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GAUSSIAN PROCESSES
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Summary

Let Sf be the Schwartz space of all rapidly decreasing functions on
Rn, Sf1 be the topological dual space of Sf and for each positive integer
p,Sfp be the space of all elements of £f' which are continuous in the
p-th norm defining the nuclear Frechet topology of Sf. The main purpose
of the present paper is to show that if {Xtί t e [0, + oo)} is an ^'-valued
Gaussian process and for any fixed φβ^ the real Gaussian process
{Xt(φ)91 e [0, + oo)} has a continuous version, then for any fixed T > 0
there is a positive integer p such that {Xt, t e [0, T]} has a version which
is continuous in the norm topology of S?'p.

§ 1. Introduction

Let E be a locally convex topological vector space, E' be the topolo-
gical dual space of E and denote by C(E', E) the smallest σ-algebra of
subsets of Er that makes all functions {(x, ξ}: ξ e E] measurable, where
<JC, ξ} is the canonical bilinear form on Ef X E. An Ef-valued stochastic
process is a collection X = {Xt, t e [0, + oo)} of measurable maps Xt from
a complete probability space (Ω, &, P) into the measurable space
(E;, C(E', E)). Throughout this paper i?+, T+ and N denote the half line
[0, + oo), the closed interval [0, T] and the set of all positive integers.

X is said to be Gaussian if the family of real random variables
{{Xt, ξ}:teR+,ξeE} forms a Gaussian system.

We shall study below sample path continuity of i^-valued Gaussian
processes in case where E is a nuclear Frechet space or a countable strict
inductive limit of nuclear Frechet spaces. In the following definitions we
assume that E is one of such spaces. Then the Borel field of Ef coincides
with C(E', E). If X is Gaussian the probability law μt of Xt which is
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defined by μt(A) = P{X^\A)), A e C(E', E) is a Gaussian measure on E'

with mean mt(ξ) and variance υt(ξ) and then there always exists mt in E'

such that (mt, ξ} = mt(ζ) for every ξ in E. Two iJ'-valued processes

{Xt, te 1} and {Yt, t e 1} on the same probability space (Ω, &9 P) is said to

be versions of each other if P(ω: Xt — Yt) = 1 for any te I, where 7 is a

subset of R+. If we change 'Έ'-valued" for "real valued" in the above

sentence, that is the definition of versions for real processes. X is said

to be quasi weakly continuous if for any fixed ξ e E there is a P-null set

Nζ such that (Xt(ω), ξ) is a continuous real function of t for each ω e

Ω\Nξ. X is said to be weakly continuous if there is a P-null set A such

that for each ω e Ω\A, (Xt(o>), ζ} is a continuous real function of t for any

ξ 6 E. Jίf is said to be continuous if X is continuous in the strong topology

of Ef almost surely. X is said to be additive if Xo = 0 almost surely and

if for every n e N and t0 < tx < < tn9 Xti — Xti^ι9 i = 1, 2, , n, are

independent £r-valued random variables.

Let E be a nuclear Frechet space, || 111 ̂ j II Ik ίg ^ II IIP <£ be

an increasing sequence of Hilbertian semi-norms defining the topology of

E, Ep be the completion of E by || \\p and | | . ||_p be the norm of E'v. Then

we have E = Γιi-i EP and Ef = U £ i E'p.

The foundation of this paper is in the proof of the following theorem

which will be given in Section 2.

THEOREM 1. Let E be a nuclear Frechet space and X = {Xt91 e R+} be

an E'-valued quasi weakly continuous Gaussian process. Then for any

fixed T > 0 there is p=pτeN such that {Xt,teT+} is \\ \\_p-continuous

almost surely.

Using the idea of the proof of Theorem 1 it will be shown that if X

is an Ef~valued Gaussian process and for any fixed ξ in E the real process

{<Xί? ξ>, 16 R+} has a continuous version, then X has a quasi weakly con-

tinuous version. Hence in such a case, by Theorem 1, {Xt, t e T+} has a

II ||_p-continuous version. (Theorem 2).

Appealing to Theorem 2 we can extend the Fernique's result about

sample path continuity of real Gaussian processes to E '-valued Gaussian

processes. (About Fernique's result, see R. M. Dudley [1], Theorem 7.1).

