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ON DIFFERENTIAL INVARIANTS OF HOLOMORPHIC
PROJECTIVE CURVES

HISASI MORIKAWA

1. Canonical forms

Let (¢(w), - -, 0.(w)) be a system of holomorphic functions whose
Wronskian does not vanish at origin, where holomorphic functions mean
functions holomorphic around origin.

A variable transformation

(¥, y) = (u(2), A2)y)
induces a map

(Sol(u)ﬁ ct Son(u)) = (¢1(Z), ) ¢n(z))
= (A@p(u(2)), - - -, A2)e.(u(2))) ,

where fill(O) # 0 and 2(0) == O.
2

We associate linear differential operators of rank n which is a pro-
jective invariant of a holomorphic curve’: u — (¢(u), - - -, ¢, (w) in P*7%,

L.(plu,y) = ;ﬂ ('Z’)pz(u)(%)n_ly

D1y Y Dn Y, D1y Sty (7%
= (_1)n—1 : : ’

d
waie = (TJale( )

Received December 6, 1978.
1) We mean holomorphic maps by holomorphic curves.
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¢1’ tt ¢n -t Y, ¢1’ Tty ¢n

() o (@) (@) (&) () e

The variable transformation (u, y) — (u(2), A(2)y) induces a transformation:
L.(p|u,y) = L.(q|2, )

= 1@7(%) "5 (3)pwe(g2) " ae@m

DerintTioN (Lagurre-Forsyth). A linear differential operator L.(Q|z, y)
is called to be canonical, if

QR=6=0.
We call z a canonical independent variable of a canonical form

L.(Q|z,y).

TaeoreM 1 (Forsyth)®. For each L,(p|u,z) there exists a variable
transformation

(@, y) — (u(2), A2)y)

such that L.(p|u, 2) is transformed to a canonical form. Moreover a var-
iable transformation maps a canonical form to a canonical form, if and
only if

_az+ B _ cy 0B .
uD) =210, ay= ((m) e SL@,C),ce C {0}) .

Forsyth’s theorem means that for each holomorphic projective curve:

u— (?l(u)7 ) Son(u)) epr!

we may associate a canonical variable and a canonical form which are
unique up to Mobius transformations.

2. Differential invariants

Similarly as classical invariant theory, we define differential invari-
ants of L,(P|u,y) first for generic coefficients Py(u) (1 < i < n), and then
specialization

2) See Theorem 6.1 and 6.2, Chap 6 [1], or Theorem 2.4, Chap 2 [2].
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(LYP@ (L)pw) a<i<no<i<oo)

gives the definition for L,(p|u, y).

DerintTION. A differential invariant of weight p of L.(P|u,y) (with
generic coefficients) is a polynomial
i
)P, )

ool

such that

)P, - )(duy

o (%)
is invariant for every variable transformation
%, y) = (W(2), 22)y) ,

where

du(0)
dz

#0, 20)+#0.

Forsyth gave the following fundamental system of differential invari-
ants of a canonical form

-1

L@z = (L)y+ 5 (7)e@(L) ¥
(652), - -+, 0.(2)) ,

(1)(p—2)' '(2p—s——2)‘ d
o)) = 5 N A RPN () A B<p<m),

where weight of 4, (2) is p.
For a complex number w(+0,1,2, ---) we denote

(L;) _ww-—1) --l-l(w —14+1) )

Let w, ---, w, be complex numbers (#0,1,2, ---),

E= (B0, 60, 60, o), s 6y = (B0, 80,60, )

be variable vectors of infinite length and denote
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el =5 (W)es a<i<n.
1 0
Germ of SL(2, C) at (O 1) acts on f;(¢;12) as follows
( (%8
(692

where (yz + 6)%i = §*/ Z <w1>(5 r2).
=0

2) = Gz + 975, %}g) a<j<n,

DErFINITION. A formal power series F(¢; z) with coefficients in C[£]
is called a covariant of index u (a complex number), if

FE2) = 5 (4)a®z,

F((iﬁ){-‘; z) rz + 5)“F($, iz ::: g) ((iﬁ) € Germ of SL(2, C)) .

