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EINSTEIN HYPERSURFACES OF KAHLERIAN C-SPACES

YUSUKE SAKANE*3 and MASARU TAKEUCHI

Introduction

A compact simply connected homogeneous complex manifold is called
a C-space. A C-space is said to be kahlerian if it carries a Kahler metric.
It is known (Matsushima [7]) that a kahlerian C-space has always an
Einstein Kahler metric which is essentially unique.

Let M be a kahlerian C-space of dimension n whose second Betti
number equals 1. Denote by h the positive generator of H2(M, Z) ~ Z.
For a hypersurface X of M, we define a positive integer a(X), called the
degree of X, by

Cί({X}) = a(X)h ,

where {X} denotes the holomorphic line bundle on M associated with the
non-singular divisor X. Take an Einstein Kahler metric g on M and fix
it. Then it is known for M = Pn(C) that a(X) <; 2 for any hypersurface
X which is Einstein with respect to the metric induced by g (Smyth [9],
Hano [3]). In this note we shall show that there exists also an upper
bound for the degrees of Einstein hypersurfaces of general M.

Let H be the holomorphic line bundle on M with cλ(H) — h and set

N£ = dim Γ(H£) for ί e Z ,

where Γ{W) denotes the space of holomorphic sections of H\ The N/&
are computed by WeyΓs formula and monotone increasing with respect to
^ > 0. We define further a positive integer K by

cx(M) = KK ,

and set

ε(M) = Max (positive integer a; Nn.κ+a < Nn_κ + (Nί)\ .
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For example, e(Pn(C)) - 2 (n ^ 2), ε(Qn(C)) = 1 (n^3) and ε(Gp>q(C)) ^

(PpQ)-pq (Z^P^q) (Sakane [8]), where Qn(C) and Gp>q(C) denote

the complex quadric of dimension n and the complex Grassmann manifold

of p-subspaces of Cp+q respectively. Then (Theorem 5.3) we have an in-

equality :

a{X) ^ e(M)

for any Einstein hypersurface X of M.

The above inequality for M= Gp>q(C) was proved by the first named

author in [8]. Essentially the idea of our proof is the same as that of [8].

But we prove the rationality of the dual map for the canonical protective

imbedding M<=—> Pm(C) of M without the use of explicit form of defining

equations for M C Pm(C).

§ 1. Preliminaries

Let M be a complex manifold*} of dimension m. The (complex) tangent

bundle and the cotangent bundle of M are denoted by T(M) and T*(M)

respectively. Let K(M) = ΛmT*(M) and K*(M) be the canonical line

bundle of M and its dual line bundle respectively. Then K*(M) = ΛmT(M)

and hence the first Chern class cx satisfies

(1.1) c^K^M)) = Cl(M) .

If M carries a Kahler metric g, then the Ricci form a defined by σ(X, Y)

= S(X, JY), where S is the Ricci curvature for g and J is the complex

structure tensor for M, is closed and satisfies (cf. Kobayashi-Nomizu [6])

(1.2) cx{K*{M))R = —A-M .

Here cR means the image of c e H2(M, Z) under the group extension

H*(M, Z) -> H*(M, R), and [η] means the de Rham class of a closed form

η on M.

Remark. Hermitian fibre metrics h on K*(M) correspond one to one

to positive volume elements v of M by

(1.3) (v, {-2)m{^Λ)m"x Ax) = h(x, x) for x e K*(M) .

*} In this note, a manifold is always assumed to be connected.
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For a holomorphic line bundle F on M, we write

F' = F®.->®F9 F~e = F* <g> <g> F * for I > 0 ,

F° = l ,

where F* is the dual line bundle of F and 1 is the trivial line bundle

on M.

A real cohomology class c e H2(M, R) is said to be positive if c is the

de Rham class of a closed form η on M of bi-degree (1,1) which has a

local expression: η = V —1 XI ηapdza Λ cte'3 such that the matrix (37̂ ) is

positive definite. For example, let M have a Kahler metric g and ω the

Kahler form for g defined by ω(X, Y) = g(X, JY). Then - [ω] is a positive

real cohomology class. Moreover, an integral cohomology class c e H2(M, Z)

is said to be positive if cR e H2(M, R) is positive in the above sense.

Let V be a finite dimensional complex vector space. The set of non-

zero vectors of V will be denoted by V*. Then the group C* of non-zero

complex numbers acts on V* from the right in natural manner. The

quotient complex manifold VJC* is denoted by P(V). In particular, in

case of V= Cm+ί (m^ΐ) we write Pm(C) for P(V). For 2 e ( C m + % , the

class of z in Pm(C) is denoted by [z]. Then the map π: ( C w + % -+Pm(C)

defined by

π(z)=[z] for zβ(Cm+%

is holomorphic and we get a holomorphic principal bundle C* > ( C m + %

> Pm{C). For each & e Z we define a holomorphic character ^ of C*

by

'X#) = <̂  for ae C* .

