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MODULAR REPRESENTATIONS OF ABELIAN GROUPS
WITH REGULAR RINGS OF INVARIANTS

HARUHISA NAKAJIMA

§ 1. Introduction

Let k be a field of characteristic p and G a. finite subgroup of GL(V)
where V is a finite dimensional vector space over k. Then G acts naturally
on the symmetric algebra k[V] of V. We denote by k[V]G the subring of
k[V] consisting of all invariant polynomials under this action of G. The
following theorem is well known.

THEOREM 1.1 (Chevalley-Serre, cf. [1, 2, 3]). Assume that p = 0 or
(\G\,p) = 1. Then k[V]G is a polynomial ring if and only if G is generated
by pseudo-reflections in GL(V).

Now we suppose that \G\ is divisible by the characteristic p (> 0).
Serre gave a necessary condition for ^[V]^ to be a polynomial ring as
follows.

THEOREM 1.2 (Serre, cf. [1, 3]). If k[V]G is a polynomial ring, then G
is generated by pseudo-reflections in GL(V).

But the ring A[Vr]G! of invariants is not always a polynomial ring,
when G is generated by pseudo-reflections in GL(V) (cf. [1, 3]).

In this paper we shall completely determine abelian groups G such
that FP[V]G are polynomial rings (Fp is the field of p elements). Our
main result is

THEOREM 1.3. Let V be a vector space over Fp and G an abelian group
generated by pseudo-reflections in GL(V). Let Gp denote the p-part of G
and assume that GP^{1}. Then the following statements on G are equivalent:

(1) FP[V]G is a polynomial ring.
(2) The natural FpGp-module V defines a couple (V, Gp) which decom-

poses to one dimensional subcouples (for definitions, see § 2).
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The computation of invariants of elementary abelian p-groups G plays

an essential role in the proof of this theorem. Therefore we need to study

the structure of FpG-modules V such that FP[V]G are polynomial rings

under some additional hypothesis (see § 3). In § 4 our main result shall

be reduced to (3.2).

Hereafter k stands for the prime field of characteristic p > 0 and with-

out specifying we assume that all vector spaces are defined over k.

§ 2. Preliminaries

An element σ of GL(V) is said to be a pseudo-reflection if dim(l—σ)V

<; 1. We say that a graded ring R = ®n^oRn is defined over SL field K>

when RQ = K and R is a finitely generated if-algebra. It is well known

that R is a polynomial ring over K if R is regular at the homogeneous

maximal ideal ®n>0Rn For a subset A of a ring R, (A}R denotes the

ideal of R generated by A. To simplify our notation we put <A> = <A>fc[n

if A is a subset of the fixed β-space V (for a subset B of a group, <JB)

means the subgroup generated by B).

PROPOSITION 2.1. Let G be an abelian group generated by pseudo-

reflections in GL(V) and let Gp denote the p-part of G. Then k[V]G is a

polynomial ring if and only if k[V]Gp is a polynomial ring.

Proof. Let k be the algebraic closure of k and let G y be the p'-part

of G. Since G is an abelian group generated by pseudo-reflections in

GL(k ®fc V), we can immediately find a AGp-submodule Vp and a kGp,-

submodule Vv, such that Vp g (k ®fc V)**', Vp. g (k ®fc V)a* and k (g)fc V =

Vp Θ Vpf. Therefore

k ®fc k[V]G ^ k[k ®fc V]G ^ 5[VP]
G* ®j ϊfe[Vp,]^

and k[Vp,]
Gp/ is a polynomial ring. The assertion follows from these facts,

because £[V]G and A[V3,]
GΓl> are graded algebras defined over fields.

PROPOSITION 2.2. If G is an abelian p-group generated by pseudo-

reflections in GL(V), then V/VG is a trivial kG-module {i.e. G acts trivially

on VIVG).

Proof. Let σ e G — {1} be a pseudo-reflection and choose Z e V to

satisfy (1 — σ)V = kZ. Clearly it suffices to prove that Ze VG. Since G
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is abelian, τ(kZ) = (1 — σ)τ(V) = &Z for any element τ of G. Hence the

map χ: G -> A* defined by

is a group homomorphism, where &* is the unit group of k. But we have

Horn (G, fe*) = {1}, as G is a p-group. This implies that Z e VG.

(V, G), which is called a couple, stands for a pair of a group G and

a G-faithful £G-module V such that V/VG is a nonzero trivial £G-module

(in this case G is an elementary abelian p-group). The dimension of (V, G)

is defined to be dim V/VG. We say (U, H) is a subcouple of (V, G) if JBΓ

is a subgroup of G and U is a £ίΓ-submodule of V. Let us associate (V, G)

with the subspace

of V^ and the subring J(V, G) which is the image of the canonical ring

homomorphism

k[V]°KV°y° > k[V/V0] .

LEMMA 2.3. For any couple (V, G) the k-algehra £(V9 G) is a polynomial

ring.

