
M. Furushima
Nagoya Math. J.
Vol. 127 (1992), 145-165

MUKAI-UMEMURA'S EXAMPLE OF

THE FANO THREEFOLD WITH GENUS 12

AS A COMPACTIFICATION OF C 3

MIKIO FURUSHIMA

§0. Introduction

Let (X, Y) be a smooth projective compactification with the non-normal irre-

ducible boundary F, namely, X is a smooth projective algebraic threefold and F a

non-normal irreducible divisor on X such that X — Y is isomorphic to C3.

Then Y is ample and the canonical divisor Kx on X can be written as Kx —

- r K ( U r ^ 4 ) . Thus X is a Fano threefold. In particular, P i c Z = Z ΘX(Y).

The non-normality of Y implies that r ύ 2 (cf. [4]). In the case of r = 2, such

a CX", F) is uniquely determined up to isomorphism, in fact, (X, Y) = (V5, #5°°),

where X — Vs is a Fano threefold of degree 5 in P 6 , and F = Hξ3 is a ruled

surface swept out by lines which intersect the line Σ with the normal bundle NΣ\X

= 0 Σ ( " ~ 1) Θ 0 Σ ( 1 ) , in particular, Σ is the singular locus of F. In the case of

r = 1, there is an example of such a compactification of C3, in fact, let X — V22 be

a Fano threefold of genus g = 12 constructed by Mukai-Umemura [11] and Y —

H22 be the ruled surface swept out by conies which intersect the line £ in V22 with

the normal bundle Nj\χ = 0V(— 2) Θ 0A1), then H22 is a non-normal hyperplane

section of V2'2 such that V22 ~ #22 is isomorphic to C3, in particular, the line £ is

the singular locus of H22 (cf. [6]).

Now, in this paper, we will construct a birational map 7Γ : V22 * —> V5 such

that the restriction 7Γo of 7Γ on V22 "~ ^22 gives an isomorphism V22 "~ #22 = V5 ~~

HΓ = C3, via the resolution of indeterminancy of the double projection of V22

from the singular locus Sing #22 of H22 which is a line on V^ (see Theorem 1).

Furthermore, we will study the detailed structure of the desingularization

and the normalization of the boundary divisor #22 (see Theorem 2).

Recently, Mukai ([11 J ) proved that there is a 4-dimensional family of Fano

threefolds of first kind with index one, genus 12 which are the compactifications

of C 3 with non-normal boundaries, in particular, our example (V22, #22) belongs
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to this Mukai's family.

I would like to thank Professor N. Nakayama for the stimulating conversa-

tions we had and for his valuable comments.

Notation

Kx Canonical divisor on a variety X

Q)χ Canonical sheaf on X

Nc\x Normal bundle of C in X

I HI Complete linear system associated with a divisor H

Bs I HI Base locus of the linear system \ H\

Sing X Singular locus of X

p(X) Picard number of X

Eτeά Reduction of a scheme E

supp D Support of a divisor D

(i) -curve Smooth rational curve with self-intersection number — i

bi(X) :=dimff'CY;R)

hf(3F) : = d i m # ' ( * SF)

§1. Mukai-Umemura's example

Let C[x, y] be the polynomial ring of two complex variables x and y. The

special linear group SL(2, C) acts C ( r , y) as follows:

yyσ = cx + dy \c a>

Let us denote by Rn a vector space of homogeneous polynomials of degree n
n / \

in C[x, y] . Let f(x, y) = Σ tf, L I xn~ιyx ^ Rn be a non-zero homogeneous
ί=0 X Z '

polynomial of degree n. We take (a0: aι: . . . : an) as homogeneous coordinates

on the projective space P(i?«) = Pw, on which SL(2, C) acts. Let us denote by

X(f) the closure of SL(2, C)-orbit SL(2, C) - / o f / i n P(i?w). Then SL(2, C)

acts on X(f).