In Section 2 we will also give necessary and sufficient conditions for the

norm continuity in the case of the whole time interval R+ and give ex-

amples which show that the conditions are not trivial. Section 3 is
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devoted to the norm continuity in the case where E is a countable strict
inductive limit of nuclear Frechet spaces.

The present paper was motivated by the following proposition proved
by K. Itό. (see Theorem 4.1 of [5]).

PROPOSITION 1. If X is an ^-valued Gaussian additive process where
for any φ in £?, mt(φ) and vt(φ) are continuous real functions of t, then for
any fixed Γ > 0 there is p=pτeN such that {Xt,teT+} has a version
which is continuous in the norm topology of £ff

v.

§2. Nuclear Frechet space

Throughout this section we assume that E is a nuclear Frechet space.
We shall begin with proving Theorem 1.

Proof of Theorem 1. For any ξ in E put X(ξ) = supίGΓ+ \(Xt9 ?>i Since
X is quasi weakly continuous, X(ξ) is J'-measurable and P(ω: X(ξ) < +oo)
= 1 so that

where E denotes the mathematical expectation, (see [*]: H. J. Landau
and L. A. Shepp [6], Theorem 5 and X. Fernique [2], Theorem 1.3.2.).

Then we obtain the following lemma.

LEMMA 1. Let X be an Ef-valued quasi weakly continuous Gaussian
process. Then for any fixed T > 0 there exist q = qτe N and a constant
L = Lτ > 0 such that

112

Ik *

Proof Since for each teT+, (Xt(ω), ξ) is a continuous function of ξ,
X(ξ)(ω) = sup ί e r + \(Xt(ω),ξ}\ is a lower semi-continuous function of ξ.
Hence Vτ(ξ) is also a lower semi-continuous function of ξ because if ξn

converges to ξ in E then we have

liminf Vτ(ζn) ^ tffliminf X(ξn)
2]

n-* + oo |_ n~* + °o J

= Vτ(ξ)

by the Fatou's lemma. Obviously Vτ(ξ) is a symmetric and convex func-
tion of ξ and satisfies Vτ(aξ) = α2VΓ(£) for all a :> 0. Since E is a complete
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metrizable space, by the Baire's category theorem, (see p. 62 of [4]), there
exist qeN and a constant L satisfying the desired inequality, which
proves the lemma.

Since E is nuclear, there is an integer γ > q such that Er is nuclearly
imbedded into Eq. Namely, if {ηj} is a C.O.N.S.υ (complete orthonormal
system) in Ev then it holds that

Of course sup ί 6 Γ + | |X t | |i r is J'-measurable.
Using Lemma 1 and the Sazonov-Minlos' theorem in [3], we have

E Γ S U P M U =E[supg<Xw-
U6T+ A ueτ+ j=i

= Σ EI ( sup I {-X

(2.i) l ; 1 L V ί s r +

= Σ vτ(Vj)

Thus we have P(ω: sup ί 6 Γ + \\Xt\\ir < +oo) = l. This implies that there
exists a P-null set Ωx such that for ω e Ω\ΩU

svφ\\Xt{ω)\lr< + o o .
teτ

Again by the nuclearity of E, there is an integer p > γ such that Ep is
nuclearly imbedded into Er. Let {ζ,} be a C.O.N.S. in Ep. Put Ω2 =
UyΓi Nζj and Ω3 = β\(,01 U β2) and so P(β3) = 1. Furthermore for ω e Ωz

there is a finite real number N(ω) such that

suv\\Xt(ω)\\±r£N(ω).
teτ+

Then for ω e Ωz and for t,seT+, we get the following estimate:

Therefore by the Lebesgue's convergence theorem, for the above ω and
for t,seT+ we have

lim ||Xt(ω) - Xa(ω)\\lp = lim g

1) We always choose a C.O.N.S. from
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glim
.7=1 ί-s

= 0 .

This completes the proof of Theorem 1.

Remark. Theorem 1 implies the following statements are equivalent.

(1) X is quasi weakly continuous.

(2) X is weakly continuous.

(3) X is continuous.

