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SOME REMARKS ABOUT GENERALIZED FUNCTIONALS
OF COMPLEX WHITE NOISE

FRIEDRICH JONDRAL

1. Introduction

Let us start with a short survey concerning complex white noise (for
details see Hida [3]): Let & be the space of real valued rapidly decreasing
testing functions and &, = & +i¥ = {{;{ =& + iy; §, 9 € ¥} its complexi-
fication. The dual space &* of &, is the space of tempered distributions.
By 8 we denote the o-algebra generated by the cylinder sets of &#F. On
&* and i¥* the measures g, respectively u, are given. Both are measures
of real white noise with variances 1/2. On &} the product measure v =
4 X u is introduced. Hida [2] proved the equality

L.1) c© =f GEONTEDAY(2) = e e,
II- || is the L(R")-norm. The form <z, {) = {x + iy, § + ip), which connects
&* and &, is linear in z and antilinear in .

The measure space (¥¥, 8B,v) is called complex white noise.

Remarks. (1) Every ze &* may be interpreted as a realization of
the complex white noise, which is the time derivative of a complex Brown-
ian motion.

2 If ces, is fixed, {2z, ) is a random variable on (¥}, B, v).

We are interested in the space (L?) = L¥(¥¥, B, v) of square integrable
functionals of complex white noise.

Let {w,; 0w, €%} be a complete orthonormal system (cons) in LXR").
The subspace #,, ., of (L), which is spanned by the family

1 P — -
{];[ m!‘ Hpk‘v ‘1k(<z7 wik>’ <Z: wjk>)’ Zq‘plc =m, %_: Qr = n} ’
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is called complex multiple Wiener integral of order (m, n), where H,, (2, 2)
is the complex Hermite polynomial of degree (p., q.).
The Wiener-Ité-decomposition of (L?) is given by

1.2 @ =50{50 Funu)-

The transformation I, defined by

3 (TOHQ) = [ eworPp@)dua), Le s pe T,

maps (L) onto a reproducing kernel Hilbert space. Moreover, J is an
isomorphism between #, ., and LAR™) ® L(R"), which is the space of
square integrable functions, symmetric in the first m and in the last n
variables.

Another important tool of the white noise analysis is the following
theorem, concerning the integral representation of ¢ € # (. :

For every ¢ € # ., there exists one and only one function F, e L(R™ ®
I:i(R"), which satisfies:

W) TOO =@ [l st )
X C(ul) te g(um)z(umﬂ) te z(um+n)du1 tt dum+n ’
(1.5) ”90”@%) = +/m!n! ”Fy’”L‘(R”“”’) .

2. Generalized complex Brownian functionals
Let £, = {4} be an uniform partition of R'. Formally {(dB(¢))/vdt},

the projective system of {(4,B)/+|4,|, 4. ¢cR,}, defines an equally dense
cons in .

Remark. For the notion of equally dense cons see P. Lévy [6],
chapitre III.

Starting from the coordinate system in #,, we define coordinate
systems in every ., by using complex Hermite polynomials with para-
meter, which are given by

— 2’ + N +q n
(2.1) H’;}jq(z’ 3; 0.2) — ( pt‘)‘ ();" q e/ ag: P e~/ , ot > O; D, q = 0.

As coordinate systems in 4, ,, we get
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t->~/ai;}’

J=p+1

@y [l {Es(Be) Bey W) T {Ba(B e, B

H;(; tU('B (tj)’ B (tj)s

@3 Msrer ) vy,

(all ¢,’s are different), >, p, =p, >.;q;, =q.

Remark. (2.2) and (2.3) are not to be considered as actual coordinate
systems. They are only formal expressions, but, just as in the case of
real white noise, they are consistent with the partitions $, by an addition

formula:
(2-4) H;kq(zl + 2,, 2, + 2,; 0} + 03)
Z p Kyg— ](Zu Z,; o) H 1(223 2,5 09) .

%=0 7=0

Formula (1.4) tells us, that the integral representations of i, -
functionals are regular functionals in P. Lévy’s sense. We are going to
generalize the s, ,-functionals in such a manner, that also normal
functionals in the sense of P. Lévy may be integral representations of
complex Brownian functionals. The following example suggests, how to
define generalized functionals of complex white noise:

ExampLE 1. Let a version of complex Brownian motion be given by
(2.5) B(t, 2) = <2, xuno,ovar?
and {3:}, 8« = {4x;}, be a sequence of partitions of R' into disjoint intervals
4,,B(t, 2) = B(t,,,, 2) — B, 2) = {7, Ay

The functional

(26) gok(z) = ; @/]-?akj[ <2l"Axmij> ]2 lAkjl’ &, c.

belongs to .. Applying 7, we get

) XAk,(u)XAk,(U)
@D T = P00 -5, [[ o B T dudo 14,

We now assume

(2.9) 2.a k,XAk,~———>f( u) e L(R) .

kj
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Then we suppose 3, to be so fine, that the double integral in (2.7) may be
replaced by a Riemannian double sum. We find

29) (70O = FOO- 3 Tt (e )0 Ao |

Now, since k increases, 3, becomes finer and finer, which finally implies

@10)  (@Te)© = e ¢17 [ rwewau

- i20<c>71§- [J /(2o - vewie dudo.