Now, we consider the following two polynomials:

Mx, y) = ^ ( Λ : 4 - y4), and

Ai2(^, 2/) = ̂ ( ^ 1 0 + H^52/5 + ylo)
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We put

Then we have

V5:=X(f6) = P 6 , and

2 ) = P 1 2 .

LEMMA 1 (Lemma 3.3 in [ 1 1 ] ) . (1) V5 c_> P 6 is a Fano threefold of index 2,

genus 21 and the hyperplane section of Vs is the positive generator o/Pic V$ = Z

(2) V22 is a Fano threefold of index 1, genus 12 and the hyperplane section of Viz

is the positive generator of Pic V22 — Z.

The defining equations for V5, V22 are given as follows respectively:

(V5)

= 0

— 0

| = 0

— 3a2a5 + 2a3a4 = 0

f = 0

(V22) Σ ( _ ) ( , ) (aχap+4-λ - 4aλ+iaP+3-χ + 3aχ+2aq+2-λ) = 0
x=o\χ/ \p — λ/

(0<p< 16)

Now, we put

Let us denote by Sing ft00 (resp. Sing i/2'2) the singular locus of //5°° (resp.

^22). Then we have

PROPOSITION 1 ([5]). (1) V5 - H5°° = V5 Π {α0 ¥= 0} = C3,

(2) Σ : = Sing H? = {a0 = ax = = a4 = 0} = P H ^ : aύ ^ P 6 « a

line on V5. In particular, H£° is a non-normal hyperplane section of V5 swept out by

lines which intersect the line Σ .

PROPOSITION 2 ([6]). H22 is a non-normal hyperplane section such that V^ "" -̂ 22

= Viz Π {̂ o Φ 0} = C 3 .
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4 = 0

2«6

— 2 8 α 3 a 6

4- 45«| = 0

= 0

We will study the detailed structure of H22 below.

LEMMA 2. (1) £: = Sing #22 = ia0 = = a10 = 0} = Pι(an : al2) c_» P 1 2

is a line on V22.

(2) The normal bundle Ne\v;2 == O X ~ 2) 0 0^(1), and ί/ier̂  is no other line in

V22 which intersects the line £.

(3) JΪ22 is α unique member of the linear system \θv» (1) ® /J L wfrere /^ is £/ιe

ideal sheaf of £ in Ovή. In particular, H22 is a ruled surface swept out by conies in V22

which intersect the line £.

Proof We shall rewrite the defining equation (V22) as follows:

(e.O) αo#4 -~ 4#i#3 + 3^1 = 0

(e.l) a^a*, — 3#i04 + 2(22^3 = 0

(e.3) Λ0Λ7 —

(e.4) 5«o<28 +

(e.5) a0a9 +

(e.6) dodio +

(e.7) Λ0αn

+ 420^506 = 0

(e.8) 0o0i2 "I" 6θ0i0ii + 534020io ~~

- 7200507 + 294001 = 0

(θ.9) 01012 + 2402011 + 9003010 ~~ 1300409 ~ 4050508

+ 4200607 = 0

(β.10) 02012 ' 1^03011 ' 1^04010 /D0509 Z10608

+ 72af = 0

(6.11) 03012 604011 605010 280609 ' 270708 == 0

(e.12) 504012 + 12050H — 42060io ~~ 2θ0709 + 4 5 0 | = 0

(θ.13) 05#12 ~" 607010 + 50809 = : 0

(e.14) 706012"~ 12070H — 150809 + 2O0I = 0

(e.15) 07012 — 308011 ~t~ 209010 = 0

(e.16) 08012 — 409011 + 3010 = 0

~ 130α3α8 ~

— 3195a4α8
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For simplicity, let us denote by {af = 1} the affine part {a, Φ 0} of

P 1 2 ( α 0 : . . . : « , : . . . : au), namely, {as = 1} = C 1 2 ( α 0 , . . . ,α>-i, β>+i,... ,al2).

