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ON BUCHSBAUM RINGS OBTAINED BY GLUING

SHIRO GOTO

§ 1. Introduction

Let A be a Noetherian local ring with maximal ideal m. In 1973 J.
Barshay [1] showed that, if A is a Cohen-Macaulay ring, then so is the
Rees algebra R(q) = 0 n^ o Qn for every parameter ideal q of A (c.f. p. 93,
Corollary). Recently the author and Y. Shimoda [5] have proved that the
Rees algebra R(q) is a Cohen-Macaulay ring for every parameter ideal q
of A if and only if

(#) A is a Buchsbaum ring and Hι

m{A) = (0) for i Φ 1, dim A.

(Here WJiA) denotes the j-th local cohomology module of A. See (2.1) for
the definition of Buchsbaum rings.) Of course this is a complete answer
to the question whether the converse of Barshay's result is true. Sub-
sequently by the author [4] there was given a practical criterion for a
local ring A to satisfy the condition (#) (c.f. Theorem (1.1)). Applying it
to the case where the ring A considered appears as the local ring at the
irrelevant maximal ideal of an affine semigroup ring over a field, one may
deduce a necessary and sufficient condition for A to be a Buchsbaum ring
in terms of the corresponding semigroup. In this case A satisfies the
condition (#) if it is a Buchsbaum ring (c.f. [4], Theorem (3.1)).

The purpose of the present paper is to apply further this criterion to
local rings obtained by gluing and to find a good deal of local rings for
which the Rees algebras of parameter ideals are always Cohen-Macaulay.
(See Section 2 for the detail on gluing.) The concept of Buchsbaum local
rings has its root in an answer of W. Vogel [12] to a conjecture of D. A.
Buchsbaum [2] (c.f. p. 228) and the basic properties of Buchsbaum local
rings were given by J. Stϋckrad and W. Vogel (c.f. [8] and [9]). But, even
though the theory of Buchsbaum singularities is now developing rapidly,
it is required to establish their ubiquity together with a great deal of

Received August 29, 1979.

123



124 SHIRO GOTO

examples. The results of this paper may also have some significance from

this point of view.

The statement of the main theorem will be found in the next section,

which we will prove in Section 3. The final section is devoted to some

examples, which illustrate the results of the present paper.

§ 2. Main result

In order to state the main theorem we need some definitions.

DEFINITION (2.1). A Noetherian local ring A is called Buchsbaum if

the difference

lA(AlQ) - eA(q)

is an invariant I(A) of A not depending on the particular choice of a

parameter ideal q of A, where eA(q) denotes the multiplicity of A relative

to q.

This is equivalent to the condition that every system aί9 α2, , ad of

parameters for A is a weak sequence, i.e., the equality

(<h9 , <*i): β<+i = (01, , α < ) : m

holds for every 0 <Ξ i < d, where d — dim A and m denotes the maximal

ideal of A (c.f. [8], Satz 10). Every Cohen-Macaulay local ring A is a

Buchsbaum ring with I(A) = 0, and vice versa.

It is known that Buchsbaum rings enjoy rather good properties. For

example, let A be a Buchsbaum local ring with d — dim A > 0 and with

maximal ideal m. Then the local cohomology module H*J(A) (i Φ d) is a

vector space over Aim and

(2.2) I(A)=g ( d~l) άimΛ/mHl(A),
i 0 \ I /

where dim^-ffίXA) denotes the dimension of Hι

m{A) as a vector space over

Aim (c.f. [6], Satz 2).

DEFINITION AND LEMMA (2.3) (c.f. [4], Theorem (1.1)). Let A be a

Noetherian local ring of dimension d and with maximal ideal m. Let Q(A)

denote the total quotient ring of A. Then the following two conditions are

equivalent.

( 1 ) A satisfies the condition (#) given in Section 1.

(2 ) There exists a Cohen-Macaulay intermediate ring Q(A) Z> B Z> A
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such that (a) B is module-finite over A, (b) dim Bn = d for every maximal

ideal n of B, and (c) mBaA.

In this case, if d I> 2, B is uniquely determined by A and Hι

m(A) = BjA.

We call B the Cohen-Macaulayfication of A and denote it by A,

provided d^>2 and A satisfies the condition (#).

Let S be a Cohen-Macaulay ring with dim SQ=dim S for every maximal

ideal Q of S. Let R be a subring of S and assume that S is module-finite

over R. (Hence R is again a Noetherian ring (c.f. [3]).) For every prime

ideal p (resp. P) of R (resp. S) we denote by k(p) (resp. k(P)) the field

RJpRp (resp. SP/PSP).