DEFINITION. A polynomial ¢(§) is called a semi-invariant of index u,

if
g 3
-1 —_
]21; zz:o' 15 % &) =0
and
3 2wy — 205 a; o) = ug(®) .
THEOREM 2°. The following three conditions are equivalent;
i) F(¢; 2) is a covariant of index u,
i) F(&; 2) = exp (zA)p(€) with a semi-invariant of ¢(§) index u, where
n o . a
= Z=: LZ=: — DEry e ’
i) F(&;2) = go(- - (d[d2)'f(£;12) , ) with o semi-in-
ww; —1) - (w; — 1+ 1)
variant ¢(---, &9, -+ ) of index u.

THEOREM 3.

3) See Theorem 5.1 (Robert’s Theorem), Chap. 5 [1], or Theorem 1.3, Chap 1
[2]1.
4) See Theorem 6.5, Chap. 6 [1], or Theorem 2.6, Chap 2 [2].
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{Differential invariants of L,(Q]z, )}
= {covariants of 62), - --, 0,(2)},

where 0,(2) = 3" <_12p)77§,”z‘ and (wy, - -, w,) = (—6, —8, +- -, —2n).
i=o0

3. Defining differential equations of moduli

Two projective holomorphic curves in P!
C«p: u— (spl(u), tt ¢n(u))
and

C¢: z2— (¢1(Z), Y ¢n(z))

are called to be equivalent, if a projective transformation in P*™' and a
variable transformation (u,y) — (u(2), 2(2)y) map C, to C,.

By virtue of Forsyth’s theorem equivalence classes of projective
holomorphic curves correspond bijectively to equivalence classes of canon-
ical forms with respect to transformations

az + B cy >
(z’y)_><7z+5’ Gz+ o)t/

Here we shall give the moduli spaces of projective holomorphic curves
in P"! and stable projective holomorphic curves by means of non-linear
differential equations. The answer is not so difficult, that is a consequence
of properties of Schwarzian derivatives.

Schwarzian
d*z dz )
dz’® 3 | d7
R Ay e b
dz’ dr

is naturally generalized to pairs of differential forms as follows
{(df)", dg} = {df, dg} = {f, g}dg)* .

Lemma 1. If we put
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—1 dbi,(2)
B 04(2) Z —éz
“O= 1 e 1 do)|’
2j dz 2j(2j + 1) dz*
we have
(1) y@)dzyrs = NGV g oy dzy, dzy .

2% + 1)
Proof. Putting 6,(2)(dz)’ = (df)’, we have

v = (5 () (ae) — ez (Ge) ) oo

1 df 2142
T 2@+ 1)(dz) tf; 2=

Lemma 2. Let 0,(w)(du), x(w)(@du)?** (3 < j < n) be holomorphic dif-
ferential forms around origin. Then there exists a variable z such that

1) (dn = %;g)—“M{a Wdw,dz}  B<i<n),

if and only if
2% + Dy w)o.u) — A2k + 1>xk(u>a (uy
= l.ﬁj(u)e,,(u)@fﬂ;jﬁzu_) 0k( w9, (u)zd 0k(u)

(2) _2%i+1, 2 G+ 1y, )z( dﬁiu)) + 2k22; 151(u)2( dﬁiu) )2

BLji<k<n).

If O,(w)(du), - -, 0, (u)(du)" += (0, ---,0), then the variable z is uniquely
determined up to Mobius transformations.

Proof. If 0/(u), 6,(v) # 0, then from properties of Schwarzian it fol-
lows.
{0,()(duy, dz} — {0.(u)(du)*, dz}
= {0,(uv)(du)’, du} + {du, dz} — {6, (w)(du)*, du} — {du, dz}
= {0,(w)(du)’, du} — {0(u)(dw)", du}

= (3 L0+ — B AL( DA Vo (1<) duy

j du 2j* du
_(1 dzé’,c(u)e a2k +1/do(w)\ 2 )
(k d*u «(u) 2k* ( du >0jk(u) )(du) )
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For a fixed j the equation on z
{0,(w)(du)’, du} — 2(2j + 1)6,(w)"*x,(w)(du)’ = {dz, du}
is solvable, and
{0,(u)(duy, dz} = 2(2j + 1)0,(w)"*x,(u)(du)’ .