THEOREM 2. Let E be a nuclear Frechet space and X = {Xt91 e R+} be

an E'-valued Gaussian Process and for any fixed ξ in E the real Gaussian

process {(Xt, ξ}, teR+} have a continuous version. Then for any fixed T>

0 there is p = pτ e N such that {Xt, t e T+} has a || \\_p-continuous version.

Proof. Since for any fixed ξ in E, {{Xt,ξ},teR+} has a continuous

version, we denote it by Xt(ξ). Put X(ξ) = sup ί e Γ + \Xt(ξ)\ and XQ(ζ) =

sup ί e Q \(Xty £>|, where Q is a set of all rational numbers in T+. Then we

have

teQ

almost surely, so that

VQ(ξ) = E[XQ($)2] = E[X(ξY] < +00

(see [*]).

By the proof of Lemma 1 we have that there exist q = qQeN and a

constant LQ > 0 such that

(2.2) VQ(ξ)^LQ\\ξ\\2

q.

We assume γ, {η3) are the same notations as in the proof of Theorem

1. By (2.1) we have

P _
Y/=i teτ+

so that there exists a P-null set £?4 such that for ω e β\fl4 there is a finite

real number M(ω) satisfying

Σ sup (Xtfo)(β>))8 ^ M(ω) .
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Any ξ in E has the following unique expansion as an element of Er:

ξ = Σ C&η, .

So we can define for te T+,

if ω 6 Ω\Ω4,
Xt(ξ)(ω) ==

(0 if ω e Ω,.

Then for ω e Ω\Ω± and for t9se T+, we get the following estimate:

^ 4 sup

Therefore by the Lebesgue's convergence theorem, Xt(ζ)(ώ) is a continuous

real function of t on T+ for almost all ω. Furthermore for ω e Ω\Ω± and

for te T+, we have

Σ , ) ( Σ

Hence there exists an element xt(ω) in E'r such that

Define

(xt(ω) if ω e Ω\Ω4 ,
X ί ( ω ) = l 0

so that by (2.2) and the Sazonov-Minlos' theorem in [3], {Xt, t e T+] is a

version of {X,, t e T+}. Since Theorem 1 guarantees that there exists p =

pτeN such that {Xt9teT+} is || y.^-continuous almost surely, the proof

is completed.

The following theorem is immediate from Theorem 2.

THEOREM 3. Let X — {Xt, teR+} be an Ef-valued Gaussian process

and for any fixed ξ in E the real Gaussian process {{Xt, ξ}, t e R+} have a

continuous version. Then X has a continuous version.

EXAMPLE 1. Let X be an Ef-valued Gaussian process. According to

Fernique's condition, we consider the following inequality:

(2.3) E[(Xt - X,, m 5Ξ ΦW - β|)
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for any t9s e R+ and ξ in E, where φξ(u) is a non-negative function which

is monotone increasing on 0 < u < aς and satisfies
Λ+oo

φζ(e~χ2)dx < +00 for some Mζ < +00 .
J Mξ

Under the condition (2.3), by Theorem 3, X has an .E'-valued con-

tinuous version. This is an extension of Fernique's result to ίJ'-valued

processes, (see R. M. Dudley [1] and X. Fernique [2]).

We have the following theorem for the whole time interval R+.

Denote by J^+ the set of all positive locally bounded functions on R+.

THEOREM 4. Let X = {Xt, t e R+} be an E'-valued quasi weakly con-

tinuous Gaussian process. Then there exists p e N such that X is || ||_p-

contίnuous almost surely if and only if there is f(t) e J^+ such that

for any ξ in E.

Proof. Since Vτ(ξ) is a lower semi-continuous function of ξ as we

have proved, sup r e i 2 + Vτ(ξ)lf(τ) is also a lower semi-continuous function

of ξ. To prove the sufficiency it suffices only to repeat word by word

the proof of Theorem 1. The necessity can be shown as follows. By

the hypothesis of || H.^-continuity, we have P(ω: sup ί € Γ + ||-X̂ IJL̂  < +00) =

1 for any fixed T > 0, so that E[Qwpteτ+\\Xt\\lp] < +00. (see [*]). Put

f(τ) = E [sup ί e Γ + llXJIiJ, then f(t) e J Γ

+ and satisfies the desired inequality.

Moreover if X is additive, the condition is given in terms of mean

and variance of X.