The holomorphic line bundle associated to the principal bundle C* >

( C m + % > Pm(C) by <rj is denoted by i? and called the standard line

bundle on Pm(C). Note that then for each i e Z Ee is associated to the

same principal bundle by c£. Let S/Cm+1) denote the space of homogeneous

polynomials on C m + 1 of degree £ ^ 0. Then S/Cm+1) is canonically identified

with the space H°(Pm(C), E~£) of holomorphic sections of E~\ In fact, each

Fe SXCm+1) restricted to ( C m + % is a tensorial form on ( C m + % of type c_i9

and hence it defines an element F e H°(Pm(C), E~£). The correspondence

F H-> F gives the required identification,

denoted by
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NI = JΣ for z =

2°Ί

z1

ec*'

Then the function z •-> ||2||2 on (C** 1), is a tensorial form of type a H-> |α|~2,

and hence it defines a hermitian fibre metric hE on J5J. The Chern form

ω of E associated to hE is given by

-d'd" log \\z\f,

and we have

(1.4)

2πV-T

Cl(E)R = [ω] .

The symmetric tensor g on Pm(C) defined by g(X, Y) = ω(JX, Y), J being the

complex structure tensor for Pm(C), is a Kahler metric on Pm(C). It is

called the Fubinί-Study metric on Pm(C). Note that then ω is the Kahler

form for g. It is known (cf. Kobayashi-Nomizu [6]) that the Kahler mani-

fold (Pm(C), g) has constant holomorphic sectional curvature 8π.

Let

uΊ, =

0

0

(i + 1 e C m + 1 (0 ^ i ^ m)

be the standard unit vectors of Cm + 1. A frame (eo,eu ,em) of C m + 1 is

said to be unimodular if e0 Λ βi Λ Λ em = w0 Λ Wi Λ Λ um. We denote

by P(m + 1) the set of unimodular frames of Cm+\ It is identified with

the group SL(m + 1) of unimodular (m + 1) X (m + 1) complex matrices

in natural manner. We define a holomorphic map p: P(m + 1) —> Pm(C) by

p(e0, , em) = [e0] for (e0, , em) e P(m + 1) .

The subgroup of SL(m + 1) consisting of all unimodular matrices of the

form

λ *\}1

0 a)}m
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is denoted by SL(l, m). Then we get a holomorphic principal bundle

SL(1, m) > P(m + 1) -^-> Pm(C). We define further a holomorphic map

φ:P(m + ϊ)~>(Cm+% withπoφ=zP by

<p(e0, eu , em) = e0 for (e0, e1? , em) e P(m + 1) .

The subgroup of SL(1, m) consisting of all unimodular matrices of the form

A γ
\0 a)}m

is denoted by SLQ(1, m). Then we get also a principal bundle SL0(l, m)

>P(m + 1) ~^-> ( C w + % . We define a holomorphic character χe of
SL(1, m) by

χ/α) = ^ for α = (λ *) e SL(1, m) .
\0 a)

LEMMA 1.1. For each t e Z E£ is associated to the principal bundle

SL(1, m) • P(m + 1) -^> Pm(C)

by the character χ£.

Proof. The map φ: P(m + 1) -> (Cm+% satisfies

φ(ua) = ^(w)χi(α) for u e P(m + 1), ae SL(1, m) ,

χ/α) = clχx{a)) for a e SL(1, m) .

Thus φ induces an isomorphism from the line bundle associated to P(m + 1)

by χe to the line bundle Ee associated to ( C m + % by ιt* q.e.d.

Next we define a holomorphic representation p: SL(l,m) -» GL(m), the

group of non-singular m X m complex matrices, by

p(a) = λ-'a for a = (λ *)e SL(1, m) .
\0 α/

LEMMA 1.2. ΓΛe tangent bundle T(Pm(C)) of Pm(C) is associated to

the principal bundle

SL(1, m) —~> P(m + 1) - * > Pm(C)

δj' ί/ie representation p.

Proof. Let GL(m) > F(Pm(C)) -U- Pn(C) be the bundle of frames
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of Pm(C). We define a holomorphic map ψ: P(m + 1) -> F(Pm(C)) by

ψ0θ, βl, , ^m) = ((π*)eoβi, , (τΓ*)e0O for (β0, βu " ', β j € P(W + 1) ,

identifying the tangent space Teo((C
m+1)*) with Cm+1. Then it satisfies

qo^ = p and

ψ(uά) = ψ(u)p(ά) for we P(m + 1), α e SL(1, m) .

Thus the lemma follows as in Lemma 1.1. q.e.d.

§ 2. Dual map for a complex submanifold of Pm(C)

In this section, M is always assumed to be a complex submanifold of

Pm(C) with dimension n ^ 1. Let r = m — n^O be the codimension of

M. Let jf: M —> Pm(C) denote the inclusion. The Kahler metric on M

induced by the Fubini-Study metric g on Pm(C) and its Kahler form will

be also denoted by g and ω respectively. We set

Then, restricting the bundle C* > ( C m + % — > Pm(C) to M, we get a

holomorphic principal bundle C* >M > M. Note that for each i e Z

the induced bundle j*E* is associated to C* > M > M by tt. We set

1{M) = {Fe S£(Cm+1); F\M - 0}.

We denote by P(M) the totality of (β0, e1? , em) e P(m + 1) such that

( i ) e0 e M, and

(ii) eu > -,eneTeo(M)9

identifying Tβo(M) with a subspace of CTO+1. The subgroup of SL(1, m)

consisting of all unimodular matrices of the form

(2.1)
\0 0 βj}r

is denoted by SL(1, n, r). Then we get a holomorphic principal bundle

SL(1,7i, r) • P(M) -^-> M, which is a subbundle of SL(1, m) >j*P(m

+ 1) > M. Now Lemma 1.1 implies the following lemma.