From (1.4) we know, that i* C(O)(1/v @)J fW)(w) du is not the image of
an J,q-functional under . Because J is a one-to-one transformation,
we now consider a limit procedure, similarly to the procedure described
before, in the space #,,. We see, that a sequence of #,-functionals
converges to a limit, which may not be found in #,,. However, this
limit is uniquely determined by the sequence of #,-functionals. For-
mally the limit may be written as

@2.11) ~/17 j f(u)[ dﬁg‘) ] du.

It can be proved, that this limit is an element of /#;%3 (for definition see
below).

Now we are able to give a definition of generalized complex Brownian
functionals:
The space

(2.12) S™(R") = {v; ve FER"), (1 + [x[)"*F(v(®) € LR},

where § denotes the Fourier transform, is called the Sobolev space of
(fractional) order m over R" (Lions/Magenes [7]). Provided with the norm

(2.13) olllsmcm = 11X + %)™ *FWE)|z3cm

S™(R") becomes a Hilbert space. We are interested in the symmetric
Sobolev space, which is defined by

(2.14) ‘é(m+1)/2,(n+1)/2(Rm+n) = [S™+v(R™) @ S (R N [I:z(Rm) ® L:Z(Rn)] .
DeFiNITION 2.1,

(215) %Eﬁ;:)” — {90; F¢ I g(m+1)/2,(n+1)/2(Rm+n)} .
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On #{» we introduce the norm
(2.16) 1llon,m = VI BT F,|llsmsn aigmes no2can -

Now #(:» is a Hilbert space and the injection #{"'» C #, ., is con-
tinuous. ™, the dual space of #{'™ is defined in the following
manner:

To every GeS m+vm-aruz(Rnen)  which is the dual space of
Semevranp(gmeny we adjoin a functional pe by using J ' in such a way,

that
(2'17) {SDG’ SDF}(m,n) = m! n’ [G7 F](m,n)

holds for every ¢re #*». The function F is the kernel of the integral
representation of ¢r. {-, -} respectively [-, -] are the forms, which connect
Z—”xr:z;—n) and %gg;:;) respectively S—(m+1)/2,—(n+1)/2(Rm+n) and S(m+1)/2,(n+1)/2(Rm+n).

DEerFINITION 2.2. Every ¢e #;m™ is called a generalized complex
Brownian functional of degree (m, n).

ExAmMPLE 1 (continued). It is now easy to show, that the Fourier
transform of the kernel f((u + v)/2)6(u — v), which appears in (2.10) is a
member of .§‘3/2(R2). Consequently the functional (2.11) may be found in
.

Finally in this section, we present the relations between the spaces,
which were considered: Here G means continuous injection, while <>
denotes one-to-one correspondence between two spaces:

Picture 1

kernels of the A . = R
integral repre- Jm! n! S(mu)/z,(ml)/z(Rmm) C ~/m! n! L:(Rm)®LZ(Rn) C Jm! nl! S-(m+1)/2,—(n+1)/2(Rm.+n)

sentation I I

ipl man —(m+n)
e mageits o G Few G
integral aNm+n) —(m+n)
representation ~mm) G D, G ?‘"“"’

A
! ! !
f;nilznals D G Demimy G Deimem
c

Dint = [ COUED; UG D) = [ 2 [ Bl oy ttmi s -+ )

XU -+ LUn)e(msr) -+ - Lttmsn)dtly - - Qltmsn, F, e LR™ @ fﬁ(R")} ,
Dt = UL ;™ "CROUE, D) € Din,no} «
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In the next sections we restrict our attention to the complex multiple
Wiener integral #, ,, i.e. n = 0.

3. Generalized complex random measures

With the results of section 2 in mind and with the assumption
f(u, -, u)e LRY, it is quite easy to show, that the functional

I3 —
GD  w@=[ [ ) [ {Ea(B@), Bw)s )},
R¢ J=1 duj‘
u, different for j =1, ---, ¢; >, m; = m, belongs to # ;™.
The product

1
du,

[ = . .
{Haa(B@), B Ydu}, uy#u, i€i+k,

I

32) []-Ma(du): =’
j=1
’ 0 otherwise,

>.;m; = m, is a complex random measure. Integrals with respect to this
measure are members of # ;) and it follows, that the kernel of

(3.3) F{ﬁ -M,,,j(du,)} is L1 {a;nf du, - -- dum,},
=1 m! j-1
where the measure 67du, - - - du, is given by
6o [ [fa o wdedu - duy = [ f, - wdu
Rm R1

Remarks (for the case of real white noise see Hida [3]):

(1) Integrals with respect to generalized complex random measures
are not integrals in the usual sense, but they are continuous analogues
of polynomials.

(2) Integrals with respect to [[7-,-M;(du,) are members of, #,,,, the
complex multiple Wiener integral of degree (m, 0).

(8) There exist elements of #;™ which may not be represented as
integrals with respect to a generalized complex random measure.