CLAIM 1. H'n Π {flj = 1} = C1 2(«2, «e)

In fact, setting α 0

 = 0, «i = 1 in the equations (e.0) - (e.9) in (V22)*, one

can easily see that the coordinate functions «3, a*, di, aa,..., an are given by the

polynomials of a2 and αβ This proves the claim.

Now, we have H& Π {a\ = 0} = Vί2 Π {α0 = fli = 0} = ia0 = fli = . . . =

aw = 0} = PHoπ : flu) (a line in V22). Since #22 - Hn ΓΊ {«i = 0} = C 2 by the

Claim 1, we have that H22 is non-normal (cf. [5]) and hence Sing H22 = H Ά Π

{<2I = 0). This proves (1).

Next, let us consider the affine part #22 Π {au = 1} c_» C l 2(«i, . . . ,an)

of H&. Setting αo = 0, <Zi2 = 1 in the defining equation (V22)*, o n e c a n 8et t β e

defining equation of ^'2 Π {βi2 = 1} in C u . More precisely, from (e.9) - (e.16)

with «i2 = 1, putting x := a9, y := aϊ0, Zio -= flu. one can get the following:

e.16)' as = 22xz-3y2

e.15)' aη = 22 3x22 - 32?/22 - 2x2/

e.14)' 7αβ = 24 32X23 - 2 2 33z/V + 2 2

- 3 2 5 ί / 3 - 2 2 5x 2

- 2222 5.z22

(e. l l) ' a3 = - 24 5x3 - 2' 3 W

+ 2 s 34avV - 22 34

(e.10)' α2 = - 25 52x32 - 27 33x2

+ 2* 34xy2z3 - 23 3 3

(e.9)'

CLAIM 2.

where

i = - 24 32 5 7x322 - 28 34x225 + 26 3

- 23 33xV2 + 22 3 6 5y52 + 27 5x3y

+ 33 5 19xy4

{a12ΦQ}=ί V(f): ={(x,y,z) e C 3 ;f(x, y, z) = 0}
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(*) f(x,y, z) = box
4+(bιyz + b2z

3)x3 +

(b3y
3 + hy2z2 + b5yz4)x2 + (b6y

4z + b7y
3z3)x

+ b8y
6 + b9y

5z2,

(bo = ~ 28 52, h = 29 3 3 5, b2= - 26 3 4 5,

bz = - 28 3 3 7, b4 = - 24 3 4 127, b5 = 29 35,

δ6 = 22 3 6 89, b7 = - 28 36, 6β = - 3 6 53, b 9 = 2 5 37).

In fact, putting alt.. . ,α 8 in (e./c)' (9 ^ /c ^ 16) into (e.8) with aϊ2 — 1, one

can get the equation f(xfyfz)=0. It is easy to see that the polynomial

/ ( r , y, z) is irreducible. Hence, V(f) is the defining equation of H22 Π

{αi2 ^ 0} in C3.

By the defining equation of V(f), one can see the singular locus Sing

V(f) = {χ= y — 0} and the multiplicity of V (f) at a general point of Sing

V(f) is equal to three.

Thus #22 € I Θvn (1) (8) / | |. Since h°(ΰvM (1) ® /i) ^ 1 by Iskovskih [7], H22 is a

unique member of | ϋvή (1) ® ^11 This implies that any conies in V22 intersecting

the line / is always contained in H22. By Iskovskih [7], for every point p ^ V22,

there is a finite number of conies passing through p. Thus we have the assertion

(3). The assertion (2) is proved in Mukai-Umemura [11].

Q.E.D.

§2. Double projection

We will study the double projection of V22 from the line £, which is the singu-

lar locus of H22. For simplicity, we put X : = V22, Y : = H22.