LEMMA 2.1. For each £ e Z j*Ee is associated to the principal bundle
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1, n, r) • P(M) - ^ > M

by the character χt.

We define further

SLO(1, n, r) = SLO(1, m) Π SL(1, n, r) ,

and denote the inclusion M—>-(Cm+% by 7. Then we get a holomorphic

principal bundle SLO(1, n, r) > P(M) > M, which is a subbundle of

SLO(1, m) >j*P{m + 1)-*+M.

We define a holomorphic representation τ: SL(1, ft, r) —> GL(ή) by

(Λ * *\
0 α * e SL(1, n, r) .
0 0 β)

Now Lemma 1.2 implies that j*T(Pm(C)) is associated to SL(l,n,r) >

P(M) -?-> M by p. It follows that the subbundle T(M) of j*T(Pn(C)) is

associated to the same principal bundle by τ. Explicitly, the holomorphic

map ψ: P(M) -> F(M), the bundle of frames of M, defined by

ψ(e0, eu , em) = ((π*)βQel9 , (π*)e(fn) for (e0, e1? , em) e P(M)

provides an isomorphism from the vector bundle associated to P(M) by τ

to the tangent bundle T{M). Since det τ(α) = Λ~Met α for each aeSL(l, n, r)

of (2.1), we have the following lemma.

LEMMA 2.2. The line bundle K*(M) is associated to the principal bundle

SL(1, n, r) • P(M) ^U M

by the holomorphic character of SL(1, n, r) defined by

11 * .\

a>-+ λ-"άet<x for a = 0 a * e SL(1, n, r).
\0 0 βj

Now we shall define the dual map for MdPm(C). Let p be a point

of M. Choose a vector z e M such that π(z) = p. Then T^M) is identified

with a linear subspace of C m + 1 of codimension r, which is determined by

p and independent of the choice of z. The annihilator:

e (C-+ 1)*; <?, TZ(M)) = {0}}
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of TZ(M) in the dual space (Cm + 1)* of Cm + 1, is an r-dimensional linear

subspace of (Cw + 1)*, i.e., it is a point of the Grassmann manifold Gr{{Cm+1)*)

of r-subspaces of (Cm + 1)* Regarding Gr((Cm+1)*) as a submanifold of

P(Λr(Cm+ί)*) by the Plύcker imbedding, we get a map -9: M-> P(Λr(Cm+1)*)9

which is easily seen to be holomorphic. The map <# is called the dual

map or Gauss map for MdPm(C).

The standard hermitian inner product on C m + 1 defines canonically a

hermitian inner product on Ar(Cm+1)*. Identify Λr(Cm+1)* with Ce+\ e+1

( t 1 ) ' b y a n o r t h o n o r i n a l b a s i s f o r Λr(Cm+1)*, and hence P(Λ r(Cm + 1)*)t )
with Pe(C). Denote the Fubini-Study metric on Pe(C) by g\

The dual map <# is said to be a rational map of degree d >̂ 0 if there

exists a homogeneous polynomial map D: Cm+1-+Λr(Cm+1)* of degree d such

that (a) D(M) C (Λr(Cm+1)*)* and (b) it induces the dual map &:M-+

P(Λr(Cm+1)*). If we identify Λr(CTO+1)* with the dual space of Λr(Cm+1) by

the pairing:

<fi Λ Λ ξr9 ex A Λ er> = det ((ξi9 ^» l s < i i j S r

for ξt e (Cm + 1)* and βj e Cm + 1, then the above conditions (a), (b) are equiva-

lent to that

not zero if (iu • ., ίr) = (JI + 1, . ., m)

0 otherwise

for each frame (eQ, eu , em) of C m + 1 with (i), (ii) and for each 0 <̂  ̂  <

• < ir ^ m. Here, in case of r = 0, en+1 A Λ em will be understood

to be 1 e C.

Assuming that the dual map #: M—> P(Λr(Cm+1)*) is a rational map of

degree d^O induced by D: Cm+ί->Λr(Cm+ί)*, we define

PD{M) = {(β0, eu , em) e P(M); <D(e0), βn+1 Λ • Λ em) = 1}.

For each £ e Z the subgroup of SL(1, n, r) consisting of all unimodular

matrices a of (2.1) such that

T 1 deter 1 = 1 ,

is denoted by SL(1, n, r; £). Note that if for (e09 el9 •• ,e m )eP(M) and

a e SL(1, n, r) of (2.1) we set (βό, e[, , e'm) = (e0, eu , em)a, then

), e'm+1 A Άe'n) = λddetβ (D(e0), em+1 A • Aen)

= λ*-1 det a-\D(eo\ em+ι A Λ en) .
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Here, in case of r — 0, det β will be understood to be 1. It is not difficult

to see from this that we have a holomorphic principal bundle SL(1, n, r; d)

-> PD(M) -ϋ-> M, which is a subbundle of SL(1, n, r) -> P(M) - £ > M. Define

keZby

(2.2) k = n + 1 - d .