Proof. Putting

R = k[k ®k V]Gl((k ®, VG}kίmv2)
G ,

we see that

R = k®k l(VyG)

as graded algebras defined over k. Let ί£fti (ί = 1, 2) be maximal ideals of

k[k (x);, V] which contain the ideal (k Θk VG)κ^fiVγ Then, by the definition

of a couple, we can select a coordinate transform

p: k[k®kV] >k[k®kV]

sending ^ to 2K2 which commutes with the action of G. The contractions

of Έlt (ί = 1, 2) to k[k ®fc V]G define maximal ideals iHt of R respectively

and the transform φ induces i?3il >̂ Rm2. Hence we conclude that R is

regular, because it is an affine domain. From this 1(V, G) is a polynomial

ring.
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We say that (V, G) decomposes to subcouples (Vi9 GJ (1 <̂  / <̂  m) if

G = Θisism Gi, V™ S Vt g VG' for all 1 ^ i, j ^ m with ι ^ j and

vy W = x; y4/W) = e v /v*.

The set consisting of these subcouples is called a decomposition of (V, G).

Further (V, G) is defined to be decomposable, when it has a decomposition

{(V,, G,): 1 ^ i ^ m} with m ^ 2.

PROPOSITION 2.4. Lβί (V, G) 6e a couple which decomposes to subcouples

(Vi9 Gi) ( l ^ i ^ m). Then the following conditions are equivalent:

(1) k[V]G is a polynomial ring.

(2) k[Vi]Gi (1 <̂  i <,m) are polynomial rings.

Proof. Suppose that A[V]G is a polynomial ring. Since &[V]G contains

k[Vi]Gi, the canonical feGj-epimorphism V-+ Vt induces a graded epimorphism

Clearly VG = VG> and ψ ^ V 0 ) 0 ) = «VG)kίvύ)
GK Hence <Vrβ>β = (VG)kίno

implies

By (2.3) we see that £(Vi9 G%) are polynomial rings and therefore k[Vi]Gί

(l^i^m) are also polynomial rings. Conversely we assume the condition

(2). Denote by nt the dimension of (Vi9 G*) (1 ^ i <̂  m) and let ftj (1 ̂  j r^

be homogeneous polynomials in k[Vt] such that ^[FJ 0 4 = k[V^][fiU ,/

(l<i^m). Then it follows easily that k[V]G = k[VG][fiό:l ^i ^
l£j£ nt].

For a one dimensional couple (VG Θ &X, G) we call

F(X) = Π

the canonical (VG ® kX, G)-ίnvariant on X. F(X) satisfies the identity

F(YX + Y2) - F(Yd + F(Y2) .

Clearly we must have k[VG Θ kX]G = A[yG][F(Z)] and hence

COROLLARY 2.5. 7/ α couple (V, G) decomposes to one dimensional sub-

couples, then k[V]G is a polynomial ring.

PROPOSITION 2.6. Let G be a subgroup of GL(V) and let H be the
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inertia group of a prime ideal ψ of k[V] under the natural action of G.

If k[V]G is a polynomial ring, then k[V\H is also a polynomial ring.

This proposition is almost evident.

LEMMA 2.7. Let (V, G) be a couple with dim VG = 1 and suppose that

{Xt: 0 <L i <̂  m] is a k-basis of V with VG = kX0. Further, for non-negative

integers t(ί) (1 <L i <L m), let R be the graded polynomial subalgebra k[X0,

X?tω, - - -,X*tlM] of k[V], Then RG is a polynomial ring and we can ef-

fectively determine a regular system of homogeneous parameters of RG.

Proof. We prove this by induction on \G\ and may assume that

t(ί) = . . . < . . . = tim^) < tim^ + 1)

= tint,., + 2) . . . - t(mx) < . . . < . . . = t(mn)

where mn is equal to m. Let us put

and

respectively and moreover define Gλ to be the stabilizer of G at E7Ί. Then

there is a subgroup G2 such that G = Gx Θ G2. Because f/i is a G2-faithful

kG2-moάxάe with (G2 — ΐ)Ut = kXfιmi\ we deduce that the natural short

exact sequence

0 >Ut >U; > 0 kXf^moάU, >0

of feG-modules is G2-split. Therefore we may suppose that χpt(m^ (2^ί<*n;

w>i-ι < j ^ md are invariants of G2. On the other hand we can effectively

determine homogeneous polynomials ft (1 <̂  i <L mt) which satisfy [̂Z7i]G2

= k[Xo

vt(mi\fu ,/mJ. Hence it follows that RG = SGl[/1? ,/mi] where

S = k[X0][Xftιmί) :2^i<Ln, mt^<j ^ mt]. Then the assertion is shown
from the induction hypothesis.

When W is a /sίf-submodule of U for a subgroup if of GL(U), we

denote by £Γ(W) the kernel of the canonical homomorphism H-> GL{UjW).

PROPOSITION 2.8. Let (V, G) be a couple such that k[V]G is a polynomial

ring. Then we can effectively determine a regular system of homogeneous

parameters of £>(V, G).
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Proof. Let

o = w0 g wx s g wd = vG

be an ascending chain of subspaces with dim W^/W^ = 1. Put Ro = k[V]

and define

inductively where Ĝ  denotes G(Wi). Then obviously the natural map

)—>Rd

is an isomorphism, because, by (2.6), k[ V]Gi (1 <: i ^ d) are polynomial rings.