COROLLARY 1. Let X = {Xt, t e R+} be an E'-valued quasi weakly con-

tinuous additive (necessarily Gaussian) process. Then there exists p e N such

that X is II ||_^continuous almost surely if and only if there is

such that

~ * -< +00
g(t)

for any ξ in E.

The above corollary is proved by combining Theorem 4 with the fol-

lowing theorem.
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THEOREM 5. Let X = {Xt91 e R+} be an E'-valued Gaussian additive

process. Then there existspeN such that Xhas a || \\_p-contίnuous version

if and only if there is h(t) e J Γ

+ such that

sup "X& + VM < + O 0 ,
R h(t)

and mt(ξ) and vt(ξ) are continuous real functions of t for any ξ in E.

Proof. We first prove the sufficiency. By the Baire's category theorem

there exist q e N and a constant D > 0 such that

Hence mt belongs to E'r» (r > q), for every teR+. From the nuclearity of

E there is an integer p > q such that Ep is nuclearly imbedded into Eq.

For any fixed T > 0, we have

(mt - ms, ζ,>2 ^ 4 ( s u p h(t))D \\ζs\
\teτ+ /

for t,seT+. Therefore by the Lebesgue's convergence theorem, mt is

|| H^-continuous.

Put Yt = Xt — mt. Then it can be shown that Yt has a || ||_p-con-

tinuous version by following the same argument as in the proof of Theorem

4.1 of [5].

Set up h(t) = supn^sj. {m\(ξ) + vt(ξ)}, then it can be shown in a way

similar to the proof of the necessity of Theorem 4 that h(t) satisfies the

desired properties, which proves the necessity.

The following Example 2 does not satisfy the condition of Theorem

4 and Example 3 does not satisfy the condition of Corollary 1, consequently

that of Theorem 5.

EXAMPLE 2. Let {x3) be a sequence of points of Sf' whose element

Xj belongs to ^f

3\9?f

j.ι if j I> 2 and x1 belongs to £?[. Set up

t(l -t)xx if 0 ^ t ^ 1 ,

(t - 1)(2 - t)x2 if 1 ^ t^ 2 ,
y(t) = \ •;

(t- (n- l))(n - ί K if n - 1 ^ ί ^ n ,

Define Xt = B(t)y(i), where β(ί) is a one dimensional Brownian motion.
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Then X is an ^'-valued continuous Gaussian process but it does not stay

Sf'p for the whole time interval R+.

EXAMPLE 3. Let {xά} be the same sequence as in Example 2. Define

Siί*)*! if 0 ^ ί <; 1 ,

B1(t)x1 + B2(t - l)x2 if 1 ^ t ^ 2 ,

Σ /ί - (j - 1))*, if n - 1 ^ ί ^ n ,

where {Bj(t)} is a sequence of mutually independent one dimensional

Brownian motions such that 23/0) = 0 almost surely, j = 1, 2, . Then

X is an ^'-valued continuous additive process but is on the same situa-

tion as above.

§ 3. Countable strict inductive limit of nuclear Frechet spaces

Throughout this section we assume that E is a countable strict

inductive limit of an increasing sequence of nuclear Frechet spaces

{Fn,neN}.
Let X — {Xt, t e R+} be an 2^-valued stochastic process and 7 be a

subset of R+. Then a Hubert space H with norm || Ĥ  satisfying the fol-

lowing properties (a), (b), (c) is called a common Hilbertian support over I.

(a) H is a C(E\ immeasurable linear subspace of E'.

(b) μt(H) = 1 for every t e /.

(c) The injection from H into Ef equipped with the strong topology

is continuous.

We will begin with an extension of Theorem 1.

THEOREM 6. Let X = {Xt, t e R+} be an Ef-valued quasi weakly con-

tinuous Gaussian process. Then for any fixed T > 0 there exists a common

separable Hilbertian support H over T+ such that {Xt, t e T+} is || \\H-con-

tinuous almost surely, so that X is continuous and simultaneously weakly

continuous.