Then, for each a e SL(1, n, r; d) of the form (2.1), we have

It follows from Lemma 2.2 that K*(M) is associated to SL(1, n, r; d) ->

PD(M) — -̂> M by χ_fe. Thus Lemma 2.1 implies that if*(M) is isomorphic

to j*E~k. An explicit isomorphism is given as follows. The map φ: P(m + 1)

—> ( C m + % defined in § 1 by φ(e0, eu , βm) = e0 induces a map p: PD{M) ->
A

M with πoφ — p satisfying

φ(ua) — φ{u)χλ{a) f o r w e PD{M), a e SL(1, n , r ; d ) ,

χ.*(α) = ^fc(χ!(α)) for a e SL(1, n, r; d) .

Therefore it induces a vector bundle isomorphism:

(2.3) φD:K*(M) >j*E~k .

In particular, by (1.4) we have

(2.4) CX(K*(M))R = -k[ω] .

The tensorial form z^->\\z\\'2k on M of type a ι-> |α|2fc defines a hermitian

fibre metric hk on j*E~k. Let Λ̂  be the hermitian fibre metric on K*(M)

corresponding to hk under the isomorphism φD. Moreover, let h be the

hermitian fibre metric on K*(M) corresponding to the volume element

v = (—\)nωn of M (cf. Remark in § 1). With these notations we have the

following theorem.

THEOREM 2.1. Let the dual map 9: M-> P(Λr(Cm+1)*) for McPjC)

be a rational map of degree d induced by a polynomial map D:Cm+1-+

Λr(Cm+ψ. Then we have

h _ n\ \\D(z)\?h

Note here that the function z*-±\\D(z)\fl\\zfd on M can be regarded as a

function on M.
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Proof. By Lemma 2.2, K*(M) is associated to SL(1, n, r) -»P(M)

— -̂> M by the character α *-> Λ~πdet a of SL(1, n, r). Therefore the tensorial

form F: P(M) -+ R+, the positive reals, corresponding to a hermitian fibre

metric on K*{M) satisfies

(2.5) F(uά) = \λ \~2n |det a\2 F(u) for u e P(M\ a e SL(1, n, r) .

Let Fh and FhD be tensorial forms on P(M) corresponding to h and hD

respectively. Then by (1.3)

Fh(e0, eί9> , em) = (υ, (-2)n(V-ϊ)n\π:,)eQ(e1 Λ Λ β » Λ e , Λ Λ e»)>

= ((π*ωn)eoJ ( λ ^ l β i Λ βj) Λ Λ ( V ^ ΐ e n Λ eTO)>

for each (e0, β1? , em) e P(M). In particular, if (/0, £, , /m) e P(M) is a

unitary frame of Cm+\ then

(2.6) Fh(f09fu . . . ,/ m ) = - ^ _ ,

since the Kahler form ω of Pm(C) is SU(m + l)-invariant.

Now take an arbitrary (e0, eu • •, em) e PD(M). Then

Choose a unitary frame (/0, /i, , /m) e P(M) and α e SL(1, n, r) of the form

(2.1) such that (e0, eu , em) = (/Ό,/;, ,/w)α. Note here that then ||βo | |

= \λ\. Now (2.5) and (2.6) imply

Fh(eQ, eu...9 em) = \λ\~2n |det ^|2 FΛ(/0, Λ, , /»)

(2.7) _ n\ j3 l_5

On the other hand,

1 = (D(e0), en+1 A Λ βm> = det β <D(e0), fn+1 A Λ /«>

= r ^ e t α - X D ί β Λ A ^ Λ Λ/m>

implies

/I det α: if (ίl9 , ir) = (n + 1, , m)

0 otherwise

for 0 ̂  ix < < i r ^ m. Since the set {/4l Λ Λ/ ί r; 0 ̂  ^ < < ir

^m} is an orthonormal basis for Λr(Cm+ί), we have ||.D(eo)||2 = μ|2 |detα|2,

and hence |detα| 2 = \λ\-2\\D(e0)\\2. Substituting this into (2.7), we have
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(Zπ)

and hence

Fh(e0,eu '",em) _ n\

This proves the theorem. q.e.d.

Remark. Hano [3] proved this theorem in case where M i s a com-

plete intersection. Note that in this case the dual map is always a

rational map.

THEOREM 2.2 (Hano [3]). Let M be a compact complex submanifold of

Pm(C) and let the dual map <#: M-> P(Λr(Cm+1)*) be a rational map of

degree d induced by a polynomial map D: C m + 1 -> Λr{Cm+ψ. Then the

following conditions are mutually equivalent:

1) The induced metric g on M is Einstein.

2) || IX2)||7|| 21|2<* is a constant function on M.

3) 9*g> = d>g.

In this case, we have an inequality:

dim (Sd(C

Proof. This was proved by Hano [3] in case where M is a complete

intersection. We can apply his proof to our case, since he used only the

property of Theorem 2.1 in his proof. q.e.d.

§ 3. Kahlerian C-spaces

A compact simply connected homogeneous complex manifold is called

a C-space. A C-space is said to be kahlerian if it has a Kahler metric.

In this section we summarize some known results on kahlerian C-spaces

(cf. Borel-Hirzebruch [1], Takeuchi [10]).