First, let us consider the linear system | it \ : = | Θx (1) Θ /J I on X. Let G\ :

Xι —• X be the blowing up of X along the line £ in X. By Lemma 2-(2), we have L\

: = σΓι(£) = F 3 (Hirzebruch surface). We put | t x \ : = |σf H - 2LX |, where H e

I Θχ(l) |. Let Fi be the proper transform of F i n X\. By Lemma 2-(3), we have a

linear equivalence Y\ ~ σ* H — 3Lχ. By Lemma 5.4 in Iskovskih [7], we have

LEMMA 3. (1) dim | it \ = dim \ίtχ \ = 6,

(2) dim I o\ H — 3Li | = 0, namely, Y\ is the unique member of the linear

system \ cr* H — 3Lι \,

(3) (σί1 H - 2U)3 = 2,
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(4) Y\ L\ ~ Z£\ + 7/i in L\, where £\, f\ is the negative section, a fiber of L\

respectively.

Let KXί be a canonical divisor on Xλ. Then we have KXl ~ — σ* H + L\.

Since {Lλ £λ) = 1, we have ( i ^ * A) — 0. By the following exact sequence of

normal bundles:

III (II III

Θ(-3) 0(a)®Θ(b) 0(1)

where a + b — 2, we have

LEMMA 4.

(a) e(-l)θP(-l),

(b) ^(-2)θ^ , or

LEMMA 5. Bs | Hi | = £lt where Bs | Hi \ is the base locus of\Hi .

Proof Since (σ? H - 2Lγ) £x = - 1, A £ Bs \ttλ |. By Lemma 2-(2), there

is no other line in X which intersects £. Thus, by the same argument as in the

proof of Lemma 5.4—(ii) in [7], we have the claim.

Q.E.D.

Let us denote by πn a rational map defined by the linear system | Θχ(Y) ®

/J I, which is called the "double projection from £". Then we have a diagram:

X ^ P 6

TV*

where Φι : = Φ\x,\ is a rational map defined by the linear system | Ά

Next, we will resolve the indeterminancy of the rational map Φi : Xι' —> P 6

LEMMA 6. (1) Sing Y\ — 2£u namely, A is the singular locus of Yι with the
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multiplicity 2,

(2) Yi Π Li = A\ + A2 + A3, where A/s are non-singular rational curves and

Ax ~ 2£lf A2~ £1 + 4/1, A3 ~ 3/i in Lx.

Proof. Looking at the blowing up OΊ : X\ —• X locally, one may identify the

Zariski open set σϊι(X\ Π iai2 Φ 0}) with the blowing up μ : M~+C3(x, y, z)

with the center Sing V(f) = {x = y = 0}. M is covered by two coodinate patch-

es ί/0 = C3(r, s, ί)» ίΛ == Cz{u, v, w), with r-υ = 1 on ί70 Π E/i, and jW is given

by

μ:

x = rs = u

y = s — uv

z — t = w.

Let Vι be the proper transform of V (f) in M. Then we have

Vι Π ί/0 = {/ϊ(r, s, ί) = 0},where

Λ* : = ft0r
45 + (ksf + 6 2ί 3)^ 3 + (&35

2 + &45^2 + ftsi4)^2

+ (b6s
2t + b7st3)r + b8s

3 + b9sΨ, and

Vi Π {5 = 0} = irΨ(b2r + bBt) = 0 } .

This shows that {r = 5 = 0} is the singular locus of Vi with the multiplicity

2 and Vi Π {s = 0} consists of three irreducible non-singular rational curves.

Since Y\'L\ ~ 2£\ + 7/i, we have the assertions (1) and (2).

Q.E.D.

Let θ\ :Xi—*Xi-ι be the blowing up of Xi-i along the section £\-\ of Lχ^\

with (tf-diH-i ^ 0, and put L{ : = σΓι(£i-ι) (i ^ 2). Let// be a fiber of L, , Yi the

proper transform of Yi-ι in Jί/ , and put Mi: = σ* ί̂f/-i ~~ Li.

LEMMA 7.