Proof. Let || ||Λfl ^ || ||Λf2 ^ <Ξ || ||nfP <: be an increasing se-

quence of Hilbertian semi-norms defining the topology of Fn. Let FntP be

the completion of Fn by || ||n>p and || ||nf_p be the norm of F'njV. Then for

any fixed n e N Theorem 1 shows t h a t for any fixed T > 0 there is pn =
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pΐeN such that {Xty te T+} is || ||n>_Pra-continuous almost surely. We con-

sider Z = Γ)n=ι F'n,vn which is metrized by

rf*) = Σ-|r-
«=l Δ i f \\X\\n,-pn

Since FήtPn is a separable Hubert space, Z is a separable Frechet space.

In a way similar to that of J. Kuelbs [7], (see H. Sato [8]), we can choose

an increasing sequence {Gά} of bounded, closed and absolutely convex

subsets of Z satisfying

jGj c GJ + 1 and lim P(ω: Xt e Gj, t e T+) = 1 .

Define an inner product on Ho = U/Λ ^ by

2-1 ^ \\j,-Pj 9

where aό — s\x^x^Gj(l + ||«||},-Pi), then the completion of Ho by || ||^ is the

desired Hilbertian support. This completes the proof.

By Theorem 2, similarly we have

THEOREM 7. Let X = {Xt, t e R+} be an E'-valued Gaussian process and

for any fixed ξ in E, the real Gaussian process {(Xt, £>, t e R+} have a

continuous version. Then for any fixed T > 0 there exists a common

separable Hilbertian support H over T+ such that {Xt, te T+} has a || ||H-

continuous version.

Appealing Theorem 7, we have an extension of Proposition 1.

COROLLARY 2. Let X = {Xt91 e R+} be an E'-valued Gaussian additive

process where for any ξ in E, mt(ξ) and vt(ξ) are continuous real functions

of t. Then for any fixed T > 0 there exists a common separable Hilbertian

support H over T+ such that {Xt, 16 T+} has a \\ \\H-continuous version.

As a corollary of Theorem 7, we have

COROLLARY 3. Under the same assumption as in Theorem 7, X has a

continuous version.

Appealing to Corollary 3, Fernique's result can be extended to un-

valued processes.

For the whole time interval R+, we have the following theorems.
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THEOREM 8. Let X = {Xt, t e R+} be an E'-valued quasi weakly con-

tinuous Gaussian process. Then there exists a common separable Hίlbertίan

support H over i?+ such that X is || \\H-contίnuous almost surely if and only

if there is f(t) e J^+ such that

sup - ^ φ - < +00

TGR+ f(τ)

for any ξ in E.

Combining Theorem 8 with Theorem 9 yields

COROLLARY 4. Let X = {Xt, t e R+} be an Ef-valued quasi weakly con-

tinuous additive process. Then there exists a common separable Hilbertian

support H over R+ such that X is || \\H-continuous almost surely if and

only if there is g(i) e ^F+ such that

g(t)

for any ξ in E.

THEOREM 9. Let X = {Xty t e R+} be an E'-valued Gaussian additive

process. Then there exists a common separable Hilbertian support H over

R+ such that X has a || \\H-contίnuous version if and only if there is h(t)
r

+ such that

" * -< +00 ,
h(t)

and mt(ξ) and vt(ξ) are continuous real functions of t for any ξ in E.

Proof First we prove the sufficiency of Theorem 8. From Theorem

4, we can choose a sequence {Gmj: me N,j e N} of bounded, closed and

absolutely convex subsets of Z satisfying

and

lim P(ω: Xt e GmJ, t e [0, m]) = 1 .

If we take Ho = Um~i Gm7ϊl, the rest of the proof is similar to that of

Theorem 6.

By Theorem 5, the sufficiency of Theorem 9 can be proved similarly.
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The necessities of Theorems 8 and 9 are due to quite same reasons
in Theorems 4 and 5 by virtue of the following Remark, which completes
the proof.

Remark. If X is an ίJ'-valued additive process and there exists a
common separable Hilbertian support H over I such that {Xt9t e 1} is || 1̂ -
continuous almost surely, then {Xt, te 1} is an iί-valued additive process.
If X is an Unvalued Gaussian process and {Xt, te 1} satisfies the same
assumption as above, then {Xt, te 1} is an H-valued Gaussian process
because the range of the adjoint of the continuous injection from 12" into
Er is dense in H'.
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