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REALIZATION OF CHERN CLASSES BY SUBVARIETIES

WITH CERTAIN SINGULARITIES

HIROSHI MORIMOTO

§ 0. Introduction

In this paper we are concerned with subvarieties which realize Chern

classes of holomorphic vector bundles. The existence of these subvarieties

is known in some cases (for instance, see A. Grotheridieck [2] for pro-

jective algebraic varieties and M. Cornalba and P. Griffiths [1] for Stein

manifolds). In the present paper we realize Chern classes by subvarieties

with singularities of a certain type. Our main theorem is as follows (see

Def. 1.1.3 for the definition of quasilinear subvarieties).

MAIN THEOREM. Let M be a paracompact complex manifold of dimen-

sion n and ξ = (E, π, M) a holomorphic vector bundle of rank q with the

condition 2.2.1. Then, for any integer 1 < k < n, there exists a subvarίety

V of M such that

(a) V realizes the k-th Chern class of ξ.

(b) V is quasilinear of degree k — 1 and can be desίngularίzed by

means of σ-processes.

(c) In particular, V is non-singular for [n/2] < k < n.

As an application of Main Theorem, we show in § 4.3 that Chern

classes of arbitrary holomorphic vector bundles over Stein manifolds can

be realized by quasilinear subvarieties.

The following is an outline of the proof of Main Theorem. Let Φ be

a holomorphic map from M into the complex Grassmann manifold Gq>m

which induces the bundle. We regard Φ as a holomorphic map from M

into GQfP+m through an embedding G 9 ( m c G 9 i P + m . Given a holomorphic map

/ from the total space E into the complex euclidean space Cp, we associate

to / a holomorphic map Φf from M into Gq>p+m. We deform Φ into Φf so

that Φf is transversal to all the strata of the Schubert variety Fγ in GQtP + m.

Received April 13, 1978.

49



50 HIROSHI MORIMOTO

Pulling back Fx by Φf, we obtain a quasilinear realization of the (q — p
-t- l)-th Chern class of £.

The author wishes to express his hearty thanks to Professor Yoshihiro
Shikata for his introducing to this subject and for his helpful advice for
preparing this paper.

§1. Quasilinear subvarieties

1.1. Definition of quasilinear subvarieties
Let S3ϊ(p, q) denote the set of all p X q complex matrices. For integers

p, q and r such that p < q, we define

mr(p, q) = {A e 2K(p, q); corank (A) > r},

where corank = p — rank.
Let M be a complex manifold of dimension n, and let

P(l.i.i) v;=> v 2 3 . . . D v;

be a sequence of subvarieties of M.

DEFINITION 1.1.2. The sequence (1.1.1) is said to be quasilinear of
degree m if it satisfies the following:

(a) For any integer 2 < k < p, Vk consists of all the singular points
of Vfc_i. And Vp is non-singular.

(b) Vx has the regular stratification;

(Vx - V2) U (V2 - Vd U . • U Vp .

(c) For any integer 1 < k <p and any point xoeVk — Vk+1 (where
we set Vp+1 = ^), there is a triple (p, Z7, W) such that L7 is an open
neighbourhood of x0 in M, W is that of (0; 0) in

m{ky m + k) X Cs (s = n- k(m + k)),

and ψ is a biholomorphic map from U onto W such that

ψ(x0) = (0; 0) ,

<P(U n v r) = w n (aκr(*, m + &) x c o
for any integer 1 < r < k.
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The triple (φ, U9 W) is called a quasilinearity at x0. Notice that the
condition (c) yields both (a) and (b). If the sequence (1.1.1) is quasilinear
of degree m and Vk is not empty for any 1 < k < p, then Vk has the
codimension k(m + k) in M.

DEFINITION 1.1.3. A subvariety V of M is said to be quasilinear of
degree m if there is a quasilinear sequence (1.1.1) of degree m such that
VΊ = V. In this case, the sequence is called the associated sequence with
V.

In particular, any non-singular subvariety of codimension m + 1 is
quasilinear of degree m. In view of this, M itself is also said to be quasi-
linear.

1.2. Examples of quasilinear subvarieties
In this section we show that Schubert varieties have a natural quasi-

linear structure and that transversality to Schubert varieties yields quasi-
linearity as in Proposition 1.2.6.

Let

where A e $R(p, q) (p < q) and srf e Tl(p — k,p — &). We define a kx

(q — p + k) complex matrix Sk(A) = (d){A)) by

d){A) =

where t = p — k. With this notation, we have

LEMMA 1.2.1. Suppose that stf is non-singular. Then, for any integer

si

p i n i . . . ri

b)

b)

d)

corank (A) > r ^ corank (§k(A)) > r .

For the proof of the above lemma, it suffices to consider only minor
determinants which contain all the components of si. Since
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where $ = k — r + 1, it follows that all (£ + s)-minor determinants of A

vanish if and only if all s-minor determinants of @k(A) vanish.

The above lemma gives us the following example of a quasilinear

sequence in SJί(p, q).

PROPOSITION 1.2.2. For any pair of positive integers p<q, the sequence

SJWp, q) 3 m2(p, g) 3 . . . 3 SWp+1(p, q) = {Op>q}

is quasilinear of degree q — p in Tl(p, q).