(1) Y2 Π I 2 = B i + £2, wΛere A ^ 2^2, B2 - 2/2 in I2>

(2) Sing Y2 = 2£2f

(3) B s I ̂ 2 1 = £2.

Proof. By Lemma'4, we have the following three cases:
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L2 =

(a) P 1 x P \

(b) F 2 ,

(c) F 4 .

Since Y2 ~ σ* Yι — 2L2, we have

(a) 2£2 if L2 = P 1 x P \

(b) 2£2 + 2/2 if L2 = F 2 ,

(c) + 4/2 if Z,2 = F 4 .

On the other hand, by blowing up Uo = C 3 (r , 5, 0 along {r = s = 0}, one

can get the local equation for Y2. From this, one can show that Sing Y2 — 2£2, and

Y2 Π L2 = Bι + B2, where Bγ - 2£2, B2 - 2/2 in L2. Thus we have L2 = F 2 .

Since (H2, £2) = ~ 1, 4 £ Bs | tf21. On the other hand, since | #21 Π L2 £

I ̂ 21121 = I ̂ 2 + Λ L we have the claim.

Q.E.D.

COROLLARY 8. L2 = F 2 , namely, N^x, = ΰ(— 2) φ 0.

Similarly, one can show the following

2£3, C2 - 2/3 in L 3

LEMMA 9.

(1) Y3 Π L3 = d + C2,

(2) Sing F 3 = 2£3 + 2/3,

(3) Bs I ̂ 31 = ^3,

(4) L3 = F2, namely, N^xt = Θ{~2)®Θ,

(5) ^4(114 = D, where D - 2^4 in L4,

(6) L4 S P 1 x P 1 , namely, Nm> = O{- 1) Θ Θ(- 1).

Let L y 4 ) ( l ^ ; ^ 3 ) be the proper transform of Lj in X4 and Λ 4)

(1 ^ i ύ 3),/i ( 4 ) be the proper transforms of Λf , a fiber /1 in X4 respectively.

Then we have easily

(2.1)

(2.2)

(2.3)

(2.4)

Jl 4 — 0 4 «7l

(I4

- ( F 4 +

A) = α

F4 +

2Li« -

4 Λ)

L i υ + 2I(24) +

f 3I (

2

4 ) + 4L(34)

~"~ JL y \ v 4 * %>

BL 4 * ^L 4y ~~ 0

3L3

4) +

+ 5L4)

ΰ = 0
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(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

MIKIO FURUSHIMA

Xt\ Π U = I A I

#4 3̂ 4 F4) = 0

4 ^4 M4)) = 5

(X* %4 Ljl") = 0 0" = 2,3)

4)) = 5, (3f4 /i(4)) = 1.

By (2.5), we have

LEMMA 10. Bs | XA\ = φ.

Let Φ : X4~* P 6 be a morphism defined by the linear system | ^ 4 1 . We put F

: = Φ(X4). By (2.4), deg 7 = 5. By (2.6), (2.7), (2.8), X - 7 = X4 - (F 4 U L 4 U

Lf U L(

2

4) U L(

3

4)) = V- Φ(L?) = C 3 .

By (2.3), L 4 can be blown down along £^ and then blowing downs can be done

step by step (cf. Reid [12]). Finally we have a smooth projective threefold V+ with
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b2(V+) = 2, and morphisms Φ 2 : X4~> V+, Φx : V+-> V, a birational map

p : X - —• V+ (which is called a flop) such that

(i) Φ = Φi ° Φ2

(ii) X1~£ι^V+~ Σu where Σ i : = Φ2(U Π Li4))

(iii) V+

(D-l)

Let Fi+, L | be the proper transforms of Yί., Li in V+ respectively. We put

Γ : = Φ(K4) = Φi(Fi+) and Z : = 0(L(!4)) = Φi(Lΐ). Then, by (2.6), (2.7), (2.9), Γ

is a smooth rational curve of degree 5 in P 6 and Z is a ruled surface swept out by

lines which intersect the line Σ : = Φi(Σi) on V. In particular, Γ C—> Z and

Γ Γ\ Σ — {one point). Let 7 be a conic in X which intersect the line £. Then γ C_»