Hence we can choose a variable z such that

2§+2 __ (0 (u)(du)j)2 J
1(W(du)** = W{ﬁj(u)(du) , dz}

if and only if (2). Assume that 6,(w)du = 0. Then
{0,(w)(duy’, dz} — {0,(w)(du)’, dz'} = {dz,d2’} = 0

and thus z is uniquely determined by {4;(v)(dw)’, dz} up to Mébius trans-
formations.
Now we have the next theorem:

THEOREM 4. Equivalence classes of holomorphic projective curves in.
P! correspond bijectively to system of holomorphic differential forms

(O (du)’, - - -, 0. (u)(dw)", x(u)(Au)’, - - -, x(wW)(du)™*?)
such that

202j + Dy, @) — 22k + Dyu(w)6,(w)*

= L 9w, rd 03%@ - l49;c(u)0j(u)2gi2u)
_2j+1 L do,w) | 2R+ 1 el G@) \?
5 Y T e 6’(“)( du )
Bj<k<n).

Let L,(Q|z, y) be a canonical form associating with a holomorphic projec-
tive curve C, and (642), - - -, 0.(2)) be the system of fundamental differential
invariants of L,(@|z,y). Then the bijective correspondence is given by

0,(w)(duy = 0,(2)(dz)’

(4) 1) (duy** = 5‘21((;}<j_z)1’))2{@<z><dz>a d2}  (B<ji<n)

Proof. It follows from the following equivalence

L.(Q|2,5) < (02), - - -, 0:(2)) < (6:(2)(d2)’, - - -, 0.(2)(d2)", 2) .
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THEOREM 5. Denote

0,(2) 0:(2)
0n(2) =|—1 d_ —-1d, BLi<h<n,
2j dz #2) 2h dz »(2)
11(2) 0.(2)
ud) =| =1 d -1 d B<Lj,k<n).
511279 % ™

Let C be the portrait (equivalence class with respect to independent variable
transformations) of the curve

20 (o 0,2), -, 0.2, - 1,2, - 1@, )
in weighted projective space with weight system
Goosdyorni+b+1, -2/ +2 .-, 2 +k+8 ).
Then, if (-, 051, -+ Xji + ) = (0, - - -, 0), the correspondence:
[equivalence class of C]+— C

is bijective. If (---,0n, - xsx )=, ---,0), then Cis a point and
C is equivalent to a curve

(2", z2logz, -+, 22 (log 2)™, .-+, 2", 2" log 2, - - -, 2 (log 2)™)
with 2, ---,2,€C and >, m, = n.

Proof. Let (02, - - -, 0.(2")) be the system of fundamental differential
invariants of a canonical form L,(Q'|z’,y) corresponding to the same
curve C in weighted projective space. Then there exists u(2) % 0 such
that

03(2) = p(2)'0,(2) ,
Bffk(z/) = ﬂ(z)j+k+lﬂjk(z) ’
1) = w2y (2,
V(@) = (@D y(2)
On the other hand
72 o)

Y 0,@) = O = | =1 d g —1 d g
T A )
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— w0,
25(2) 01(2)
MRy @) = (@) = | -1 d 12 —1 j_ﬁ’(z’)
4j—|—4dz’j 2k dz "
— ﬁ(z)zj+k+2'g§_,x.ik(z) .

If (--- Oy =+ Ask -++)% (0, - -+, 0) then we have

dz'
dz

Il

©(2) 1

and
0(ZNd2) = 0,(2)((2)d2) = 0,(2)(d2)’ ,
1(@NAZY = y,(2)(u(2)d2) " = y(2)(d=)** .
By virtue of (4) this shows
{0,(2)(d2)', d2} = {0,(2)(dz)’, dz’} (8<j<n),

and thus 2’ is a Mobius transformation of z. Namely L.(Q'|2,y) is
equivalent to L,(Q|z,y). Assume that (-, 05, -, %50 -+ +) = (0, - - - 0).
Then by virtue of Lemma 2 there exist a constant ¢ and ¢ function u(z)
such that

0,2) = e(22),

c’(du/dz)" _ —ci(du/dz)

2) = u, z . z,u},
24(2) 205 1 1) {u, 2} 5% + 1) {z, u}
X O
w@) =| —1 dy, —1db,
4j +4 dz 2k dz
_  —ci(du/dz)"** fl-z u =0
ei+oei+o a0
This shows {z, u} = —% with « in C, and thus