Hence this proposition follows from (2.7).

LEMMA 2.9. Let (V, G) be a one dimensional couple and suppose that

{X, Tu - , Td) is a k-basis of V with VG = Θ ^ ^ d kT^ Further let F(X)

denote the canonical (V, G)-invariant on X. If Θ ΐ i ? 1 kTί 2 J&(V, G) and

®<*2 kTt S *t(V, G), then we have F{T,) e <Γ2, Γ3, , Td} and

F(X) = Xpu - τy«-p-\γp«-i mod <Γ3, Γ4, , Td)

where pu = |G|.

Proof. Choose a έ-basis {Z;: 1 ̂  j ^ w} of J / ( V, G) such that ^! =

Tx m o d θ w feϊ7, and φ < i F l ^Γ, 3 {Z2, Z8> , Zu}. Putting FX(X) = Xp - Zi~λX,

we inductively define

Fi+1(X) = Fixy - Fiz^y-^Fix) a<u).

Then there exist elements σi (1 ̂  ί ^ w) in G which satisfy (σ* — 1)X = Zt

and therefore we must have F(X) = FU(X). From this we deduce that

ΞΞOmod <T2,T3, •• ,Td}

and

since Zj Ξ Γ, m o d θ 3 S i S ( ί ΛΓ, and FU.,(X) Ξ Z""- 1 mod <Γ3, Γ4, , Td).

Let S = { ( V ί i Θ H Γ

( ) G i ) : l ^ ί ^ m} be a decomposition of (V, G) and

put suppa L = {ί0: V θ Θ ίaFio W< 2 £} f° r a subset L of F. Let us consider

an element θ of GL(V) with the property that V<e> Ώ V°. We say θ is
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^-admissible if G contains some subgroups G\ (1 ^ ί <̂  m) which give

another decomposition & = {(VGΘθ(Wt), Gd'Λ£i£m} of (V, G). In the

case of dim Wt = 1 the transform θ is characterized by

PROPOSITION 2.10. // Wt = kXt (l<, i <L m) then the following condi-

tions are equivalent:

(1) θ is ^-admissible.

(2) There is a permutation π on {1, 2, , m) such that |G<| = |Gπ ( ί ) | ,

^(VG Θ Wπω, Gπω) Ώ ^(VG Θ WJ9 Gj) (j e supp, θ{Wτ)) and π(ί) e supp, Θ(W<)

for 1 ^ i ^ m.

Proo/. Suppose that the condition (2) is satisfied and let G o be

{τ e GL(V): V<7> ^ VG Θ ® e ( ^ ) and ^(VG Θ ^ ( i o ) , Gπ(io)) 3 (1-r)V}

for 1 ^ f0 ^ m. Furthermore set

J = {i: ^(VG Θ Wi9 Gd 2 ^ ( V G Θ Wx(i0), Gπ(io))}

and

J' = {i: ^/(y δ Θ Wi, GJ = ^(Vβ θ Ψx W β ), G s ( i 0 ))}.

Since G o ^ {1}, we pick up any element a from G'io — {1}. Then, for each

j e J, we can choose τό e Gό with (1 — τ3) V = (1 — σ) V. Clearly there are

integers 0 ^ μ(J) < p (j e Jf) such that

(l - Π τfAθ{Xτ) = (1 -

for π(ϊ)eJf. Further let us define integers 0 ^μ(j) < p {jeJ—Jf) to

satisfy

d = θ(Xd O K O e J - J O .

Consequently we see that

( 1 - Π τfλθiXd = (1 - ^ ( Z J (1 <: i ^ TO) ,

which yields

σ =

Thus the couple (V, G) decomposes to (VGΘ 0(W<), GO (1 ^ i ^ m) since

G 3 G[ and |G4 | = |Gί| (1 < ί £ m).
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Conversely assume that (V, G) has another decomposition & = {(VG 0
θ(Wt), GO: 1 < ί ^ m) and let fMXt)) be the canonical ( 7 * 0 Θ{W%), G )-
invariant on #C3Q. If

= Σ

for some aiS e k, we have

d)= Σ

Select a subgroup fl,, of GL(VG © W,) such that k[VG 0 W,]*" =
klV^iftiXj)]. Then the natural /^-module VG®Wj defines a couple
which satisfies that Λ?(VG 0 W,, HtJ) = Ά?(VG ® θ(Xt), G\). On the other
hand f%(θ{X^) can be expressed as

= Σ α<Λi + ft

for ^ e < VG)fc[F]<? and Aiy e k[VG 0 VFJGy where each /^ is monic as a poly-
nomial of Xj. Therefore the canonical (VGζB Wj9 G^-invariant Fj(Xj) on
Xj divides ^(X,) in k[Va@Wj] (J e supp^ Θ(XΛ)). From this we must have
s/(VG 0 (̂ wg, GO g .*/( V* 0 Wi, Gj) 0" e supps ^(ZJ) for l^i^m. The
remainder of (2) follows directly from the equality

• , Jbm(Xm)\ = k[ V^JL/i^Aj)), ,fm(θ{Xm))\

We say that (V, G) is homogeneous when £(V, G) is homogeneous con-
cerning the natural graduation induced from that of k[V] (i.e. £>(V, G) is
generated by some homogeneous part as a β-algebra). A couple (V, G) is
defined to be quasi-homogeneous if there is a subspace W of VG with
codimF<? W = 1 such that G(W) = {1} or (V, G(W)) is a homogeneous sub-
couple which satisfies dim(V, G) = dim(V, G(W)).