Proof. Fix any 1 < k < p, and let Ao e SKfc(p, q) — 3Wfc+i(p, q) (where

3Kp+i(P> q) = Φ) We denote Ao and each p X q complex matrix A by

A __ Wo a0\
j 9 W a

where J / 0 and st are (p — k) X (p — fe) matrices. Since the corank of Ao

is &, we may assume that s/0 is non-singular. For any p X q matrix A,

we define <p(A) by the composition

= ψ(A) 6 SK(A, ̂  - P + &) X O ,

where s — pq — k(q — p + k). By Lemma 1.2.1, corank (@k(A0)) > β, that

is, ^fc(A0) is the k X (q — p + k) zero matrix. Hence

Since e^0 is non-singular, a restriction of φ gives rise to a biholomorphic

map

φ I [7: C/ -• W c 2ft(&, g - p + i ) χ C s ,
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where £7is an open neighbourhood of Ao such that \s/\Φθ for any AeU.
From Lemma 1.2.1, it follows that for any 1 < r < k,

φ(un mχP,q))=wn &ιr(k,g-P + k)xcs).

Consequently, the triple (φ \ U, U, W) makes a quasilinearity at Ao.

Q.E.D.

We now investigate Schubert varieties. Let Gq,p+m be the complex

Grassmann manifold of all g-planes in Cp xCq+m through the origin. Sup-

pose p < q. For each integer 1 < k <p, we set

F* = {g-planeτe GQtP+n; codimension (πp(\τ\)) > k) ,

where |r | is the carrier of τ in Cp X Cq+m and πp is the projection of Cp

χCq+m onto Cp. Thus we have the sequence of Schubert varieties in

(1.2.3) Ή => F 2 =>

If we use the Schubert symbol, Fk is represented by

(p + m - 1, -,p + m - l ,p + m, ,p + m) ,
p-fc

with respect to the increasing sequence of linear subspaces {0} x C ' c

{0} X C2 C C {0} X Cq+m dC1 X C ? + m C C2 X C 9 + m C C C7 X C? + m.

Under the Poincare duality isomorphism, the fundamental homology class

of Fί in H*(GqtP+m) corresponds to the (q — p + l)-th Chern class of the

universal vector bundle over Gq,p+m (see W. T. Wu [5] for Schubert vari-

eties).

In order to show that the sequence (1.2.3) is quasilinear, we shall

use the following local charts of Gq,p+m. Put Cp X Cq+m = (/, ,yp; z\

--,zq+m). Let

{s» s2, , sh} U {s» s2, ,sp_h} = {1, 2, ,p} ,

ft, *2, -,tq_h} U {ίx, ί2, , ίm+Λ} = {1, 2, , q + m}

be arbitrary partitions for some integer 0 < h < q. We denote each (p +

m) X q complex matrix A by

A =

where s/ 6 2K(p — h, h). We define a holomorphic map
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φ(sί9 , sh; tu . , ί β . f t ) : m, q)

by letting each element A of Wl (p + m, q) correspond to the graph in

Cp X Cq+m of the linear map

y

ySp-h

It is easily verified that this map makes a local chart of GQyP+m without

any restriction. We denote this local chart by

- m, q))T T ( Q Q . . . Q / / . . . / ^ ( '
^V^lj d2> 9 oh9 Ll9 H) > bq-h) \

Notice that Gq,p+m is covered with those charts.

From the definition of Schubert varieties, we have

LEMMA 1.2.4. For any integer 1 < k < p,

= {A e 3K(p + my q); corank (β) > h) .

In view of Proposition 1.2.2, this lemma implies

PROPOSITION 1.2.5. The sequence of Schbert varieties FtZ) F2ZD 3

Fp is quasilinear of degree q — p in GqiP+m.

From this proposition, we obtain quasilinear subvarieties in a complex

manifold M through holomorphic maps from M into Gq,p+m as follows.

PROPOSITION 1.2.6. Let M be a complex manifold. If a holomorphic

map Φ from M into GqyP+m is transversal to all the strata of Fu then the

sequence

0-\F,) ID Φ~\F2) 3 . . . 3 Φ-\FP)

is quasilinear of degree q — p in M:

1.3. Resolution of singularities of quasilinear subvarieties

Given subvarieties VΊ ID V2 of a complex manifold M such that V2 is
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non-singular, we denote by

σ:M-+M

the (/-process centred in V2 and by Vt the closure of the set σ~ι(yx — V2).
For any pair of positive integers p < g, let

(1.3.1) mλ(p, q) -D m2(p, g) 3 . . . ID $ip_x(p, q)

be the sequence obtained from the sequence

SW.O), q) D mp, q) Z> • 3 STĈ Cp, q) 3 {OM}

by the σ-process σitfίlip, q)->($R(p,q) centred at the zero matrix OPtq.

LEMMA 1.3.2. The sequence (1.3.1) is quasilinear of degree q — p in
, q). In particular, SQΐp-.iGp, q) is non-singular.

Proof. Since 2Jί(p, q) — σ~\Op,q) is biholomorphic to 3K(p, q) — Op,q

under σ, it suffices to show the quasilinearity at any point x0 in

σ-\OPtQ) Π (mk(p, q) - Sftfc+i(p, Q)) ,

for any integer 1 < /? < p — 1 (3Kp+i(p, g) = φ). By the definition of the
σ-process, 9ft(p, g) may be regarded as a complex submanifold of 2W(p, g)
X Ppq~ί (where Pvq~ι denotes the complex projective space of dimension

pq — 1). Suppose that xQ is represented as

x0 = (Op,q; κ(H0)) e Ti(p, q) X P ^ " 1 ,

where Ho = (hlj) e 2K(p, q) and κ(H0) denotes the element of P2^-1 with ho-
mogeneous coordinates hlj. Without loss of generality we may assume
K = l.

We denote by A[z] the matrix obtained from A = (a)) by replacing a\
with a complex number z. For any element A of Wl(p, q), we set

μ(A) = (a\.A[l];κ(A[ΐ\)) e 2R(p, g) X P^" 1 .