Y. Let 7Ί be the proper transform of 7 in -XΊ and yt: = /θ(7i) c ^ Y^\ Since

Xv+ = p*(Kχd = - Fi+ - 2 I ί , we have (fTv* yΐ) = ~ 1. Thus, Φ i : F +

—* V be the contraction of an extremal ray by K.M.M. [9], Since Y* is contracted

to the smooth curve Γ by Φu V is smooth by Mori [10]. By (2.4), we have deg

V = 5. Moreover, we have Kv ~ — 2Z. Since V — Z = C 3 by construction, Z is

ample, thus, Kis a Fano threefold of first kind with index 2, genus 21. Since Z is

swept out by lines in V, Z is non-normal. In fact, the singular locus of Z is just

the line Σ : = Φi(Σi) . Therefore we have (V, Z) = (V5, H?) (see §1), namely

THEOREM 1. Let (Vή, # 2 ' 2 ), £: = Sing #22, (V5, ^5°°) be as before. Then the

double projection πu ' V22 "~* V5 of V22 / M ί/ιg /tn^ £ gives an isomorphism V22 ~ ^'22

Remark 1. Let Σ : = Singi/500 be the singular locus of ί/50. Then, Σ is a line

on V5 with the normal bundle NΣ\v5 = C(— 1) Θ ^(1). The set {x e Σ there is

a unique line passing through the point x} consists of the only point p (cf. [5]). One

can easily see that there is a smooth rational curve Γ of degree 5 in V5 such that
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ΓΠ Σ ip} and Γ c_> H~. Then the linear system | 0V5 (3) <g> 7/1 defines the in-

verse birational map π$ : Vs • V& with V5 — Hf^ V& — Hή (cf. [7]).

§3. Normalization and resolution of the boundary divisor

First, we will prepare some general results on a non-normal hyperplane

section of a Fano threefold of special series.

Let X be a Fano threefold of special series, namely, X is a smooth threefold

V2g-2 C-+ P* + 1 of degree 2g — 2. Then the anticanonical line bundle — Kx is an

ample generator of Pic X = Z. Let F be a non-normal member of the linear

system \ — Kχ\. Since PicX = Z[ F] , F is irreducible. Let σ : S-* Y be the

normalization, and let / C_> Qγ be the conductor of σ. We put £ : = loc / (the

locus of /) and D : = σ~ι(E). Since F is Cohen-Macaulay, E and J9 are

Cohen-Macaulay. Since Y~ - Kx, H'(X,ex) = 0 for ί > 0 and H*(X,

6χ{- Y)) = 0 for i < 3, we have

(3.1) ωY = Θγ

(3.2) ^ ( F , ΘY) = 0, // 2 (F, βy) = C

(3.3) ωs = 7 ® σ*ωr = 7 (i.e. ϋΓs 7) as a Weil divisor).

By (3.34.2), (3.34.3) in Mori [10], we have exact sequences:

(3.4) 0 -• ΘY -* σ*Θs -> ω £ -• 0

(3.5) 0 -^ σ*ω s -• ̂ r -• 0£ -* 0

Taking σ* in (3.5), we have

(3.6) O-+ωs->0s-* σ*ΘE = 0D-*O.

By (3.2), (3.3), (3.3), we have

LEMMA 11 ([14]). h°(Θε) = 1 and hl(0E) ~ 0, namely Ered is connected and

each irreducible component Ei of Ereά is a smooth rational curve.

Take a general hyperplane section H of X. From (3.4), we get

(3.7) 0 — Θγ(H) -> σ*ΰs ® ^κ(/7) -^ ωE(H) -> 0.

Since i / ^ F , Θγ(H)) = 0, we have

(3.8) h\σ*6s®Θγ(H)) = h°(ΘY{H)) + h°(ωE(H)).
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Weput<5:= (H-E)x.