(' st 0j(z)? v "0jk(z), ° e "Xj(z)) ° "x.ik(z), c ')

2
= ...,c,...,0...,_‘;"_1'9_,...()...0)_
( ! 42j + 1)
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Hence C is a point. We may assume z = ¢** within Mdbius transforma-
tion. This means

du_ 1 @) =)
az
= LQ=N = (Mn(L L)y

with 75, -+ -, 7, in C. The fundamental solution of this type of linear dif-
ferential operator is given by

(2", 2logz, - -+, 2" (log 2)™, ---, 2", 2" log 2, - - -, 2" (log 2)™) .

4, Coordinate-free formulation

We shall reformulate the above results in terms of bundles. Let u
be an independent variable, and let

du (=123, --)

be independent variables over ring C{u} of convergent power series in u.
A derivation d is defined in polynomial algebra

C{u}[. N dlu’ .. .]
as follows
df=Hau (fectup,
du
d(d'u) = d"*'u (1=1238,---).

Wronskian of (¢,(w), - - -, ¢.(w) is defined by

( 3 ) W(m,---mn) = : :
d”"gD,, ceny d""go,.

The relation between this Wronskian and the usual one is given by
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@1y e ©n
4, 4,
du v ’ du »
(4) W(,,l ..... on) — . . (du)n(n—l)/z A

We denote
Lol = &y + 35 (7 )5l g - 2dy
Y, ¢ s Pn
g B
dry, dn.% ey d;z%
then

L.(p|y) = L.p|u, y(du)",

f,,,( bly) (L.(plu,y)) is called to be semi-canonical if p, = 0. ﬂn(ﬁlu, y)
is semi-canonical if and only if

W(m,---mn) = T(du)n

with y # 0 in C.
Changing the dependent variable

y = Aw)y

with a suitable () (A(0) # 0), we may transform any L.(5|u, ¥) to a unique
semi-canonical form.
A differential invariant of weight p of L plu,y) is defined by

d\ n
(oo
with a differential invariant of weight m
d l
o+ (LYpn ).
du)?

For a semi-canonical form L.(5|y) the set of differential invariants
of weight m coincides with the set of differential polynomial with coeffi-
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cients in C
(-, dp,, - -)
such that

O, d'B,, ---) = q;(. . (%)lph . --)(du)"‘ )

For each differential invariant @ of weight m of L.(p|u,y) we denote

¢ =0(--,dp, )= q)(. . (.;u_)lpj, . -)(du)"‘ ,

then we get the system of fundamental differential invariants
(939 ) én)

of L.(ply). Moreover the system of differential invariants

(639 ""ﬁm "'yéjk’ ""Zj’ "'sijk’ )

corresponding to
oy =3By s By == s Xty = s Xr =+ ) -

5. Several variable case

Let u, - --, u, be independent variables and let
dluj (l=1,2,3,-~-;j=1’2,...’r)

be independent variables over ring of convergent power series C{u,, - - -, u,}.
We define a derivation d on commutative polynomial algebra

C{u” ceey ur}[. . .,dluj’ .. ]

over C{u,, - - -, u,} as follows
7 af
df:: Z duj (fe C{uU Tty ur}) ’
j=1 6uj

d(dlul):d“luj (l:1,2,3,"';j=1,2,"',r).

Remark. For any holomorphic curve

t— (ul(t)s ] ur(t))

we can associate a differential algebra homomorphism
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C{ul’ Sy ur}[ -, d‘uj, . ] — C{t}[ .-, dlt, .. .]
such that
dlso(ub Ty ur) = dlso(ul(t% D) ur(t)) .

For a system (¢,(uy, -+, u,), -+, ou(ty, - - -, u,)) Wronskian of (¢, - - -,
¢,) is defined by

P s Pa
(5) Wopooyy = | 200 70 90
dn:lS"u " dn:l%
We denote

Y, D1y On

" dy, d y "%y d n
LB1) = (~D Wiy T P00
6 . . .

( ) dn ) dnsah ) dnson

=&y + 33 (7)BC o dig, )y

We may define differential invariants of weight p of L.(p|y) by the
same differential polynomials as differential invariants of one variable
case.
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