Then

(1)

Moreover, there is a neighbourhood W of /JΓO[O] in 2K(p, g) such that the
restriction of μ to W is a local coordinate system of 9Qΐ(p, q) at x0. Set
£7' = μ(W). Then, we have

μ({A eW' aΦ 0, A[l] e SRr(p, g)}) = 5mr(p, g) Π ( ^ - σ-KOPfί)),
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for any 1 < r < k. Since A[l] does not contain the α}-variable, we have

( 2 ) μ({A e W; A[l] e Wlr(p, q)}) = U' Π ^ r ( p , <z)

for any 1 < r < A.

Denote HQ[0] and each element A of W7 by

A =

where *P/0 and js/ are (p — fe) X (p — &) matrices. From (2), we may as-

sume that <stfo[l] is non-singular. For any element A of W7, we define

φ(A) by the following composition

; α}, a] - αj2, α̂  - αj3,

where s = pq — k(q — p + k). From (1), (2) and Lemma 1.2.1, it is easily

verified that a restriction of φ° μ'1 to a sufficiently small neighbourhood

of x0 gives a quasilinearity at xQ. Q.E.D.

Remark 1.3.3. Note that σ~\Op^ is locally determined by a\ = 0 and

^r(P> #) by the equations which do not contain the αj-variable. There-

fore, σ~\OPjQ) is non-singular and transversal to all the strata of Wli(p, q).

From this lemma, we can describe the behaviour of quasilinear se-

quences under σ-processes as follows.

PROPOSITION 1.3.4. Let V1 3 V2 z> D Vp be a quasilinear sequence

of degree m in a complex manifold M. Then, the sequence Vx 3 V2 3

z> Vp.x obtained from the above sequence by the σ-process σ: M->M centred

in Vp is also quasilinear of degree m in M. In particular, Vp_λ is non-

singular.

Proof. From the quasilinearity, it suffices to prove the result for the

sequence

mx(s, t)xcmz) m2(s,t) x cm 3 . . . 3 {oPf j x cm

for arbitrary integers s, t and m. In this case, the result is easily veri-

fied by Lemma 1.3.2. Q.E.D.
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By successive applications of this proposition, we obtain the following

desingularization of quasilinear subvarieties.

THEOREM 1.3.5. A quasilinear subvariety can be desingularίzed by means

of σ-processes.

Proof. Let V c M be a quasilinear subvariety, and Vx D V2 Z)

D Vp the associated sequence with V. From Proposition 1.3.4, by induc-

tion on i, we can define a sequence

{(M\ σt Vί, VI • • •, VU)} (0 < i < P - 1)

such that

(a) MQ = M and VJ = Vk for 1 < & <p.

(b) The sequence Vί Z> V| Z) D V^.j is obtained from the quasi-

linear sequence in M1'1

V 1 J M —> ' ' —' V p-i + 1

by the σ-process σt: M* -> M*'1 centred in V^ + 1 .

Then, the restriction

σ^a.o . . . oσ^lVΓ1: VΓ1 -+ V* = V

gives a desingularization of V. Q.E.D.

As one of applications of this theorem, we show the existence of

"tubular neighbourhoods" around singularities of quasilinear subvarieties,

which will be used in §4.

LEMMA 1.3.6. Let Vx 3 V2 ID 3 Vp be a quasilinear sequence in a

compact complex manifold M. Then, there exists an open neighbourhood

U of V2 in V1 such that both inclusions V2~> U and Vι — U-^V1— V2

are homotopy equivalences.

Proof. With the notation of the proof of Theorem 1.3.5, we set

Ni = VΓ1, iV2 = σ-lAVϊ'2) , N3 = σ-l, oσ

From Remark 1.3.3, it follows that Nl9 N2 and Np are non-singular and

transversal to each other in Mp"1. Moreover, the map σ1oσ2° ' * - °σp-i

carries Nt — (N2 U N3 U U Np) onto Vx — V2 biholomorphically, and

Nx Π (N2 U iV3 U U Np) onto V2 (not biholomorphically). Therefore,
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it suffices to construct a neighbourhood of iVΊ Π (iV2 U U Np) in Nt

and to let it fall down into V1 by the proper map σt °<72° * °^-i
Q.E.D.

§ 2. Fibre-directional singularities of holomorphic mappings

2.1. Fibrewise singular sets
Let M be a complex manifold of dimension n and ξ = (2?, π, M) a ho-

lomorphic vector bundle of rank q over M. From now on, we shall deal
with holomorphic maps from the total space E into the complex euclidean
space Cp. M will be identified with the zero cross-section of the bundle.

Let f\E->Cp be a holomorphic map. At each point x of M, we con-
sider the (C-linear) differential

where Fx denotes the fibre over x and f\Fx the restriction of / to Fx.
The map / is said to be fibrewise regular at a point x0 of M if the differ-
ential dXQ(f\ FXQ) has the maximum rank, that is, the differential is one to
one in case p > q or onto in case p < q. In this case, the point x0 is
called a fibrewise regular point of /.

Henceforth we shall suppose p < q. For each integer 1 < k < p, we
define the &-th fibrewise singular set of / by

FSk(f) = {xe M; corank (dx{f\Fx)) > k).

These fibrewise singular sets are subvarieties of M such that

FStf) 3 FSm => 3 FSp(f).

We shall denote any holomorphic map / from E into Cp by

f=(f\f\ '-,n:E^σ.

Take any local triviality of ξ at a point x0 of Λf such that

ψ = (2; 0 = (*\ , 2n; ζ1, , ζ5): w-'(εo - * w r x c c c χ c ,
ψ(a%) = (0; 0).