( I ) A kahlerian C-space M has always an Einstein Kahler metric

which is essentially unique in the following sense; For any Einstein Kahler

metrics g, gf on M, there exist a holomorphism φ of M and a constant

c > 0 such that φ*g' = eg (Matsushima [7]).
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In what follows in this section, let M be a kahlerian C-space. Let

G denote the identity component Aut0 (M) of the group Aut (M) of holo-

morphisms of M. It is a connected complex semi-simple Lie group with-

out the center. Fix a point o e M and set

It is a closed connected complex Lie subgroup of G, and we have an

identification: M = G/U. Let g = Lie G, the Lie algebra of G, and denote

the Killing form of g by ( , ). Now u = Lie U is a parabolic Lie sub-

algebra of g and described as follows. Take a Cartan subalgebra ζ of g

contained in u and denote the real part of ΐj by ϊ)B. The root system Σ

of g relative to 1} is identified with a subset of ΐ)β by means of the duality

defined by ( , ). Then there exist a lexicographic order > on §R and a

subset Πo of the fundamental root system Π with the following property;

If we set ΣQ = Σ Γ) ZΠ0 and Σi = {a e Σ - Σo; a > 0}, then u is given by

Σ
SΣ0\JΣ

where Qa stands for the root space for a.

Let {Λa;ae Π} cz§R be the fundamental weights corresponding to /7.

We set

and

Ze= Lee; 2 ^ a ) eZfor each
I (a, a)

which is a lattice of c generated the Λa

9s for ae Π — ΠQ. Let G be the

universal covering group of G and U the (closed) connected complex Lie

group of G generated by u. Then we have also an identification: M =

G/U. For each Λe Zt there exists a unique holomorphic character χΛ of

U such that χ^exp if) = exp (Λ, H) for each He§. Then the correspondence

^ *-* 1A gives an isomorphism of Zt to the group of holomorphic characters

of U. Let FΛ denote the holomorphic line bundle on M associated to the

principal bundle U -> G -> M by χ̂ . The correspondence Λ~>FΛ induces a

homomorphism of Zc to the group H\M, 0*) of isomorphism classes of

holomorphic line bundles on M. Also the correspondence F >-> c^F) defines

a homomorphism of H\M, 0*) to H2(M, Z).
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(II) Both of these homomorphisms:

Zc - ϋ > H\M, 0*) -^-> H\M, Z)

are isomorphisms (Ise [5]).

Thus the second Betti number b2{M) is given by

(3.1) b2(M) = dim c = the cardinality of 77 - 770.

We define positive integers ka by

2(P <*) ΐoτaeΠ-ΠQ.
(a, a)

Let K be the greatest common divisor of {ka}aeπ_ΠQ and set

κa = A _ for a e Π - ΠQ
K

and

aGΠ-Πo

We define

Zc

+ = {ΛeZt; (Λ, a)>0 for each o e l ; } .

Then we have

z: = Σ sM.,
αΘi7-77o

where Z + denotes the set of positive integers. Thus we have Λo e Zc

+. The

set Zc

+ is invariant under the action of the group Aut (Π, Πo) defined by

Aut (77, 770) = {(;e GL®R); σΣ = Σ,σΠ = 77, σ770 = 770} .

Let Aut (77, 770)\Zc

+ denote the quotient of Z? modulo Aut (77, 77Q).

A holomorphic immersion j : M-+Pm(C) is said to be Aut0 (M)-equiva-

riant or simply equivariant, if for each φe G there exists an element Φ of

PL(m + 1), the group of projective transformations of Pm(C), such that

joψ = φoy. Holomorphic immersions j : M'->Pm(C) a n d / : M->Pm/(C) are

said to be equivalent iΐm = m' and there exist p e Aut (M) and Φ € PL(τn + 1)

such that joφ — Φoj\ A Kahler metric g on M is called a homogeneous

Kdhler metric if the group Aut (M, g) of isometric holomorphisms of (M, g)

is transitive on M. A holomorphic immersion j : M-+Pm(C) is called a
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homogeneous Kahler immersion or an Einstein Kahler immersion if the

Kahler metric on M induced by the Fubini-Study metric on Pm(C) is homo-

geneous or Einstein. Homogeneous or Einstein Kahler immersions j : M

-> Pm(C) and f: M-> Pm>{C) are said to be equivalent if m = mr and there

exist φe Aut(M) and an element Φ of PU(m + 1), the group of unitary

projective transformations of Pm(C)9 such that j o ψ = φ oj\ Let tf, Jf and

(? denote the set of equivalence classes of full equivariant holomorphic

immersions, homogeneous Kahler immersions and Einstein Kahler immer-

sions of M respectively.

These immersions are constructed in the following way. Let qu be

a compact real form of g such that the complex conjugation of g with

respect to gw leaves ϊ) invariant, and Gu the (compact) connected Lie sub-

group of G generated by gB. Take ΛeZ+ and let pΛ: qu -> $u(m + 1) be

an irreducible unitary representation of gtt such that its C-linear extension

PA' g->^ί(w + 1) has the highest weight A. The extension of pΛ to G will

be also denoted by ρΛ:G-+SL(m + 1). Taking a highest weight vector

z0 e Cm+\ we can define a full equivariant holomorphic imbedding j Λ : M =

GIU->Pm(C) by

jΛ(xΰ) = [pΛ(x)z0] for x e G .

The Kahler metric on M induced by the Fubini-Study metric on Pm(C)

is denoted by gA. Then jΛ is further a full homogeneous Kahler imbedding,

and the identity component Aut0 (M, gΛ) of Aut (M, gΛ) coincides with Gu.