§ 3. Computation of invariants

Let (VG 0 kXu H^ (1 ̂  ί ̂  m) be subcouples of (V, G) with

dim ( F σ + Σ kXt) = m + dim VG

such that F ^ X , (ί^j) and G(W) = φ ^ f f , for a subspace W of VG

with codimFG W = 1. We define Z, Tt and Ŵ  to satisfy VG = W@kZ,W
= θ^ i : S ( l AT7, and &X, = Ŵ  (1 ̂  j ^ m) respectively. Ft = F^XJ denotes
the canonical (VG 0 Wt, .ffj-invariant on Xt. For any n and c = fe, , cn)
eZn, let ||c|| denote the sum ΣliziίnCt a n ( i {β<: 1 ̂  i ^ τι} be the standard
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basis of Zn (Z is the set of all integers). Further we suppose that there

are pseudo-reflections σ, e G — G(W) (1 <L j' <ί m) with [Xtj] e GLJJk) where

- fo - Vximod W

ίj ZmoάW

LEMMA 3.1. Let R be a subalgebra of k[V]G which contains k[VG]\

Assume that FiΨi2 F^1 (0 <I ct < p) are linearly independent over R and

let gx be an element of the R-module

© RF?F? Fir
cer

where Γ = {c = (c1,. . , c J e Z m : O ^ c ί < p and \\c\\ > 1}. Then gι = 0 ί/

gi + ^2 e A[y]G /or α polynomial g2 e k[V] with (ps — ΐ)g2 eR (1 <Ξ j ^ m).

Proo/. For r = ( r i, , γm) e Z w with 0 ^ ^ < p let

Ψr: © Λ F ^ ί ? F5* > RF[Ψp - Ffr

denote the canonical projection. Choose an element ξ = (ξί9 ,ξm)eΓ

such t h a t ΨAgί) = 0 at each γeΓ with | | j Ί | > | | ? | | . We may assume t h a t

ξi > 0. Besides we define η = (ηu , ηm) as ξ — ex and put dtη = η + et

(1 ^ i £ m). Then clearly

- 0 ,

because (σ, — ΐ)g2 e iϊ and η ^ 0. Further, as

(σ, - DFXZJ = F&σ, - l)Xt) e k[VG]

and k[V]G 3 i?, we have

(o =)y,((σ,

ISiSm

= Σ fc

for all l<^j^,m. On the other hand the polynomials

(1 ^i,j^ m)

are contained in k[W] and hence the terms of Ψr]{(σ3 — l)gx) with variables

Z, Tt, Xj whose degrees are maximal on Z are also terms of

Σ λtfa +
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where Xs (j > m) are defined such that {Z, Tu X3) is a A-basis of V. This

implies that

Now let us study a decomposition of (V, G) in the case where m >̂ 2,

y = y* 0 e ^ ^ m Wi, G(W) = Θ ^ ^ w fli and \Ht\ = p* (1 ̂  i ^ m) (observe

that (V, G) is quasi-homogeneous). The rest of this section is devoted to

the proof of the following proposition.

PROPOSITION 3.2. If k[V]G is a polynomial ring, then (V, G) is decom-

posable.

Is (1 <; s <I v) stand for equivalence classes of I = {1, 2, , m} with

respect to the relation — induced by ί — j when ^(y* 7 Θ W€, H^ = s/(VG Θ

WjtHj). For each Js there is a subset c/s of J with \IS\ = |c/s| such that

the submatrix [λiJ]atj)eIsXJs (1<L s <^v) is non-singular (Js (1 ̂  s <Lv) are

not always disjoint). We may assume that [^Jα^e/sx^ (1 <̂  s ^ v) are

monomial matrices, replacing a decomposition of (F,-ff) consisting of one

dimensional subcouples by the use of an admissible transform.

Moreover suppose that &[y]G is a polynomial ring over k. Since

we have k[V]G = k[VG][fu ,/m] for homogeneous polynomials ftek[V]

with /, ~ Ff mod <yG>G^>. Then it follows from (3.1) that

where hi5 are homogeneous in

We wish to claim h^ = 0 (i =̂ j) and show this only for the case of

i = 1. Suppose that T* (1 ̂  i ^ ί) span the subspace stf{VG Θ Wu Hx) of

yG and set

where bju e k. For c = (c1? , cd) e Nd and g e k[VG]{pt^, Φc(g) e k is de-

fined to be the coefficient of

Trci7^C2 . . . rΓcdΎPt + 1-\\c\\
1 J-2 J-d &

in g which is regarded as a polynomial of Tt (1 ̂  ί ^ d) and Z (N is the

set of all non-negative integers). Especially we denote by at{c) the value
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LEMMA 3.3. Let c be an element of Nd such that \\c\\ <pK Then we

have

1 if i — 1 and c = 0

0 otherwise .