We denote this local triviality by (U, W,ψ). With respect to (U, W,ψ),
we define a holomorphic map fΨ from W into W(p, q) by
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For any integer 1 < k < p, a holomorphic map /: E-+Cp is said to

be in a general position of order k at a point x0 of M if there is a local

triviality (U, W, ψ) of ξ at x0 such that fΨ is transversal on W to all the

strata of 3K/p, g);

where ί = p — k + 1 (see Proposition 1.2.2 for this stratification). This

definition does not depend on the choice of local trivialities if we choose

a sufficiently small U. For any subset K oΐ M, f is said to be in a general

position of order k on K if it is so at any point of K. In case k = p, f

is said to be in a general position on K.

Remark 2.1.1. Regard the total space E as a complex manifold of di-

mension n + q. We can use the following local coordinate system in

place of local trivialities for the verification of the general position re-

quirement. Let (W, ψ) be a local coordinate neighbourhood of E at a

point x0 of M such that

ψ = (z; η) = (z\ . . , z*; η\ , , η*)l W - Wι X W2 C C* X C<

and such that ψ(W Π M) is a graph in Wx X ^ 2 of a holomorphic map

η = χ(,e) and ψ(W Π i^) is determined by 2 = #(x) for any point x in

VF Π M. Then, a holomorphic map / from E into Cp is in a general posi-

tion of order k on W Π M if and only if a holomorphic map f+ from WΊ

into $Jl(p, q) defined by

is transversal to all the strata of 3ftp_fc+i(p, g) on W1#

2.2. Relation between Schubert varieties and FSk ,(f)

Throughout this section, we shall suppose that a holomorphic vector

bundle ξ = (E9 π, M) of rank q satisfies the following condition:

(2.2.1) There exists, for some integer m, a holomorphic map Φ from M

into Gα,w such that ξ ^ Φ*(rq,n),

where γQim = (EQi7n, πqi7rι, GQim) denotes the universal vector bundle over Gq,m

whose total space consists of all pairs (r, v) of a g-plane τ in Cq+m through

the origin and a vector υ in |r|, and the equivalence means a holomorphic

equivalence as holomorphic vector bundles.
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Let Φ: E-> EQim be the lift of Φ and <pQt7n the holomorphic map from

Eqtm into Cα + m which sends (r, v) to v. We define

(2.2.2) ¥ = <pqimoΦ:E->Cq+m .

Note that ?F is fibrewise regular at any point of M. Given a holomorphic

map / from E into Cp, we define ? r

/ by

¥f = (f,¥):E->Cp X C* + w .

Since ¥ is fibrewise regular on M, so is ίΓf. Hence, the image of TX(FX)

by dx(Ψf\Fx) makes a #-plane in Cp X C ς + m for any point x of M. There-

fore, there is a holomorphic map

(2.2.3) Φf:M-+GqtP+m

which sends each point x of M to the g-plane in Cp X C9+m through the

origin which is parallel to the image of TX{FX) by dx(¥f\Fx). It follows

from the way of constructing Φf that

(2.2.4) ξ s Φf(ΐq,p+n) ,

where γq,p+m is the universal bundle over GQtP+m.

Under the map Φf9 fibrewise singular sets and Schubert varieties have

the following relation.

LEMMA 2.2.5. Let f: E-+Cp be a holomorphic map. Then,

(a) FSk(f) = Φ}\Fh), for any integer l<k<p.

(b) The map f is in a general position on M if and only if Φf is

transversal to all the strata of the Schbert variety Fx.

Proof. Let x0 e M. Take a local triviality of ξ at x0 such that

ψ' = (z\ ...,zn;ζ\ , ζ«): ί r W ) -+W XCqdCnXCq,

Put Cp = (y\ '",yp) and C c + W = (η\ , ̂ + m ) . We denote yfoφ briefly

by rf for any integer 1 < i < q + m. Since ¥ is fibrewise regular at x0>

there is a subset {ί1? 4, , tq} of {1, 2, , q + m} such that the map

is fibrewise regular at x0. Therefore, for some open subsets U C Ur and

Wd W\ the map
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ψ = (z\ - *,zn; rf\ ηι\ , ηcή: π~\U) -> W X Cq

is a local triviality at x0. We may assume {tu t29 , tq} = {1, 2, , g}.

With respect to this local triviality, we have

(1) Uz) =

With the notation in § 1.2, Φj(x0) e U(; 1, 2, , q) (consider the case

= φ and {̂ } = {1, 2, , q}. Moreover,

( 2 )

where l < i < p , l ^ j ^ ^ and 1 < ί < m. From Lemma 1.2.4, Fk is de-

termined in [/(; 1, - - -,q) by

n, q); corank (^) >

From (1), (2) and (3), the lemma follows. Q.E.D.

From this lemma and Proposition 1.2.6, we can describe the structure

of singularities of subvarieties FSk (/) as follows.

THEOREM 2.2.6. If a holomorphic map f from E into Cp is in a general

position on M, then the sequence

FS2(f) D r> FS,(f)

is quasilinear of degree q — p in M.

§3 Approximation Theorems

Throughout this section, M will be a paracompact complex manifold

of dimension n and ξ = (E, π, M) a holomorphic vector bundle of rank q

with the condition 2.2.1, unless otherwise stated. M will be identified

with the zero cross-section of ξ.

3.1. Pseudonorms

Regard the total space E as a complex manifold of dimension n + q

and let {i^z)iBI be a locally finite covering of E such that each # ^ is



62 HIROSHI MORIMOTO

a compact local coordinate neighbourhood of E with coordinates wt =

(w\, w\, •• ,u# + g ) . We shall fix this covering and define a pseudonorm

|| \\L associated to an arbitrary compact subset L of E for holomorphic

maps from E into Cp by

= sup sup +

where / = (f\ /2, , fp) and I(L) is a finite subset of / defined by

J(L)=={ieI;LΓI *"«=£#}.