ExampLE 2. If we choose a function 7 from &,, we are able to show,
that the generalized stochastic process

X() = [ 1Mo (du)
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lives in #57. 7H(w) = F(y(?) is the Fourier transform of 5(f). Applying
J we get :

XN = T2 [ g
m! J-o

m! Bm™ m

and the kernel of the integral representation of X(3) turns out to be

FX(,,, = .[u,—!—"n:- +um]5;"-

Now we have to prove Fy,, e §-m+vi2; Take ¥ e L(R™), then
Fxepy TO))
- (2n)-m/ZI - f@[ﬂ*"_"’;‘*‘_‘ﬁn_]gge—iz%lwww(th 1)
X dt, --- dt,du, --- du,

= @[ [ [ gemtduy e, - )t - dt

B(Fxen) = (275)"’"/2_(0_08 (u)etrZi=1tidy
1
x|
L+ 327
°° 2
U f)(u)e“‘z?éwdul
= (271') f Rm J (1 + Z?;l t?)(mn)/z

2
g2]emro %(FXMJ)H

dt, --- dt, < oo .

ExampLE 3. Take Fe LYR"), then the stochastic process
Y(t) = f‘ F(t — uM,(du)

lives in # (% and it turns out to be a stationary process. The shift of

t comes from the flow of the Brownian motion.

4. Analytic functionals of complex white noise in the sense of
Gateaux
Instead of the space /) we may—because of isomorphism—consider
the space D™, which is a space of functionals with domain . and with
values in C. This remark enables us to refer to the theory of Gateaux
[1] and Taylor [8], which must be modified only a little bit:



120 FRIEDRICH JONDRAL

DeriniTION 4.1 (Taylor). Let D be an open subset of &, and U(¢) a
functional defined on D. U({) is called analytic in D, if it is continuous
in D and admits a Gateaux variation at every point of D. U(() is called
analytic at &, if it is analytic in a neighbourhood of &,

By $* we denote the space > .»_,® #(7,. A linear continuous func-
tional on $* must be a linear combination of members of the ;™ s,
m=012,-.-:

“.1) o= mZ:Io Pn €9, P €X' G .

Take ¥ = 3 ooV € D7, then the form ]-, -[ connecting - and §* is given
by
(42) ]SD’ \!’[ L= mZ=:0 {Som: ‘!’m}(m,o) .

Now we got the space tripel
(4.3) Prehvcd, 9= Olmy-

DEFINITION 4.2. ¢ = > im0, €9 is called an analytic functional of
complex white noise in the sense of Gdteaux, if a sequence {i"C({)U.,.(0);
m=20,1,2, ---} of integral representations is adjuncted to the sequence
{pm;m=0,1,2, -}, such that >, U,({) is an analytic functional in &,.

ExAMPLE 4. ¢(2) = ¥, e ¥, is an analytic functional of complex
white noise in the sense of Gateaux.

Remark. Note, that the functional ¢(z) = e“** is an element of $.
In the case of real white noise e'®*%, & ¢ %, may not be found in 9, but

with a normalization we have e¥™#+¥/@0 ¢ &

5. Differential calculus for functionals of complex white noise

With every ¢ e # %, is associated its integral representation

6D TOO =00 [ [Fw - uiw) - Cudu, - du,
= i"COUQ -

We compute the functional derivative of U({) in P. Lévy’s sense and get

62 UGO=m| . [Ftiuw o wl@) - Cw)du, - du, .
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If ¢t is fixed, we can associate a new complex Brownian functional with
U/t 0):
(5.3 LUty z) = T (@ CQULE; ) e £ G2 -
Z(t; 2) is then called the d/dz(f)-derivative of ¢(z).

Remarks. (1) The system {Z(¢; 2); te T C R'} may be interpreted as
a stochastic process with values in #{7-D,.

(2) If we interpret ¢(z, 2) = ¢(x + iy, x — iy) = o(x,y) as a functional
of the two variables x, y e ¥*, we may define the 9/ox(¢)- and 9/dy(¢)-
derivatives of ¢ by the help of U/(t; &, 5) and U,(¢; §,7). Also higher order

derivatives may be defined via the higher order functional derivatives of
U(®) in the sense of P. Lévy.

ExampLE 5. P. Lévy’s stochastic area may be written in the form
(5.4) S(T) = _21_ j " (B(s)dB(s) — B(s)dB(s)} ,
1 Jo

where B(f) is a version of the Brownian motion. S(1) is a member of
H o, (Hida [2]).
The kernel of the integral representation of S(1) turns out to be

1 dfozv<uxt
21
F(u,v) = ~_—1— fosu<v<l
2i - -
0 elsewhere
Picture 2
!
v 1N J/
0 I B
1 +- >
—i2
I
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We consider the integral representation

(5.5)

and

(5.6)

(7SN = #CO) [ [ Fu, vieaieidudy
= POQOUE )
compute
ULt: € 7) = [ Ft vie) — codv.

From (5.6) it is easy to conclude, that, if ¢ € [0, 1]

98(1; x, y)

o = iB(t, z) — %B(l, 2) — iB(, 2) + —;-B(l, 2)EH o0 ® Hey,y -
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