CLAIM (3.9). A°(S, σ*i/) = g + δ.

In fact, since E is Cohen-Macaulay, h°(ωγ(H)) = hι(ΘE(- H)). By the fol-

lowing exact sequence:

we have hιφE(H)) = hHΘεnπ) - Λ°(0*) = 3 - 1 . Since h°(σ*H) =

h°(σ*Θs(σ*H)) = h\σ*Θs® Oγ(H)) and h°(Θγ(H)) = g + 1, we have *°(Sf

Let J ( 5 , σ*i7) : = dim 5 + deg <7*# - A°(5, σ*H) be the J-genus of the

polarized variety (S, σ*H) (cf. [3]). Since dim S = 2 and deg σ*H = (H3)x

= 2g — 2, we have

LEMMA 12. 4(5, σ*#) = g - δ.

LEMMA 13. (Z) σ*/ί) =2(E H)= 2δ.

Proof. By (3.36.2) in Mori [10], we have

0 -> ΘE -

Thus we have χ(σ*ΘD®H) = χ(ΘE(H)) + χ(ωE(H)) = 2δ + χ(ΘE) + χ(ωE)

= 2. On the other hand, χ(σ*ΘD®H) = χ ( ^ ® σ*if) = (D-σ*H) + χ ( ^ )

Since χ ( ^ ) = χ(0 s ) - χ(ω s) = 0, we have (D-σ*H) = 2δ.

Q.E.D.

Let C ̂  I σ*H\ be a smooth member. By Bertini's theorem, such a member C

exists. Let us denote by g(C) the genus of C.

LEMMA 14. g(C) = g — δ.

Proof. By the adjunction theorem, 2g(C) - 2 = C(ω s + C). Since (C2)

= 2# - 2 and (C ωs) = 2δ by Lemma 13, we have g(C) = g - δ.

Q.E.D
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Let μ : M—• S be the minimal resolution, and put φ : — μ ° σ : Λf—• F Since

iζs ~ "~ D (as a Weil divisor), we have KM ~ —D — Σi wii Δt {mi > 0, mt e Z),

where 5 is the proper transform of D in M and U , A{ is the exceptional set of μ.

LEMMA 15. M is rational or ruled.

Proof Since H°(M, ΘM(mKM)) = 0 for m > 0, by the classification of

surfaces, we have the lemma.

Q.E.D.

LEMMA 16. // hι(ΘM) — 0, then Sing S consists of at worst rational singular-

ities, in particular, S is rational

Proof Let us consider the following exact sequence:

0 - ^ ( 5 , us) — Hι(M, ΘM) - H°(S, Rιμ*ϋM) — # 2 ( S , 0s) -

By assumption, we have Hι(M, ΘM) = 0. Since ^ 2 ( S , ^ s ) = H°(S, ωs) = 0, we

have the claim.

Q.E.D.

Now, Mukai-Umemura's example Viz is a special class of Fano threefolds of

special series with the genus £ = 1 2 , and i/22 is a non-normal hyperplane section

of V22 such that V22 ~ ^22 = C3. We can apply the above lemmas to these X : =

V22 and F : = ftV

LEMMA 17. Assume that (X, F) = (V22, ^22)-

(1) Ered^P 1 ,

(2) F - £ r e d = C2,

(3) ^ ( F Z) = 0, # 2 ( F Z) = Z, # 3 ( F Z) = 0,

(4) S is a rational surface and Sing S consists of at worst rational singularities.

(5) g(C) = 12 —δ for a general smooth member C ^ | σ*H |.