Let i£ be a compact subset of M. Since i£ is also compact in L, a

pseudonorm || H* is defined for holomorphic maps from E into Cp by the

above definition. Note that || Ĥ  measures not only distances on K but

also those on a compact neighbourhood of K in E.

Let xeM. Since the covering is locally finite, there is a compact

neighbourhood W of x in £ such that I(x) = J( W). If we set t / = W Π M,

U is a compact neighbourhood of x in M. Thus, we have

LEMMA 3.3.1. For any point x of M, there exists a compact neighbour-

hood U of x in M such that \\ \\x = \\ \\σ.

3.2. Preparatory lemmas for Approximation Theorems

We start with the following lemma.

LEMMA 3.2.2. Let f: E-+Cp (p < q) be a holomorphic map and x0 e

FSp^k+ί(f) — FSp_k+2(f) (FSp+ί(f) = φ). Suppose that f is in a general posi-

tion of order k at x0. Then,

(a) / is already in a general position at xQ.

(b) There is a compact neighbourhood U of x0 in M and δ > 0 such

that if a holomorphic map g\E->Cp satisfies that \\f — g\\Ό <δ

then g is in a general position on U.

Proof, Take a local triviality of ξ at x0 such that

ψ = (z; ζ): ττ-1(i7/) -> Wx X C* c Cn X σ , ψ(x0) = (0; 0) .

Put £ = p - k + 1. Since x0 e FStf) - FSM(f), we have

Since SKiίp, q) is quasilinear of degree q — p from Proposition 1.2.2, there

is a quasilinearity (φ, V, W2) of SK^p, q) at f+(0) such that
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φ: v-> W2 c m(£, q - p + i) X Cs, φ(fΨ(O)) = (O; 0),

where s = pq - £(q - p + I). Contracting Wx to W3 so that fΨ(W3) c V,

we denote the composition φ°fγ on W3 by

where (yj[/]): Wz -* 2K(4, g - p + 4) and (/[/]): Wz -* Cs.

Since / is in a general position of order k at xo> f* is transversal to

2ft/p> q) — 33^+ICP, <7) at the origin in W3, hence φofΨ is transversal to

O X Cs at the origin. Therefore, there is a compact neighbourhood W C W3

of the origin such that, for any ze W, the differential dz{{y)[f])) is onto.

Noticing that the ontoness of the differential implies the transversality of

φ°Jψ to all the strata of

W , q - P + £) X Cs ,

we have (a). Set U= ψ-\W). There is some δ > 0 such that if 1 1 / - ^ ^

< δ then gv(W0 c V and d2((^j[^])) is onto for any ze W. This proves

(b). Q.E.D.

From the above lemma, we have the following two lemmas.

LEMMA 3.2.3. If a holomorphic map f: E-+Cp is in a general position

of order k on a subset K of M> then f is in a general position on K Π

This lemma is proved by applying (a) to points in each of

K n (Fse(f) - Fse+1(f)), • • , K n F8,(f),

where ί = p — k + 1.

LEMMA 3.2.4. If a holomorphic map f: E-> Cp is in a general position

of order k on a compact subset K of M, then there exists δ > 0 such that if

\\f~g\\κ<δ

then g is also in a general position of order k on K.

Proof For any xeK Π FSp_k+1(f), there exist, from (b) of Lemma

3.2.2 and Lemma 3.1.1, a compact neighbourhood U(x) of x in M and

δ(x) > 0 such that if

\\f - g\\Λ= \\f - g\\u<*>)< δ(χ)
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then g is in a general position on U(x).

For any yeK — FSp_k+ί(f), there are δ(y) > 0 and a compact neigh-

bourhood U(y) of y in M such that if

\\f - g\\Λ=\\f - g\U>)

then £/(y) Π FSp_k+1(g) = 0 (hence g is in a general position of order k

on E7(y)).

Since K is compact, we have

U(xd) U

for some points {xt} a K f) FSp_k+1(f) and {y,} a K - FSp_k+1(f). Define

ί = min {«(*,), 3(y,)}.

Suppose that | |/— g||* < & Then we have

11/-*IL <«(*<),

for any l<i< s and any 1 < j < t. Hence g is in a general position of

order h on K Q.E.D.

In the following lemma, we show that given a holomorphic map h

from E into Cp and a point x0 of M, we can approximate h with a holo-

morphic map g which is in a general position of some order at xQ. In

this case, we can make the approximation extend over an arbitrarily given

compact subset L of E.

LEMMA 3.2.5. If a holomorphic map

f=(f1,r, - ,r):E->C (k<p-ΐ)

is fibrewise regular at a point x0 of M, then there is a compact neighbour-

hood U(xo;f\f2

9 •-,/*) of x0 in M satisfying the following: Given a holo-

morphic map h from E into Cp such that

(i.e. h* = fι on E for any 1 < i < k), a compact subset L of E and ε > 0,

there is a holomorphic map g from E into Cp such that

(a) g = (f1, -,r,gk+1, -,g*).
(b) g is in a general position of order k + 1 on U(xo;f\ ,/ f c).

(c) \\h-
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Remark 3.2.6. In case k — 0, the lemma asserts that for any point x0

of M there is a compact neighbourhood U(x0) of x in M satisfying the

following: Given a holomorphic map h:E->Cp, a compact subset L of

E and ε > 0, there is a holomorphic map g in a general position of order

1 on U(x0) such that

Proof of Lemma 3.2.5. Denote the map Ψ of (2.2.2) by

ψ •— (ψ1 ψ2 . . . ψq+m)\ E—> Cq+m .

Since dX0(¥\FX0) is one to one and dXQ(f\FXQ) is onto, there is a subset

•&> *2> * * > tq-k) of {1> 2, , q + m} such that the map

(l) (Λ...,Λrv..,r<-*):£^c«

is fibrewise regular at x0. Without loss of generality, we may assume

{tu ••-,«,-*} = {1,2, -'.,q-k}.