Proo/. Suppose that an element ceNd satisfies | |c| | < pι. Then

fl (c = 0)

since pt+1 — \\c\\ > pι and

for Fuek[W]. On the other hand we have

(0 =XPe((*, - 1)/,) = ΦeίF^σ, - l)Xi)p) + Σ ΦdFAσ, - l)XdhH)

Σ

Therefore this system is reduced to

•λu (c = 0)
Σ *iS{at(c)+ Σ..«(C)α<(.,1 , Q

where α(c') e /̂ . The assertion follows from the last equations, because the

matrix [Λί;] is non-singular.

LEMMA 3.4. Let L be the subset of

{0} x . . . x {0} X Nd-'

t times

consisting of all non-zero elements c such that

for ωteZ with ωt < 0 (0 < i ^ t — 1) and 0 < ωt < p. If c e L then a^c)

= 0 (1 ^ 7 ^ m).

Proof. Let c = (cu , cd) be an element of L such that α/c') = 0
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(1 <I j <I m) for all d e L with | |c| | > | |c' | |. Obviously the equalities

OC{FX{{1 - a^XiY) = 0 and Φc{Fx{Z)hn) = α^c) follow from p ί + 1 > | |c| | and

fo, * * > Ct) = 0. Further we can show that

Φc{FlZ)hά - ale) = &(0K(0)
ee

llc||> He'll

for some βέ(0), /3i(cO e k, because

Ft(Z) = Z*1 +

where JF1^ are homogeneous polynomials in k[W], According to (3.3) α

= 0 (1 < i ^ m) and therefore we must have

φi(Ft(Z) + Σ bMTjjhΛ = ale)

because | |c| | Φp*. Now the system

ΦC(FM - σ^Y) = Σ

can be expressed as

which imply that a^c) = 0 (1 <J ί ^ m).

LEMMA 3.5. Ifd>t, ISQ B 1 cmd / ^ ISo, then a^p'ej) = 0

for each i e I — 7S0.

Proof. Put C, = W - (i; - l ) ^ " 1 } ^ ^ eZ ώ (1 ^ u ^ p) and let at{ζp)

= 0 (1 ^ i ^m) . Since Φζυ(F,(ΓJ/ιH) = 0 for u^£ + 1, by (2.9) we obtain

Σ
+ Σ tub

iet

+ Σ.Λ

where I = {£: Θ u^ ί + 1 AΓtt 2 c^(yG Θ W<, H%)}. But it follows from (3.4) that

a^v - lXp4 - pι-ι)et+1) = 0 (2 ^ υ ^ p) .

Thus for 2 ^ u ^ p and l^j^m we must have
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(0 =)ΦCXF,((1 - σ,)Xy) = Φj Σ F&σ, - l)XdhH)

- Σ *iMO + Σ
ieϊ iei-ϊ

which shows αXp^+i) = 0 for iel — I. Further let ί0 be an element of

( 7 - 7 J Π I if it is non-empty. We may suppose Θ ^ t + 2 kTu 2 Jί(VG Θ PFί0,

and set ζ'υ = p'et+ί + (v - ΐ)(p' - p'-ι)eM (1 ^ v £ p). Clearly

Σ F&σj - l)Xf)Λi*) - Σ

for 2 ^ i; ^ p. On the other hand (2.9) implies

ΦCυ(Fi0(Z)hlί0) = aί0(Q - αf0(c:-i) (2 ^ υ £ p)

because ΦCv(Fi(Tu)hu) (u = t + 1, t + 2) are linear combinations of at{c) such

that c = (0, , 0, cί+1, , cd) and ||c| | = (ϋ — ϊ)(pt — p'"1). But we see

Σ ^*((^ - QXύfk) = ΦCυ(Fm - as)xxy) = o

and hence this system requires

^oίP^ί+i) = a*0(Ci) = ' * * = α<o(Q = 0 .

The remainder can be proved in the same way.

Now let s0 be an integer such that Iso a 1 and put τs — σ^ (1 <ί j <Ξj m)

where j0 e Jso and ^ e N satisfy λίjo ^ 0 and nόλλ3o = — λυ respectively. Ac-

cording to (3.3)

for 2 <; u < m, and therefore if t + 1 <ί i < d we deduce from (3.5) that

(0 = ^ ^ ( ^ ( ( 1 - σ3)Xy) = Σ ΦP^(Fu((σs - l)Xu)hlu)

Σ

Since [>i,tB](!t,B)67,oχj,o is a monomial matrix, these equations imply

ajip'ed = 0 (t+l^i£d;2<j £m).