Let p be a prime ideal of R. We put

W(p) = { P e S p e c S / P Π R = p}.

Notice that W(p) is a finite subset of Spec S. For every P € W(p) let
iP : k(p)~+k(P) be the canonical monomorphism. We denote by f(P) the
value of / at P in k(P) for / e S and P e

DEFINITION (2.4) (c.f. [11], Section 1). pf = Π)peτr<p) •? and R' = {/e S/
3c e &Q?) such that /(P) = iP(c) for every P e WX/?)}. Then i?' is a subring

of S containing R and p r is a prime ideal of i?7. We call R' the gluing

over p.

For an arbitrary Noetherian local ring A we denote by emb(A)(resp.

e(A)) the embedding dimension of A (resp. the multiplicity of A relative

to the maximal ideal of A).

Now we are prepared to state the main result of this paper.

THEOREM (2.5). In the above situation let d = dim Rp. Then A = R'p,

is a Buchsbaum local ring of dimension d. Further, suppose d > 0 and

let m denote the maximal ideal of A. Then

( 1 ) HUA) = (0) for iφl,d.

( 2 )

( 3 ) emb(A)= Σ emb(SP)-[k(P): k(p)l
pew(p)

( 4 ) e(A)= Σ e(Sr)-[k(P):k(p)].
PeW(p)

If d^>2, the Cohen-Macaulayfication of A coincides with Sp>, i.e., A =

We will illustrate this theorem with an example.
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EXAMPLE (2.6). Let i be a field with ch k Φ 2 and S = k[x, y] a

polynomial ring. Let R = {fe S//(-l, 0) = /(I, 0)} andp = {/e S//(-l, 0)

= /(I, 0) = 0}. Then R is a subring of S and S is module-finite over jR.

Moreover p is a maximal ideal of R with W(p) = {P, Q}, where P = (x +

1, y) and Q = (x — 1, y). In this situation the gluing R; over p coincides

with the ring R itself, and the two points P and Q of Spec S are glued

together into a single point/? of Spec R via the morphism Spec S-^Spec R.

Explicitly

R = k[x2 - l,y, *(x2 - 1), xy] and p = (x* - l,y, x(x2 - 1), ay) ,

and so X = Spec iϊ is realized as a surface in the affine space A\. The

point p is an isolated singularity of X, and the local ring A = Rp at p

is a Buchsbaum local domain of dimension 2 and with /(A) = 1. Of course

emb (A) = 4 and β(A) = 2 .

The Cohen-Macaulayfication of A coincides with the normalization Sp of

A in this case.

As a consequence of Theorem (2.5) we have

COROLLARY (2.7). A = R'p, is α Cohen-Mαcαulαy ring if and only if

d ^ 1, or there is exactly one prime ideal P of S such that PP\R = p and

moreover the equality k(p) = k(P) holds for this prime ideal P.

In case S is a finitely generated algebra over a field, finitely many

prime ideals of S with common height are always glued together into a

single prime ideal (c.f. [10], Theorem 1.3). Thus one may obtain by this

procedure a good deal of local rings satisfying the condition (#) in Section

1. Originally the concept of abstract gluing was introduced by C. Traverso

[11] in order to clarify the structure of seminormal rings. Let A be an

arbitrary commutative ring. Then A is called seminormal if the canonical

homomorphism

Pic A > Pic A [xl9 x2, , xn]

of Picard groups is an isomorphism for every integer n > 0, where

A[xu xz, - , xn] denotes a polynomial ring. C. Traverso gave a criterion for

a Noetherian reduced ring with finite normalization to be a seminormal

ring in terms of gluing (c.f. [1], Theorem 2.1 and 3.6). According to his

result, the local rings A considered in Theorem (2.5) are always seminormal
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if R is reduced and if S is the normalization of R (c.f. [11], Section 1).

§ 3. Proof of Theorem (2.5)

We begin with the following

LEMMA (3.1). In the same situation as Theorem (2.5) let B = Sp>. Then

(1) p' is also an ideal of S and m = mB c A.

(2) p' is a unique prime ideal of R' such that p' f) R = p, and so

dim A — d.

(3) k(p) = k(p'), where k(p') denotes the field R'v,\pfRv>.

(4) Max B = {PB/P e W(p)}.

(5 ) dim SP = d for every P e W(p).

Proof. ( 1) This is trivial as

P'= Π P
p w )

by definition.

(2) See [11], (1.5) for the first assertion. The second one follows

from the first, since

A = R'p, and d = dim Rp

by definition.

(3) See [11], (1.5).

( 4) Let P be an element of W(p). Then

PDR' =p'

by (2), as (P Π R;) Π R = p. Hence PB is a maximal ideal of B = Sy.