Take a local triviality of ξ at x0 such that

ψ' = (21, , zn; ζ1, . , ζ«): π

and consider the following map

(z\ --,zn;f\ -',f\Ψ\ ••

Because of the fibrewise-regularity of the map (1) at x0, the above map

makes a local coordinate system (not necessarily a local triviality) of E

at XQ within some neighbourhood W of x0 in E. Denote this local coordi-

nate system by (W,ψ). We may assume that (W,ψ) satisfies the require-

ments of Remark 2.1.1. Let Wlf W2 and χ be those in the remark with

respect to (W,ψ). Thus we have a biholomorphic map

ψ = (z\ '-,zn;f\ "-J\Ψ\ '-.,¥*-«): W->W, x W2 c Cn X σ .

We may assume that W, Wi and W2 are compact.

Define

U(xo;f\'",n= WOM.

We show that this compact neighbourhood of x0 in M is the required one.

Let h: E-> Cp be a holomorphic map such that
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For any (p — k) X (q — k) complex matrix S — (ε* ), we consider

0 _ (fl . . . fk pJc + l . . . rfp\
&δ \J 9 9 / 9 &8 9 9 &i) 9

where g$+i(i = 1, 2, ,p — k) are defined by

Since 5P is holomorphic on i£ for any j , gg is a holomorphic map from E

into Cp. For any compact subset L of E and any ε > 0, there is some

d > 0 such that

max|ε}| < a φ ||Λ - ^lUu^o; /v ,/*) < £

There is a regular value *f0 = (4j) € 93ϊ(p — k,q — k) of a map which

sends each 2 e ίt^ to

such that max|εjy | < δ. Define g = ^ 0 . Then g satisfies (a), (b) and (c).

Q.E.D.

Notice that the determination of U(xo;f\ •••,/*) does not depend on

functions {hk+\ ,hp} but only on {f\ -,/*}, and that we need not de-

form these {f\ -,fk} when we turn h into g. Because of these, we can

extend the region where an approximating map g is in a general position

of some order to a certain extent as follows.

LEMMA 3.2.7. Let / = (f\ -,fp): E-+ Cp be a holomorphic map and

K a compact subset of M. If there is a subset {s19 s2, , sk} of {1,2, , p}

such that the map

is fibrewise regular at any point of K, then for any compact subset L of E

and any ε > 0, there is a holomorphic map g: E->CP such that

(a) g is in a general position of order k + 1 on K.

(b) \\f - g\\κuL < e.

Proof Without loss of generality, we may assume that {su , sk} =

{1, 2, , k}. Then the map
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satisfies the assumption of Lemma 3.2.5 at any point x of K. For each

x e K, we let U(x; f\ , fk) be a compact neighbourhood of x in M given

in t h a t lemma. From Lemma 3.1.1, we may assume

( 1 ) II liar — II llff(a?;/i, ..,/*)

for any x e K. Since K is compact, we have

Kd\JU(xt;f
ι

9 •••,/*)
i = l

for some points {xt} in if.

We show the existence of a sequence {(gί9 3^} (i = 1, 2, , N) of pairs

of holomorphic maps from 1? into Cp and positive numbers such that, for

any 1 < i < N,

(a, ϊ) gi is i*1 a general position of order k + 1 on U{xί\f1^ -,/*).

(&, 0 ||ft-i - ftlhruL < m i n {̂  Sl9 δ2, , ^

where ^0 = /•

(c,0 ft = (Λ , Λ ί ϊ + S ^f).
(d,0 If

IIA - h\\Xi < δt

then h is in a general position of order k + 1 on [/(^ Z1, , / fc).

Suppose that this is verified. Then, g = gN satisfies (a) and (b) for the

following reason. For any 1 < i < N — 1, from properties (6, / + 1),

and (6, N), we have

\\gi ~ gNWn < 8f

From this and (d, ΐ), gN is in a general position of order H i on

U(Xiif\ - ,/fc) for any 1 < i < N — 1. Therefore, from (α, iV), ^ is in

a general position of order k + 1 on K. On the other hand, from (6, J)

(i = 1, . . . , JV), we have

By induction on i, we prove the existence of the above sequence.

Now suppose that there are (gu ĉ ), (g2, δ2), and (gr, δr) with the above

properties. Because of (c, r) and the property of U(xr+I;f\ ,/fc) asserted

by Lemma 3.2.5, we can turn
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0 — (f1 . . . fk σk+1 . . . σP\
b r — V/ > >/ J δ r ? ? Br/

into

cr — (fι . . . fk 0k+1 . . . <3 fc+r>

with (a, r + 1) and (&, r + 1) (obviously with (c, r + 1)). From (α, r + 1)

and Lemma 3.2.4, we obtain δr+ί> 0 with (d, r + 1). The existence of

(gu δi) is similarly verified. Q.E.D.

3.3, Approximation Theorems

We are now in the position to prove two approximation theorems on

maps in a general position. The first theorem gives a semi-global ap-

proximation for paracompact manifolds. This theorem yields the second

one, which supplies a global approximation for compact manifolds. In

either case, ξ — (E, π, M) is supposed to satisfy the condition 2.2.1.

THEOREM 3.3.1. Let f:E-+Cp (p < q) be a holomorphίc map. Then,

for any compact subset K of M, any compact subset L of E and any ε > 0,

there is a holomorphic map g:E-+Cp such that

(a) g is in a general position on K.

(b) \\f-g\\K[JL<e.

Proof. We show the existence of a sequence {gr} (r = 1, 2, , p) of

holomorphic maps from E into Cp such that for any 1 < r < p,

(α, r) gr is in a general position of order r on K

(b,r) \\f - gr\\κuL < rε/p.

