(l)x? + e+ Ri(N)xgv)/N < (qlc+l/N)ka+1(gax) s

which induces:

4.17) fo(x) < f(g.x) .

Similarly we have the converse inequality, which proves (4.13) together
with (4.17). The proof of (4.13) in the case of 2, <0, (n > 1) and the
one of the other assertion are now clear. Q.E.D.

The equality (4.12) shows the harmonicity-preserving property of the
blockwise permutation g,: The harmonicity of f(x), (4.5) with the limit
A = 0 implies the one of the quadratic form f,(x).

From now on, we shall extend the results obtained for quadratic
forms of diagonal type to a little larger class of quadratic forms.

First of all, fix a sequence {n,} satisfying the condition (4.9). Then
an infinite dimensional symmetric matrix A = (qa,,;) is called a blockwise
interaction matrix associated with the sequence {n.}, if the matrix A has
the following form:

A—A®AD - - DAD---,

where each matrix A,, (k > 1) is a real symmetric (n, — n,.,) X (n, — n,_,)
matrix and the set of the eigenvalues of matrices {4,} is bounded.

DeriNiTION 9. The following function f(x) defined on the space E
T 1 B
(4.18) flx) = lim — > @, jx.x, for x =(x, -+, %,y -~ )€ E
Niw N ij=1

is called o quadratic form with the blockwise interaction matrix A.
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THEOREM 9. The quadratic form f(x) with the blockwise interaction
matrix A is || |l.-continuous on the space E.

Proof. Since the eigenvalues of the matrices {A,; & > 1} are bounded,
we can easily prove the theorem. Q.E.D.

Next we have an extention of Theorem 7.

TueEOREM 10. Under the existence of the limit 2 = limy,. (a,, + ---
+ aN,N)/N3

(4.19) f(B(w)) = f(x) + at for all t >0 a.s. P*, (xckE).

Proof. The symmetry of the matrices {A,; 2 > 1} and the rotation
invariance of the finite dimensional Brownian motions reduce the proof
to the one of Theorem 7. Q.E.D.

DeriniTiON 10. We denote by G, the following group:
(4.20) G =0n)®0n, —n)®d --- D On, —ne_)@® ---,
and call an element ge G, a blockwise rotation.

Remark. |gx|.. = ||x||l. for all ge G,, x€E.
Next we define another blockwise interaction matrix B = (b, ;) with
the aid of the blockwise rotation g =g, ®g,® --- Dg,® - - ¢ G;:

B=B® - --®B,® ---, B, =gA.g:', (BR=1).

The quadratic form with the matrix B is denoted by f,(x). Then we have
the following invariance theorem.

THEOREM 11. Fix a blockwise rotation ge G, For a point x =

(xyy =+, Xy, - - -) € E such that limy, ., ||x||y exists, we have:
(4.21) fe(x) = f(gx) ,
. 1 X . 1 &
(4.22) lim-— 37 b,,xx;, = lim ——- > @, (gx),(gx), .
Ntew =1 Nt N 47=1

Here (4.22)7is understood in a similar manner to (4.14).

Proof. The proof is immediate. Q.E.D.

§ 5. Mean curvature K

As stated in the introduction, the mean curvature K of a surface
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S = {x e D; u(x) = 0} defined by a function u(x) on a domain D would be
of the following form:

5.1) K = A, u/|grad u., .

Here A, denotes the infinite dimensional Laplacian on the space E. Since
the Laplacian A, is thought of as twice the infinitesimal generator of
the Brownian motion B, the part A, u can be calculated rather easily with
the aid of B. For instance, we consider the quadratic form u(x) = |x|J.
Then we have:

llx + B, o)l = |jx|% + ¢ for all £ > 0 a.s. P°,

which shows A, u = 2. But the gradient part of the function ||x + B(t, o)|%
vanishes because of the strong law of large numbers. Consequently our
next task is to define grad u(x) and |grad u(x)||.. analytically.

DeFiNITION 11. A || |l.-continuous function u(x) on a | |.-open set
D(C E) is said to be Fréchet differentiable at x = ae D, if there exists
a || |.-continuous linear functional du(a) on E such that

(5.2) ula + h) = u(a) + @Qu(a))(h) + o(|All..) for he E with a + he D.
Then it seems reasonable to define grad v and |grad ul.. as follows:
(grad u).., = du(a) and |(grad u),_.|.. = sup {(Ou(a))(h); |IAll.. = 1},

provided that u(x) is Fréchet differentiable at x = a ¢ D.
Unfortunately even the most basic quadratic form u(x) = ||z is not
Fréchet differentiable at some points of E.

TarorREM 12. Let {N,; k > 1} be a strictly increasing sequence of
positive integers N, with lim,,. (N, + --- + N,_)/N, =0, and define a
point a = (@, -+, @y, ---)€ E by

{«/ N, i n=N,,

5.3
53 0 otherwise .

Then |a||l. = 1 and the quadratic form u(x) = |x|>. on E is not Fréchet
differentiable at x = a € E.

Proof. First we define a point £ = (¢, ---, &,, ---)€ E by
VN, if n=N,,
&= "1/N2k—1 if n= Ny,
0 otherwise .
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Then, observing lim,,.. Jally, = lim,,.. [€ly, = 1, we have, (t€ R):

2 1ivn _Np» 2 2 2 2t ) .
lo -+ tgit = tim T (Jaly, + F1elh, + o oo+ oo+ o)
(Np < N< Np+l)v
= 1im (Jolt, + 216k, + o @nn+ - +anfe)) =1+ £+ 201
ploo Np

Hence it holds that

lim (o + & — o)/t =2, lim (o + 2 — aR)t = —2,

which shows our assertion. Q.E.D.
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