So we have

βiCp βi) = - δ A(O) = 6« (ί + 1 ^ * ̂  d)
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for l^j^m with λυ ^ 0, and then it follows from the definition of τό that
(τ3 - ΐ)X, e Θ^izt kT, (1 ^ j ^ m). By the identities F,{T%) = 0 (1 ^ i ^ t)

we can see

Σ
= Fζ + F1hll +

Consequently we obtain

(0=)(r, - 1 ) Λ = 1 Σ m O

for some homogeneous polynomials gi3 in k[W] where

_ (TJ - ϊ)Xt mod W

Then, because Ft{Z) = Z p ί mod (W), this system requires ΛH = 0 (2 ̂  i ^ m).

For i ^F j we conclude that Λ^ = 0. Hence G contains subgroups

Gt (i = 1, 2) which satisfy M ^ F = k[Vβ][fl9 X29 X,, , Xm] and ^[F]G a =

k[VG][XU f2, /s, , / J . The couple (V, G) has a decomposition {(VG 0 ^X1?

Gd, (VG Θ Θ 2 ^^ w fe-X;, G2)}. We have just completed the proof of (3.2).

§ 4. Proof of Theorem 1.3

We begin with

PROPOSITION 4.1. Let (V, G) be a quasi-homogeneous couple with

d i m ( V , G ) ^ 2 . Suppose that (V, G(W)) decomposes to one dimensional

subcouples for any proper subspace W of VG with G(W) ^ {1}. If k[V]G is

a polynomial ring, then (V, G) is decomposable.

Proof Since (V, G) is quasi-homogeneous, there is a subspace W of

VG with codim^ W= 1 such that G(W) = {1} or (V, G(W)) is a homogene-

ous subcouple which satisfies dim(V, G(W)) = dim(V, G) = m. Clearly

(V, G) is decomposable if G(W) is trivial. Hence we suppose that (V, G(W))

decomposes to one dimensional subcouples (VG Θ Wi9 Ht) (1 <̂  / ̂  m) with

|JE?t| —p\ Denote by Xt a generator of Wt and let r be the rank of the

matrix [(σj — l ^ m o d W](ί>Λ where a$ runs through all pseudo-reflections

in G—G(W). In the case of r = m we have already shown that (V, G)

is decomposable. We may assume that r < m and that the submatrix

[(σj — l)Xt mod W]^^^ is non-singular.

Let FIX,) be the canonical (V^Θ Wi9 iίj-invariant on Xt. Further
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choose Z5 from Vwith (1 — σ3)V = kZj and put bυ = Zj\σj — l)Xit Since
J2(V,G(W)) is homogeneous, by (2.8) we see £(V,G) = k[X?+1, '-,X?t+\
gr+u ' ' ' 9 gm] where Xt = Xt mod VG and g5 (r + 1 <^ j ^ m) are expressed as

for some atj e k. From this the polynomials

Fj(Xj) + Σ

belong to a regular system of homogeneous parameters of ^[V]^. Thus,
for r + 1 <̂  j ^ m and 1 <̂  u ^ r, we have

- 6ittFXZJ - (1 - σu)Fj(Xj)

= Σ

Σ

which implies that if atj ^ 0

where Z denotes a variable. Obviously this requires s/(VH®Wi9Ht) —
H Θ Wj, Hj). Define θ e GL(V) to satisfy that

and V<θ> ^ {X,: 1 < ί £ r} U VG. According to (2.10) θ is a {(FG Θ W,, i?,):
1 ^ i ^ m}-admissible transform and (V, H) decomposes to subcouples
(VG Θ θ(Wt), H{) (l£i^m) for some subgroups H of H. Then (V, G)
decomposes to (VG Θ Θ r + 1^^m fl(WΛ ®r+1^mfy) and (yG Θ Θ ^ ^ r θ(Wj), L)
where L is the stabilizer of G at Θr+i<^m Θ{W3).

(4.2) Let A< = K[fn,fί2, ,/<n] (ί = 1, 2) be graded polynomial alge-
bras with dim At = n over a field if where /^ are homogeneous in At.
Suppose that Aλ is contained in A2 as a graded subalgebra. Then Ax =
A2 if and only if

Π deg/u = Π

q(R) denotes the quotient field of an integral domain R.

LEMMA 4.3. For any couple (V, G) we have the following inequality;
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[q(k[V/VG]):q(2(V,G))]^\G\

and if the equality holds then k[V]G is a polynomial ring.

Proof. We prove this by induction on \G\. Let W be a subspace of

VG such that coding W = 1 anάW^^V, G). Then H = G(W) is a

proper subgroup of G. By the induction hypothesis we have

[q(k[V]KW)): q(k[VΓKWy)] ^ \H\

and if the equality holds k[V]H is a polynomial ring. Putting

S = (k[k ®k V]Hl((k ®

as in the proof of (2.3), we can show that Sm = Sm for any maximal

ideals 3Rt (i = 1, 2) of S which contain the minimal prime ideal (((k (g)fc

V°ymΘkv)Hl(Φ Θk W)mΘkV1)
H)G/H. On the other hand it follows easily from

(2.3) that S is normal and hence S is a polynomial ring over k. Since

as graded algebras defined over k, (k[V]H/(W)H)G/H is also a polynomial

ring. Clearly <2( V, G) can be embedded in (k[V]HKW)H)G/HI((VG}HK

and so we have

Now suppose that the equality of (4.3) holds and then we deduce from

this

: q(k[V}*KW>*)] = \H\ .