Ή we set g = gp, then g satisfies (a) and (b).

By induction on r, we prove the existence of the above sequence.

Applying Lemma 3.2.7 to the case k = 0, we have gx with (α, 1) and (b, 1).

We now suppose that there are gu g2, and gk with the above pro-

perties. The remainder part will be devoted to a construction of gk+1.

From Lemma 3.2.3 and (a, k), gk is already in a general position on

K n Fsp_k+ί(g*),

and hence on a compact neighbourhood A of K Π FSp.k+1(gk) in K (note

that K Π FSp_k+ί(gk) is compact). By Lemma 3.2.4, there is some δ(A)>0

such that

(1) If \\gk — h\\A < δ(A), then h is in a general position on A.
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Let W be an open neighbourhood of K Π FSp^k+1(gk) in K such that
Wd A, and put B = K - W. Then B is compact a n d i f = A U ΰ . Let
9ΐ denote the set of all ^-subsets of {1, 2, , p}. Line up 31 in some
order, and denote the ^-th element of 31 by

Put N = #(9ΐ) = pCk. Let V(£) be the set of all the regular points in B
of a map

Since JB Π FSp_k+ί(gk) = φ, {V(£)} is an open covering of iJ. Contracting
each V(S), we obtain a compact covering {U(S)} of B such that U(£)d V(£)
for any 1 < I < N. There is δ(£) > 0, for any integer 1 < I < N, such
that

(2) If ||ft - h\\U(ί) < δ(i) then

is ίibrewise regular on U{£).

Define (̂B) = min {3(1), 3(2), , 3(iV)}.

We show that there is a sequence {(h£, δ£)} (β = 1, 2, , 2V) of pairs

of holomorphic maps h£: E^CP and positive numbers δ£ such that for any

1 < t < N,

(a, £) h£ is in a general position of order k + 1 on U(£).

(β, &) || V i - ^ lUz < mintβ/A^Λλ^B),^,^, -Λ^IN, where /ι0 = ft.

(γ, ί) If | | ^ — Λ IIEΓCO < δ(£), then Λ is in a general position of order
H l o n U(£).

If this is verified, then gk+1 = /ι̂  satisfies (α, k + 1) and (6, £ + 1) for the
following reason. By (β, *), we have

\\g* - hN\\Λ < δ(A) .

This implies from (1) that hN is in a general position on A. For any
1 < I < N - 1, from (0, 4 + 1), 08, i + 2), and (/3, iV), we have

This implies by (γ, t) that hN is in a general position of order k + 1 on
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U(£) for any 1 < £ < N — 1. By (a, N), hN is also in a general position

of order k +1 on U(N). Thus hN is in a general position of order k +1

on If. Moreover, from (6, &) and (β, *), we have

\\f - hN\\KϋL < (k + ΐ)εlp .

We now prove the existence of the above sequence, by induction on

β. Suppose that there are (h19 δj, (h2, δ2), and (hd, δd) with the above

properties. From (a, *), we have

\\g, - hd\\md+1) < δ(B) < δ(d + ΐ) .

This implies by (2) that the map

(h2{d+1\ - ,hsZd+1)):E->Ck

is fibrewise regular on U(d + 1). From this and Lemma 3.2.7, it follows

that there is hd+ί with (a, d + 1) and (β, d + 1). By Lemma 3.2.4 and

(a, d + 1), we have δd+ί > 0 with (γ, d + 1). The existence of (h19 δ^ is

similarly proved. Q.E.D.

In case M is compact, setting K = L = M in the above theorem, we

have

THEOREM 3.3.2. Suppose that M is compact Let f: E -> Cp be a holo-

morphic map. Then, for any ε > 0, there exists a holomorphic map g from

E into Cp in a general position on M such that

3.4. An existence theorem

By successive applications of Theorem 3.3.1, we have the following

existence theorem.

THEOREM 3.4.1. For any integer 1 < p < q, there exists at least one

holomorphic map from E into Cp in a general position on M.

Proof. Since E is paracompact, there is an increasing sequence {Lk}

(k = 1, 2, ) of compact subsets of E such that Lk Π M is a non-empty

compact subset of M for any k. If we set Kk = Lk Π M for each k, then

{Kk} makes an increasing compact covering of M. Take any holomorphic

map /o from E into Cp. By induction on k, we can define a sequence

{(/*, δk)} (k = 1, 2, •) such that for any k,
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(a, k) fk is in a general position on Kk.

Φ, k) H Λ . , - fu\\Lk < m i n {1/2*, δ J 2 \ δj2«-\ ••-, 3 , . , / ϊ } .

(c, k) If H/ϊ — g\\Kk < d*, then g is in a general position on Kk.

The existence of the above sequence is proved by applying Theorem 3.3.1

to (fκ-i, Kk, Lk) and by applying Lemma 3.2.4 to (fk, Kk).

For any pair of positive integers k < ί, we have, from (b, *),

( i ) 11/,-! - f, IL < IIΛ-i - ΛIU < 1/2*

, IIΛ - ΛIIΛ < IIΛ - Λ+.lli,+ι + + ||Λ_i - ΛIU

< ^(l/2 2 + 1/23 + . . . ) = ί*/2.

Define

From (1), this map is well-defined and holomorphic on E. Moreover, from

(2), we have

11/* - f\\κ> < 3*

This implies from (c, k) that / is in a general position on Kk for any k,

hence on Λf. Q.E.D.

§ 4. Realization of Chern classes

4.1. Chern classes and fibrewise singular sets

//* and H* will be the singular homology and cohomology with co-

efficients Z.