Of course every maximal ideal n of B may be expressed as n = PB for

some P e W(p), because pf Π -R = p again by (2).

(5 ) Let P be an element of W(p) and choose a maximal ideal Q of

S containing P such that dim S/P = dim SQIPSQ. Then SQ is a Cohen-

Macaulay local ring with dim SQ = dim S by the standard assumption on

S. Hence we have

dim SP = dim SQ — dim SQIPSQ

= dim S - dim S/P

= dim JR — dim R/p ,

and so we see that dim SP does not depend on P. On the other hand
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dim B = d by (2), since B is module-finite over A. Thus we conclude by
(4) that dimSp = d for every Pe W(p).

COROLLARY (3.2). Let Q(A) denote the total quotient ring of A and
suppose that d > 0. Then depth A > 0 and Q(A) Z> JB.

Proof. First notice that B = Sp> is a Cohen-Macaulay ring as so is
S by the standard assumption on S. Hence the A-module B is Cohen-
Macaulay and of maximal dimension d, because dim Bn — d for every
maximal ideal n of B by (3.1) (c.f. (4) and (5)). In particular depth^B > 0
as d > 0.

Let a be an element of m and suppose that a is J3-regular. Then
clearly a is A-regular and so we have that depth A > 0. On the other
hand mB c A by (3.1), (1). Thus B d A[a~ι] and therefore we have the
inclusion B C Q(A) as required.

LEMMA (3.3). (1) m = Π n>
wGMax B

(2) lJ(B/m0= Σ lβj,(S,/P'S,) [ft(P):Λ(p)]/o
P€W(p)

Proof (1) Since m = p'B by (1) of (3.1), we have

= n
pw(= Π n.
?ιeMax 5

(2) Let i ^ 0 be an integer. Then it follows from (1) that

m1 = Π n* and Bjnΐ = 0 B/n*
wβMaxJB nSMaxfi

by virtue of the Chinese remainder theorem. Hence

UB/m')= Σ UBW lBlniAlm]
we Max B

and so, recalling A/ι» = k(p) by (3) of (3.1), we conclude by (4) of (3.1)
that

lA(Blmi)=

as claimed.

Proof of Theorem (2.5).
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We know that dim A = d by (3.1), (2). Notice that, if d <: 1, then A
is a Cohen-Macaulay ring (c.f. (3.2)). Hence A is a Buchsbaum local ring
with I(A) = 0 in this case. Now suppose that d ^ 2. Then, because B
is a Cohen-Macaulay ring with dim Bn = d for every maximal ideal n of
B by (4) and (5) of (3.1), A is a Buchsbaum local ring with Cohen-Macau-
layfication B and with H'JA) = (0) for iφl, d (c.f. (2.3), (1) of (3.1), and
(3.2)). Moreover, by (2.2) and (2.3), we see that

On the other hand άimA/mB/A = dimA/mBlm — 1, and

dimA/mBlm= Σ ik(P):k(p)]
pew(p)

by (3.3). Hence we have the required equation

Now consider the assertions (3) and (4). Suppose that d > 0 and let
i ^ 0 be an integer. Then

by (3.3), and so

UA/mO= Σ lSp(SPIPiSP

pew(p)

This implies the required equation
Σ e(SP) [k(P):k(p)]

p w )

because dim A = dim SP = d > 0 for every P e W(p) (c.f. (3.1), (5)). Further,
again by (3.3), we see that

emb (A) = IJimjm1)

pew(p)

= Σ emb(SP) [k(P):k(p)}.
p w ( )

This completes the proof of Theorem (2.5).
For an ideal a of an arbitrary commutative ring A let G'a(A) denote

the associated graded ring of A relative to a.
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COROLLARY (3.4). In the same situation as Theorem (2.5) let q be a

parameter ideal of A and M the unique graded maximal ideal of G = Gq(A).

Then GM is a Buchsbaum local ring with I(GM) = I(A). Moreover the ring

GM satisfies the condition (#) given in Section 1.

Proof. See [4], Theorem (4.1).

QUESTION (3.5). Let q be a parameter ideal of a Buchsbaum local

ring A and let M denote the unique graded maximal ideal of G = G'q(A).

Then, is GM a Buchsbaum local ring with I{GM) — I(A)?

PROPOSITION (3.6). Under the same circumstance as Theorem (2.5)

suppose that GPSp(SP) is a Cohen-Macaulay ring for every P e W(p). Let M

denote the irrelevant maximal ideal of G = Gm(A). Then GM is a Buchsbaum

local ring with I(GM) = I(A). Moreover

i21(G) = (0) for ίφl,d and M IPM(G) = (0) if d ^ 2 .