Therefore k[V]H is a polynomial ring. Moreover by the equality of (4.3)

and (2.3) we see that the canonical map

JS( v, G)—> {k[vγi(wy)G/Hi((VGyi(wy)GIH

is an isomorphism and that there is an (n + l)-dimensional graded poly-

nomial subalgebra k[fuf2, -- ,fn+1] of k[V]Gl(W}G with

Π dθgΛ = | σ | .

Here n denotes the dimension of (V, G) and ft (1 ̂  i ̂  7i + 1) are homogene-

ous elements in k[V]l(W). Then, by (4.2), we must have (k[V]Hl(W}H])GJH

= ^[V]β/<VF>G, because (^[^^/(W)^) 0 ^ is a polynomial ring which con-

tains k[V]Gl(W}G as a graded subalgebra.
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Further if dim W ^ 2 let W be a subspace of W with codinv W = 1

and put W = G(W/)(=H(W% Since λ>[Vl* is a polynomial ring, by (2.6)

k[V]H' is also a polynomial ring. Therefore we get the commutative

diagram

> o

(k[V]HΊ<wfyf)H/Hf — > {k[V]Ht i(wfyfy/Ht lawy i{wfyH')H/Hf — • o

of &G/fiΓ-modules with exact rows. From (k[VYI(W}H)G/H = k[V]Gl(W)G

the sequence

(k[V]Hκw/yH)β/s — > (k[V]HκwyH)G/H — > o

is exact. Then (k[V]H' l(W'yH')G/H' is a polynomial ring which contains

k[V]σKW'y, because ((WyH'l(WfyH')G/H' is principal. Hence we deduce

similarly from the equality of (4.3) and (2.3) that k[V]G/(W'y =

(k[V]H'KW'y')0'H'.

If necessary we can continue this procedure. Consequently k[V]G/(WyG

is a polynomial ring for a one dimensional subspace W of VG. The as-

sertion follows immediately from this.

By the use of (4.1) we establish

THEOREM 4.4. Let (V, G) be an indecomposable couple. Then k[V]G

is a polynomial ring if and only if dim(V, G) = 1.

Proof. It suffices to prove the "only if" part. Let # denote the set

of all indecomposable couples (Vo, Go) with dim (Vo, Go) JΞ> 2 such that A[ Vo]σ°

are polynomial rings. Assume that ^ is non-empty and choose an element

(V, G) from # which is minimal with respect to the lexicographical preorder

of <€ denned by the value (dim (Vo, Go), dim Vo) for (Vo, Go) 6 <g. From (4.1)
the couple (V, G) is not quasi-homogeneous. Let W be a subspace of VG

with codimFG W = 1 and put H = G(W) and u = aim.VH/VG respectively.
Then the Mi-module V defines a couple (V, H) and by (2.6) k[V]H is a
polynomial ring. Obviously V is decomposable as a kH-moάule, and hence

(V, H) decomposes to one dimensional subcouples (VH®Wi9Hi) (u + 1

<L i <^ m) where m = dim (V, G), since (V, G) is minimal in <g. If (V, H)

is not homogeneous, we may suppose that

l # . + i l ^ ••• ̂ \Hυ\<\HΌ+1\= . . . = 1 ^ 1
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for some v < m. Otherwise set v = u (it should be noted that u > 0 in

this case).

Let U = VH Θ φ t t + 1 ^ ^ W* (the empty direct sum is regarded as {0})

and denote by G' the stabilizer of G at £7. We can choose homogeneous

polynomials /, e k[V] (1 ̂  i <L m) such that /< e fc[U] (1 ̂  i ^ u) and fc[ V]σ

= k[VG][fu - - , / m ] , calculating a regular system of parameters of J(V, G)

through fe[Vr]ff/<W>H as in the proof of (2.7). Because k[V]G is contained

in k[U][fυ+1, , / J , there is a subgroup G of G with k[Vf = k[U][fΌ+1, ,

/ m ] . Clearly G = Gf and the &G'-module V is decomposable. Therefore,

from the minimality of (V, G), the couple (V, Gf) decomposes to one di-

mensional subcouples (VG' Θ W , GO (υ + 1 ̂  i ^ m).

We have

[g(fe[C7/^]): q<jί(J7, G/GO)] = |G/C|

since /,eM^]G / < ? / (1 £ i £ υ) and GjGr acts faithfully on U. By (4.3)

k[U]G/G' is a polynomial ring and so (U, G/GO decomposes to one dimen-

sional subcouples (UG/G' Θ W , G[) (1 ̂  i ^ u). It should be noted that VG'

= [7 and UG/G' = VG.