Let M be a paracompact complex manifold of dimension n and V a

subvariety of M of codimension k. We define the fundamental cohomology

class {V}eH21c(M) as follows (see [1], appendix A).

Let V denote the set of all the singular points of V. There is a

closed tubular neighbourhood U of V — Vf in M — V. Then we have

H°(V- V) s H2\U,dU) (the Thorn isomorphism)

S #2 f c(M - V, M - V)

^H2k(M,M- V) (see [1])

We denote by
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Ψf :H°(V- V) -* H2t(M)

the homomorphism obtained by the composition of the above homomor-

phisms. Let {Vm} be the connected components of V — V with inclusions

4. : V m - V - V. Let

ω(V- V) = Σ<».(eH%V- V')),

where ωm e H°(Vm) is the canonical generator for each m. We define the

fundamental cohomology class of V in M by

{V} = φ*(w(V- V')) .

DEFINITION 4.1.1. A cohomology class c e H*(M) is said to be realized

by a sub variety V if c = {V}.

The following lemma shows that in the case of quasilinear subvarieties

in a compact complex manifold, the above definition coincides with the

usual one (that is, V realizes c € H2k(M) if and only if c is the Poincare
dual cohomology class of the fundamental homology class [V] e H2n_2k(M)).

LEMMA 4.1.2. Let V be a quasilinear subvariety of a compact complex

manifold M. Then {V} corresponds to [V] under the Poincare duality iso-

morphism.

Proof. Let Vx 3 V2 3 3 Vp be the associated sequence with V, I
the dimension of V and k its codimension in M. Because H2e(V2)=
^-1(^2) = 0, we have HJYd = H2S(Vί9 V2). From Lemma 1.3.6, there is

an open neighbourhood U of V2 in Vx such that inclusions V2 -> U and

Vi — U ~> Vι — V2 axe homotopy equivalences. Therefore we have

vd = Hjy» u)

S Hjyx - V2, V, - V2 - (Vt - 17))

S fl (Vi - t/) (the Alexander duality)

S i?0(F, - F2) .

The result comes from the following commutative diagram:

Q.E.D.
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The first fibrewise singular sets of maps in a general position have

the following relation with Chern classes.

THEOREM 4.1.3. Let M be a paracompact complex manifold and ξ =

(E, 7r, M) a holomorphic vector bundle of rank q with the condition 2.2.1.

If a holomorphic map f from E into Cp is in a general position on M,

then the first fibrewίse singular set of f realizes the (q — p + l)-th Chern

class of ξ, that is,

{FSm = Cβ_p+1(£) .

Proof Suppose that FS^f) is not empty. Because FSt(f) is quasi-

linear of degree q — p from Theorem 2.2.6, FS^f) has the codimension

q—p + 1 in M. Put k = q - p + 1. Let Φs\ Λf-> GQtP+n be the holo-

morphic map defined in 2.2.3. By Lemma 2.2.5, we have

FSJf) = Φ}\Ft)

for any integer 1 < ί < p. Since / is in a general position on M, Φf is

transversal to all the strata of Fx. Therefore, we obtain the following

commutative diagram:

~ FS2(f)) — > H*«(M - FS2(f), M -

X - F2) • H™(Gq,p+m - F2, Gq,p+m -

* | Φ * | Φ *

where the commutativity of the left block comes from the transversality

of Φf to F, - F2. From this diagram, we have that {FS1(f)} = ΦJ ({FJ).

On the other hand, we have that Ck(ξ) = Φf(Ck(γQiP+m)) from 2.2.4.

Because F1 is quasilinear by Proposition 1.2.5, {F^ is the Poincare dual

class of [FJ by Lemma 4.1.2. Recall that [FJ is the Poincare dual class

of Ck(γq,p+m). Then, we have {FJ = Ck(γq,p+m). Consequently, we obtain

the equation {FS1(f)} = Ck(ξ).

In case that FS^f) is empty, we see that Cq_p+ί(ξ) is equal to zero.

Q.E.D.

4.2. Proof of Main Theorem

Fix 1 < k < n, and put p = q — k + 1. From Theorem 3.4.1, there

is a holomorphic map / from the total space E into the complex euclidean

space Cp which is in a general position on M. Set V = FS^f). From

Theorem 4.1.3, V realizes the (q — p + l)-th Chern class of ξ. This proves
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(a). From Theorem 2.2.6, V is quasilinear of degree q — p in M. More-

over, from Theorem 1.3.5, V admits a desingularization by means of σ-

processes. This proves (b). Because FS2(f) is empty or has the complex

codimension 2(q - p + 2) = 2(k + 1), FS2(f) is empty for [τz/2] < k. Since

FS2(f) consists of all the singular points of FS^f), it follows that V i&

non-singular for [n/2] < k. This proves (c) and completes the proof.

4.3. The case of Stein manifolds

Let us specialize Main Theorem to Stein manifolds. In case M i s a

Stein manifold, we can show that an arbitrary holomorphic vector bundle

ξ = (E, π, M) of rank q satisfies the condition 2.2.1. Since E is also a

Stein manifold, there is a proper holomorphic embedding Ψ of E into

Cq+m for some sufficiently large integer m. In particular, Ψ is fibrewise

regular on M. Therefore, the image of TX(FX) by dx(¥\Fx) makes a q-

plane in Cq+m for any point x of M. By parallel transformations of these

planes, we obtain a holomorphic map from M into Gq,m, which induces

the bundle ξ. Thus, from Main Theorem, we have

THEOREM 4.3.1. Let M be a Stein manifold of dimension n. Then,

all the Chern classes of an arbitrary holomorphic vector bundle ξ over M

can be realized by quasilinear subvarieties. In particular, the [n/2]-th Chern

class of ξ can be realized by a non-singular subvariety.
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