Moreover we have:

(III) The space of Aut0 (M, gA)-invarίant closed 2-forms on M coincides

with the space of harmonic 2-forms on (M, gΛ) (Takeuchi [10]).

For each pe Z+ we write j p and gp for j p Λ o and gpΛo respectively. Then

j p is a full Einstein Kahler imbedding, and the Ricci curvature Sp for gp

is given by

(3.2) Sp = ^~gp .
P

Thus (1.1) and (1.2) imply

(3.3) c1{M)R = - — [ωp] ,
P

where ωp denotes the Kahler form for gp. The imbedding j p is called the
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p-th full Einstein Kdhler imbedding of M.

(IV) Any Einstein Kdhler immersion is a homogeneous Kdhler im-

mersion (by (I)), and any homogeneous Kdhler immersion is an equivariant

holomorphic immersion (Takeuchi [10]). Thus we have natural maps:

0 T <S& r <yt

The map a is injective and the map β is bijective (Takeuchi [10]).

T

(V) The correspondence p*-^jp induces a bisection Z+ > <?, and the
correspondence A*-*jΛ induces a bijectίon Aut (Π, ΠO)\ZC

+ >X (Takeuchi
[10]).

Let ΛeZ;. We set

Nu = dim H\M, jfE-t) for £ e Z .

For the imbedding j Λ : M~+ Pm(C) and the standard line bundle E on Pm(C),

we have

(3.4) jJE = FΛ .

Thus, applying Borel-Weil-Bott theorem (Bott [2]) to the FΔ'& we have the

following:

(VI) Let A e Zc\

(i) For each S^O, H°(M,jfE~£) is an irreducible G-module with the

lowest weight -£Λ, and Hp(M,j%E-«) = {0} for p^l. Therefore N4Λ (£ ̂  0)

is given by WeyΓs degree formula:

NίΛ=U ( U + δ'a) , where * = 1 Σ « .

«>o (J, a) 2 «>o

(ii) For each I > 0, H\M,jfEe) = {0} and hence N.u = 0.

COROLLARY. For each & JΞ> 0, we have an exact sequence:

0 • IIM) • H%Pm(C), E-<) - ^ > H\M, jfE'O • 0 .

Proof. The map j$ is a non-trivial G-homomorphism and H0(MJfE~£)

is an irreducible G-module by (VI). These imply the subjectivity of jf.

Moreover, since H°(Pm(C), E~e) is canonically identified with S£(Cm+ί), the

kernel of j$ is identified with I£(M). q.e.d.
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Remark 1. WeyΓs formula implies that NiA < Na+1)Λ for £ ^> 0, and

hence the Nu's are monotone increasing with respect to £ ^> 0.

Remark 2. The above corollary for £ = 1, the fullness of jΛ and (3.4) imply

that jr.(Cm+ί)* = H0(Pm(C),E-ί)->H°(M,Fϊι) is a G-isomorphism. It

follows that for each A e Zc

+ the holomorphic line bundle Fj1 is very ample

and the associated Kodaira imbedding is equivalent to the holomorphic

imbedding j A . Conversely let FA for Λe Zc be very ample and let j : M ->

Pm(C) be the associated Kodaira imbedding. Then FA = pE'1 and hence

Ci(FΛ) is positive. An explicit description (cf. Borel-Hirzebruch [1]) of the

Chern form of FΛ shows that Λe —Zf. Thus the set $P corresponds one

to one to the set of equivalence classes of Kodaira imbeddings of M.

§4. Dual map for a kahlerian C-space in Pm(C)

THEOREM 4.1. Let M be a kahlerian C-space of dimension n and j : M

<=—>Pm(C) a full equiυariant holomorphic imbedding of codimension r.

Then the dual map 9: M-» P(Λr(Cm+1)*) for M c PJC) is a rational map

if and only if

1) j is equivalent to an Einstein Kdhler imbedding, say j p , and

2) K is divisible by p.

In this case, the degree d of 9 and the positive integer k = κ\p is related as:

d — n + 1 — k .

Proof. By (IV), (V) we may assume that j = jΛ for some Λe Zc

+. The

induced Kahler metric on M is denoted by g, and the Kahler form, Ricci

curvature, Ricci form for g are denoted by α>, S, σ respectively.

Assume that # is a rational map of degree d. Set k = n + 1 — d.

Then by (1.2) and (2.4) we have

clK*(M))R = - L [σ] *[ω] .
4ττ

Since both — (l/47r)<7 and —kω are Aut° (M, ̂ -invariant closed 2-forms,

we have — (ljAπ)σ = — kω by (III). Thus σ = 4πkω, and hence S = 4πkg.

This proves that j =jp for some peZ+. In this case, by (3.2) we have

S = (4πκ/p)g, and hence k = κ/p. This proves the assertion 2).

Assume conversely that j = j p for some peZ* and k — κ/p is an

integer. By (3.2), <S = 4πkg and hence σ = 4πkω. On the other hand, by

(1.2) and (1.4) we have
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Cl(K*(M))R = —f-[σ] = -k[ω] = Cl(j*E-*)Λ ,

and hence d(j?*(AO) = cx{j*E-k). Now (II) implies

(4.1) K

Set d = τι + 1 — k. We choose an orthonormal basis {u0, Uj, , uTO} of

the representation space C m + 1 of ppAo: G->SL(m + 1) in such a way that

u0 is a highest weight vector and {u0, uu , wn} span ppAo(o)u0. We may

assume that ppΛo is a matrix representation with respect to this basis. We

denote by G the quotient group of G modulo the kernel of ρpΛo. Then it

is identified with a closed subgroup of SL(m + 1) = P(m + 1). We define

U = G Π SL(1, m) C SL(1, n, r) .