Proof. First notice t h a t

σjB)= π
pw(

by the Chinese remainder theorem, since m = ΣneMax* n by (3.3) and since

MaxJB = {PBIPe W(p)} by (4) of (3.1). Thus G'm(B) is a Cohen-Macaulay

ring with dim [Gm(B)]N — d for every maximal ideal N of G'm(B), as so is

GpsP(Sp) for every Pe W(p) by the assumption (c.f. (3.1), (5)).

Let V = G'm(B)IG and let {Vn}nez denote the graduation of the graded

G-module V. Then clearly

Vo = B\A and Vn = (0) for n Φ 0 .

In particular MV = (0). On the other hand G'm(B) is a Cohen-Macaulay

G-module of dimension d as we have mentioned above. Thus, applying

the local cohomology functor Hl

M{) to the exact sequence

0 - ^ G —+ σjB) - ^ V - ^ 0

of graded G-modules, we get

= (0) for iφl,d and Hι

M(G) = V if d ^ 2 .

This yields the second assertion. The first one follows from (2.2) and (2.3).

Under the same circumstance as Theorem (2.5) suppose that SP is a

regular local ring for every P e W(p) and assume that d — dim Rp > 0.
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Then the ideal m of B is generated by a regular sequence, say bu b2, ' ,

ba of length d, because m = ΠneMax* n by (3.3) and because Bn is a regular

local ring of common dimension d for every maximal ideal n of B by the

assumption (c.f. (3.1), (4) and (5)). Let

xt = bi mod m2

for every 1 <̂  i <L d. Then it is well-known that #!, #2, , xd are alge-

braically independent over B\m and

G'm(B) = (B/m)^, x29 . . . , x j .

Now let G = G^CA) and let M denote the irrelevant maximal ideal of G.

Then we have at once by (2.5) and (3.6) the following

COROLLARY (3.7). ( 1 ) G={f e {Bjn£j\xu x2, , xd]//(0,0, ., 0) e Aim).

( 2 ) GM is a Buchsbaum local ring with I(GM) = I(A) and it satisfies

the condition (#) given in Section 1.

( 3) e(A) = Σpeπw IKP) : k(p)], emb (A) = d.β(A), and I(A) = (d - 1)

- 1). Hence emb (A) = e(A) + I(A) + d - 1.

Remark and Question (3.8). Let A be a Buchsbaum local ring with

maximal ideal m. Then

( 1 ) emb (A) ^ e(A) + I(A) + dim A - 1.

( 2 ) The equality emb (A) = β(A) + I(A) + dim A - 1 holds, if there

exist elements a19 α2, , ad (d = dim A) of m such that

m2 = (aί9 α2, , αd)m.

In case the field A\m is infinite, the converse is also true. The proof of

these facts is essentially the same as that of J. Sally [7], Theorem 1. She

proved them in case I(A) = 0 (i.e., A is a Cohen-Macaulay ring) and

guaranteed that G'm(A) is again a Cohen-Macaulay ring if A is a Cohen-

Maeaulay local ring with emb (A) = e(A) + dim A — 1.

Let G = G'm(A) and let M denote the irrelevant maximal ideal of G.

Then it seems to be interesting to ask if GM is again a Buchsbaum ring

with I(GM) = I(A), provided A is a Buchsbaum local ring with

emb (A) = β(A) + I(A) + dim A - 1 .

Our result (3.7) gives an affirmative answer to this question in case the

local rings considered are obtained by gluing from regular rings. But
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the problem remains open in general except the case where dim A = 2

and depth A > 0.

§ 4. Examples

EXAMPLE (4.1). (See [10], Theorem 1.3 for the detail.) Let K/k be a

finite extension of fields and S a finitely generated iί-algebra of dimension

s. Suppose that S is a Cohen-Macaulay ring with dim S/P = s for every

minimal prime ideal P of S. Let W be a non-empty finite subset of Spec S

and assume that dim SP = d for every P e W. We put

P= Π P.

Then, by virtue of the normalization lemma, one may find elements xl9 x29

• , xs of S so that S is module-finite over Iffo, x2, , xs] and

Now let

Then i? is a subring of S and S is module-finite over R. Moreover p is

a prime ideal of R with

W(p) = Ψ and J?/p = Afo, x2, , xs_d] .

Further the gluing Rf over p coincides with the ring R itself (c.f. [10],

Theorem 1.3). Thus, applying Theorem (2.5) to this situation, we obtain

immediately the following results.