Let Xi (1 ̂  i ^ m) denote a generator of W and put G = G/G' and

p ' = [G: Θu+1^υ H%] respectively. Because k[U]G = AtV Ĵf/!, ,/J by (4.2),

we deduce from the computation of £(V, G) (cf. (2.7)) that there exist

pseudo-reflections σi (1 <Ξ Ϊ <̂  r) in G — H such that the column vectors

[(σ, - 1)X< mod WLs^, (1 ̂  ^ r) are linearly independent. Then G(W)

Π Θisisr <^ m O ( i G') = {1} a n d hence we see that G( W) = ®u+i<u£υHi- Putting

we obtain another decomposition

* Θ W7, Hfrl^i^m with iί/ ^ {1}}

of (V, H). Since {i: H- = {1}} g {1, 2, , υ}9 it may be assumed that H^

= {1} (1 ̂  i ^ M).

Let ί'iίXi) = Xέ (1 ̂  ΐ ^ u) and for u + 1 <£ ί ^ m (resp. 1 ̂  i ^ m)

let ^(ZO (resp. ^(ZO) be the canonical (VH Θ WJ, iJ )-invariant (resp.

( y σ Θ Wί, G )-invariant) on X. Assume that G o = H'ίo for some u + 1 ^

ι0 ^ ι;. Then (V, G) decomposes to (VG Θ WJ0, iJQ and (VG Θ Θ^ ί o W'i9 L)

where L is the stabilizer of G at W o, and hence we must have
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= p for all u + 1 rgj i <̂  v. Because ^[y] G is contained in

there are pseudo-reflections τ5 (1 <̂  j <̂  v) in G — H which satisfy the fol-

lowing condition; for 1 <̂  £ <̂  u V<ry> 3 W/ if and only if ί =̂  jf. We may

s u p p o s e t h a t V < Γ ί > ^ Wj ( l ^ i ^ u υ + l^j ^ m ) a n d s/(VH Θ Wj9 H-) 2

^ ( V " ® W ; , H ί ) ( u + l^i^v;v + l£j^ m \ a p p l y i n g a { ( V * Θ W'i9 Hi):

u + 1 <J i ^ m}-admissible transform on V.

Clearly we may assume that deg/^ = degg { (υ + 1 ^ ί <; m) and

ϋ+1 = deg/,+2 = = deg/y < deg/y+1 = = d e g / m

for some y with i; + 1 ^ y ^ m. Further fi — gt (v + 1 ^ i ^ y) can be

regarded as a polynomial /^ in £[Ϊ7], replacing /̂  with linear combinations

of them. We deduce from (3.1) that

ΣK =

for some homogeneous polynomials htj in ^[FG], since (τά — l)giek[VG]

(v + 1 <; ί £ y; 1 ^ ^ ϋ) and

0
ϊίJS?

, ft, , gv]FtFi>

Assume that Λiflyo ^ 0 and let ZJo be an element of V with (1 — τs) V

= ^Z i o. Then it follows from τJQ(fίo) = fh that

7 2 n * { Δ 3 S ^ )

So we have u + l£jo£υand ^(VH ® Ŵ o, HQ ~^^{VH® W'Jo, Ή'j). More-
over we find a pseudo-reflection σ in G o — fl"<0 because Fio = ^ ί o requires

j ^ ( F ^ Θ W ô, flQ ^ ^(VH Θ w;o> i/;o), and choose ZσeV such that (1 - σ)V

= AZσ and Zjo =°Zσ mod W. Let {V,: 1 £ i£ t) be a ^-basis of .*/( V^ Θ W/o, H[)

and select Γĵ  e V (t + 1 ^ j £ d) to satisfy W = Θ ^ ^ d ^ϊ7, and

θ W;o, i/;o). Express ZJQ as

for αf e A (1 ^ i ^ d) and set R = k[Tl9 , Td_l9 Z]. If αd = 0, by (2.9)

we have (1 — TJQ)FJQ $ R and giQ{Z3) e R. This implies that αd ^ 0. Since

gΛZ.) = gΛZj) L o°(l ^ ^ t\ we see
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Σ
Then gio(ZJQ) is a monic polynomial of Td in R[Td], but from (2.9) the

leading coefficient of FJQ(Zj() as a polynomial of Γd is a non-unit in iί,

which is a contradiction. Therefore we must have fi = gi(v+l<Lί<^y).

In the case oΐ y = m it follows that AtV]6" = klV0]^, , gm] and this

requires that (V, G) is decomposable. Hence we obtain y Km. Because

G[ = HI (υ + 1 ^ i ^ y), the couple (V, G) decomposes to ( F G Θ Θ ^ ^ ^ , Wϊ,

®v+istsvHί) and ( V G Θ Θ ^ ^ ^ Θ Θ , + ^ ^ m W ; , i f ) where K denotes the

stabilizer of G at the set ®u+i<^<^ W(. This conflicts with the selection

of (V, G). Thus the proof is completed.

Now (1.3) can be reduced to (4.4) by (2.1), (2.2) and (2.4).
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