Then we have an identification: M = G/U" and the principal bundle £/->

G - ^ > M may be identified with a subbundle of SL(1, n9 r) ~> P(M) -^-> M.

We define further

tf0 = U Π SLO(1, m) C SLO(1, n, r) .

Then we have an identification: M = G/f70 and the principal bundle Uo

-> G - % M may be identified with a subbundle of SLO(1, n, r) -> P(M) -^->

iίϊ. Now Lemmas 2.1 and 2.2 imply that j*ίJ" f c and K*{M) are associated

to U -> G > M by the characters

(^ * *\
0 a * I € t7

of ί/ respectively. It follows from (4.1) and (II) that λ~k = A~wdetα, and

hence Λ*-1 det α = λn"k άeta = 1 for each α 6 £/. This means

(4.2)

Now we shall define a map ΰ : M-> (Λr(Cm+1)*)* such that

1 if (il9 , ίr) = (Λ + 1, , m)
(4.3) < D ( e o ) , e i 1 Λ Λ O . π - .

(0 otherwise

for each (eQ, eu , em) e G and for each 0 <I ̂  < <ίr <Lm. Let 2; € M.

Choose (e0, e,, , em) e G with eQ = z and define Z>(z) 6 (Λr(Cm+1)*)* by
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1 if (il9 - , ίr) = (n + 1, , m)

0 otherwise .

Another (e£, ei, , e'm) e G with e[ = z can be written as

/I * *\
(eό, ei, ••-, e'm) = ( e 0 , eu • • •, e m ) \ 0 a *

\θ 0 j8/

with det a = det ^ = 1 by (4.2). Thus we have

(D{z\ < Λ Λ e r> = <#(*), e4l Λ Λ β,r>

_ f 1 if (ilf , ir) = (n + 1, , m)

| θ otherwise .

This shows that D is well defined and satisfies (4.3). The map D is holo-

morphic. In fact, choose a local holomorphic section s(z) = (z, e^z), ,

em(^)) of the bundle Uo —> G > M. Then we have

/7v \ / \ Λ A / \v ί1 i f ^ ' , ir) = (Λ + 1, , in)
(0 otherwise ,

and hence D(z) is holomorphic in z. We shall next show that D is homo-

geneous of degree d. Let zeM and 2 e Q be arbitrary. Choose (e0, e1?

• *, O £ G with e0 = z and an element α e U of the form (2.1), and set

(ί?o, βί, , e'J = (β0, β!, , em)α. Then we have

), < Λ Λ O = det /3 <ΰ(e0), etl A Λ β,r>

= detp<D

for each 0 <̂  ij < < ir<^m, and hence

by (4.2). Thus we get the required property:

D(λz) = ^di)(2:) for each λeC*, zeM.

Therefore, if we define

Diχ...ir(z) = (D(z), utlΛ->Λ uίr} for z e M

for 0 ^ iλ < < ir ^ m, then Ώix...ir may be identified with an element

of H°(MJ*E-d). Since Ar..fr ^ 0 for some ft, >9ir)9 we have d^ 0 by

(VI) (ii). It follows from Corollary of (VI) that each Όiχ...ir is extended
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to a homogeneous polynomial on C m + 1 of degree d, and hence D is extended

to a homogeneous polynomial map D: Cm + 1 -> Λr(Cm+1)* of degree d. It is

clear from (4.3) that D induces the dual map -9 for M c Pm(C). q.e.d.

COROLLARY. We /ιαue /e ̂  τι + 1. T/ie equality holds if and only if

M=Pn(C).

Proof. Consider the first full Einstein Kahler imbedding jx\M-^

Pm(C). It follows from the above theorem that the dual map -9 for j ί is

a rational map of degree d = n + 1 — Λ;, where d ^ 0. This implies the

required inequality. The equality holds if and only if d = 0^D: M->

(Λr(Cm+1)*)* is a constant map & r = 0 (since jx is full) &M= Pn(C).

q.e.d.

§ 5. Einstein hypersurfaces of kahlerian C-spaces

We assume in this section that M is a kahlerian C-space with b2(M)

= 1. Then by (3.1) Π — Πo consists of only one root, say a0. Thus we have

c = RΛao, Zt = ZAaQ, K = kao, κao = 1, 4 = Ao, Z: = Z+Aao and Aut (77,770)\Zc

+

is identified with ZM 0. We write N< for iV 0̂. Now (IV) and (V) imply

the following theorem.

THEOREM 5.1. For a kahlerian C-space M with b2(M) = 1, the maps:

r a β

are all bijections.

The full equivariant holomorphic imbedding of M corresponding to

l e Z + under the above bijection, will be called the canonical protective

imbedding of M.

Let ; 1 : M - > P m ( C ) be the first full Einstein Kahler imbedding of M.

The induced Kahler form on M is denoted by ω. Recall that we have

isomorphisms:

(5.1) ZΛQ JU HKM, 0*) - ^ > H2(M, Z) .