( 1 ) A = Rp is a Buchsbaum local ring of dimension d and with

WJίA) — (0) for i Φ 1, d. (Here m denotes the maximal ideal of A.)

( 2 ) Suppose that d > 0 and put d(P) = [SP/PSP: k(x19 x2, , *5_d)]

for every P e W(p). Then

emb (A) = Σ emb (SP) d(P) ,

and

e(A) =

Of course, if d Ξ> 2 and # W ^ 2, A is not a Cohen-Macaulay ring.
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(3 ) Suppose d ^ 2. Then the Cohen-Macaulayfication of A coincides
with Sp9 i.e., A = Sp.

EXAMPLE (4.2). Let k be an algebraically closed field and S — k[xu

%2, , Xd\ (d^2) a polynomial ring. Let W c Max S be a finite subset
with n = #VΓ^2. We put

p = pi p and JS = k + p .
pew

Then i? is a subring of S over which S is module-finite, and /? is a maximal
ideal of R with

W(p) = VF and R/p = k .

Moreover the gluing i?' over p coincides with J? itself as we have remarked
in (4.1). Notice that, via the morphism Spec S —> Spec R, the points of
Spec S contained in W are glued together into a single point p of Spec R.
The point p is an isolated singularity of Spec R and the local ring A — Rp

at p is a Buchsbaum ring of dimension d. Further
(1) JlίXA) = (0) for i:jfcl,A
(2) I(A) = (d - 1) (n - 1), emb (A) = dn, and e(A) = n. Of course

A is not a Cohen-Macaulay ring.
( 3) A = Sp and A coincides with the normalization of A. Recall

that A is seminormal.

EXAMPLE (4.3). Let S = k[x, y, z] be a polynomial ring over a field k
and let W = {P, Q}, where

P = ( x 2 - / , z ) and <? = (*,}>).

We put p = P Π Q. Then S is module-finite over the subring k[x2 — / ,
xz, x + 2], and pCik[x2 — y\ xz, x + z] = (x2 — y\ xz). Now let

R = k[x + z]+p.

Then R is a subring of S over which S is module-finite, and p is a prime
ideal of R with W(p) — W and 2?/p = k[x + z]. Moreover the gluing
over p coincides with R (c.f. (4.1)). Hence we have

(1) A = Rp is a Buchsbaum local domain of dimension 2.
( 2) I(A) = 3, emb (A) = 8, and e(A) = 4.

Computing explicitly, we obtain that

R = k[x + z, yz, xz, x2 - / , y2z, xyz, (x2 - y*)y, (x2 - y*)x, x2z, (x2 - yz)y2]
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and

p = (yz, xz, x2 - y\ y2z, xyz, (x2 - y*)y, (x2 - y*)x, x2z, (x2 - / ) / ) .

Thus Spec JR is realized as a subvariety of A™.

EXAMPLE (4.4) (c.f. [5], Proof of (5.6)). Let n ^ 1 and d ^ 2 be integers.
Let Kjk be a finite extension of fields with [K: k] = n + 1 and let B =
K[[x19 x2, , xd]] (d >̂ 2) denote a formal power series ring. We put

A = {/€B// (0 ,0 , . . . f0)€*}.

Then A is a subring of B containing P = k[[xί9 x2, , xd]] and so the

ring A is a Noetherian complete local domain of dimension d since B is

module-finite over P. Moreover the maximal ideal m of A coincides with

that of B, and clearly A is obtained from B by gluing over m. Thus,

by virtue of (2.5), we have

(1) A is a Buchsbaum ring and H\JiA) = (0) for i Φ 1, d.

(2) I(A) = (d- ϊ) n, emb(A) = d'(n+ 1), and e(A) = n + l . Of

course A is not a Cohen-Macaulay ring.

(3 ) A = B and A coincides with the normalization of A.

( 4) Sing A = {m} and A is seminormal.

Further

G;(A) = {/ e K[xu * , . . . , *J//(0, 0, . , 0) e k}

(of. (3.7)).

EXAMPLE (4.5). Let & be a field and P = k[[xu x2, • , xd, yu y2, , yj]

(d ^ 2) a formal power series ring. Let

A = P/p Γ\ q and B = P/p 0 P/g ,

where p = (x15 x25 > ^d) and q = (3^, ̂ 2, , yd). Then it is well-known

that A is a Buchsbaum ring (c.f. [6], p. 469, Beispiel). One may follow

this fact by using Theorem (2.5), since A is obtained from B by gluing

over the maximal ideal. Clearly A = B in this case and A coincides with

the normalization of A. A is seminormal. Of course

e(A) = 2, emb (A) = 2d, and I(A) = d - 1 .
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