We set

Then, by (3.4) we have H = jfE'1. It follows cx{Ή) = -jfc^E), and hence

^(iϊ)^ = — [ω] by (1.4). Thus h is the positive generator of H2(M, Z) ^ Z.

Note that (3.3) implies
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cx{M) = Kh .

Note also that N£ is given by

N< = dim H°(M,H£).

For a divisor D on M, {D} denotes the holomorphic line bundle on

M associated to D. Then for a positive divisor D on ikf, there exists a

positive integer a(D) such that

Cl({D}) = αφ)Λ .

The integer a(D) is called the degree of D. For a hypersurface X of M,

the degree of the positive divisor defined by X is called the degree of X

and denoted by α(

LEMMA 5.1. Let X be a compact hypersurface of M with degree a and

regard it as a complex submanifold of Pm(C) through j ^ : M->Pm(C). Then

dim (S£(Cm+ί)IUX)) = N4 - N£.a for i ^ α .

Proof. In general, for a complex manifold M, a non-singular divisor

S on M and a holomorphic vector bundle W on M, we have an exact

sequence:

0 • Θ(W) • Θ{W® {S}) • Θ{{W® {S})\S) • 0 ,

where Θ means the sheaf of germs of holomorphic sections (cf. Hirzebruch

[4]). We apply this to the divisor S defined by X and W = jtE~i+a. Since

Cι({S}) = ah = aCl(j*E-1) = cx{j*E~a), we have {S} = jfE'a by (5.1). There-

fore we have an exact sequence:

0 > φ(j*E~e+a) > ΘijfE-*) > Θ(i*E~e) • 0 ,

where ί:X-+Pm{C) denotes the inclusion. In the cohomology exact

sequence:

0 • H°(M, j*E~e+a) • H°(M, j*E'£) • H°(X, i*E~£)

the last term vanishes for I ^ a by (VI) (i), and hence

dim H°(X, i*E-*) = N£- N£.a .

On the other hand, H°(Pm(C), E'£) -> H°(MJ?E~£) is surjective by Corollary

of (VI). Together with the surjectivity of H°(MJ*E-£)-> H°(X, i*E~£), we

get the surjectivity of H°(Pm(C), E-*)-±H°(X, i*E~£). This implies
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H°(X, i*S-0

Thus we get our assertion. q.e.d.

THEOREM 5.2 (Ise [5]). Let M be a kάhlerian C-space with b2(M) = 1

and j : M-+ Pm(C) the canonicalprojective imbedding of M. Then, for each

positive divisor D on M of degree a, there exists a homogeneous polynomial

F on Cm+1 of degree a such that D is the pull back by j of the divisor on

Pm{C) defined by F.

Remark. In case where D is the divisor defined by a hypersurface

X of M, we have

X={zeM; F(z) = 0} , and (j*dF)(z) Φ 0 for each z e X ,

where j:M-+ Cm+1 denotes the inclusion.

For a kahlerian C-space M of dimension n with b2{M) — 1, we define

ε(M) = Max {α 6 Z+ Nn_κ+a £ Nn_κ +

Note that ε(M) is finite since the JV/s are monotone increasing with re-

spect to £ ^ 0 (Remark 1 in § 3).

THEOREM 5.3. Let M be a kahlerian C-space of dimension n^2 with

b2(M) = 1, and g an Einstein Kdhler metric on M. Then, for any compact

hypersurface X of M which is Einstein with respect to the metric induced

by g, we have an inequality:

a(X) ^ e(M) .

Proof. Since an Einstein Kahler metric on M is essentially unique

by (I), we may assume that g is induced from the Fubini-Study metric by

the first full Einstein Kahler imbedding jx:M-> PJC). Here m + 1 = N,

by (VI). Let r be the codimension of M in Pm(C). We regard X as a

complex submanifold of Pm(C) through jx and denote the inclusion by

i: X-* Pm(C). Then the metric on X induced by the Fubini-Study metric on

Pm(C) is Einstein from the assumption.

By Theorem 4.1, the dual map & for j ί is a rational map of degree

n + 1 — K. Let & be induced by a polynomial map Π: Cm+1 -» Λr(Cm+ί)*.

Take a homogeneous polynomial F on Cm+1 of degree a(X) which has the

property in Theorem 5.2 for the divisor on M defined by X. We define a

map D:Cm+1->Ar+1(Cm+ψ by
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D = Π A dF .

It is clearly a homogeneous polynomial map of degree

d = n + 1 - fc + a(X) - 1 = n - K + a(X) .

Recalling Remark following Theorem 5.2, we see that D(X) C (Λr+ί(Cm+1)*)*

and D induces the dual map £: X-> P(Λr+1(Cm+1)*) for i: X-+ Pm(C). Then,

by Theorem 2.2 we have an inequality:

)

Assume first M Φ Pn(C). Then w - K + α(Z) ^ a(X) by Corollary of

Theorem 4.1, and hence by Lemma 5.1

Nn^a{X) - Nn.κ.

Thus we get

This implies the required inequality in this case.

Assume next M = Pn(C). Then K = n + 1, m = n and X is a hyper-

surface of Pn(C) of degree α(Z). Therefore n - K + α(Z) < α(Z) and

ft — K < 0, and hence In-κ+a(X)(X) = {0} and Nn_κ = 0. Thus we have also

= dimSn.κ+a{X)(Cn+i)

This implies the required inequality for M = Pn(C). q.e.d.
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