Proo/. By Lemma 2 and its proof, we have (1) and (2). Since X — F = C3, we

have Hι(X Z) = i / ' ( F ; Z ) for i ^ 0. It is known that H^Vή Z) = W

(P 3 Z) for i ^ 0, that is, V22 has the same cohomology as P 3 . This proves (3). Let

us consider the following exact sequence (cf. [1]):

( * ) 0-> H\Y Z) -> jff2(S Z) Θ i / 2 ( £ Z) -^ i/ 2 ( ί) Z) ->
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^H\Y ;Z)-> H3(S ;Z)^0

Since H\Y Z) = 0, we have H3(S Z) = 0. Since b3(M) = b3(S) = 0 (cf. [2]),

bΛM) = 0, hence, hι(βM) = hι(Θs) = 0. By Lemma 16, we have (4). Since

g = 12, by Lemma 14, we have (5).

Q.E.D.

LEMMA 18. KM + φ*H is nef.

Proof. Assume that KM + ψ*H is not nef. Then, by Cone theorem and Con-

traction theorem in [8] (cf. [9]), there is a contraction it: M—* Z of the extremal

ray, where Z is normal and ττ~1(z) is connected for any z ^ Z.

Case (a), dim Z = 2. Then there is a curve R such that 7r(i?) is a point and

i?2 < 0, (KM + 0 * # ) -R < 0. Since (φ*H-R) ^ 0 and # 2 < 0, we have # = P 1

and R2 = — 1, hence, (φ*H- R) = 0. Thus R is an exceptional curve of μ. Since

μ : Λf—• S is the minimal resolution, this is a contradiction.

Cαs^ (b). dim Z = 1. Since M is rational, we have Z = P 1 . Since p(M) =

p(Z) + 1 = 2, M is isomorphic to F w (Hirzebruch surface), namely, TΓ : Λf—• Z =

P 1 is a F-bundle over P 1 . For a fiber /, we have (KM + ψ*H) •/< 0. Hence,

(ψ*H f) = (H-φ(f)) = 1 since ( # * • / ) = - 2. Thus, F is a ruled surface

swept out by lines on X By Lemma 2-(2), Ered is a line on X and jEΓed Π φ(f)

= 0 for a general fiber /. This shows that φ(f) c F — £ r ed = C2. This is

a contradiction.

Cα5^ (c). dim Z — 0. In this case, M = P 2 . For a smooth member C ^

I φ*H\, we put deg C = d. Then, C 2 = d2 = 22, this is a contradiction.

Q.E.D.

By Lemma 2-(3), Y : = //22 is a ruled surface swept out by conies which

intersect the line £: = Sing Y in X : = V22, where / = Ered. Take a general conic γ

in F. Then, 7 Π £red =£ 0. Let f be the proper transform of γ in M. Then we have

(φ*H- f) = (H γ) = 2. Since KM + φ*H is nef by Lemma 18, we have (KM +

φ*H) f ^ 0, hence, (KM'f) ^ ~ 2. On the other hand, since KM ~ ~ D - Σ<

Mi Δi (mt ^ 0, Mi^ Z), we have (KM'f) ^ 0.

CLAIM (1). (KM'f) Φ 0.

In fact, if (KM' f) = 0, then CD f) = 0, (Δi f) = 0 for each /. We take a

general 7. Thus P 1 ^ f c _ > M - . D - Ό Δ{ Y - Eτeά = C2. This is a contradic-

tion.
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CLAIM (2). There is an irreducible conic γ0 in Y such that (KM' f o) = ~ 2

(that is, f0 = P 1 with the self-intersection number fo = 0).

In fact, by Claim (1), we have (KM'f) = ~~ 1 or — 2 for any conic γ in Y. If

(KM'Ϋ) = ~~ 1, then f is a (— 1)-curve. Thus, M contains a continuous family

of (— 1)-curves. This is a contradiction.

Let r i M - ^ P 1 be a morphism defined by the linear system Ifol For a

general p in P 1 , τ~ι(p) ~ f0.

LEMMA 19. KM + φ*H ~ (11 - δ)γ0.

Proof. By Basepoint-free Theorem of Kawamata [7], we have Bs | M(KM +

0 * # ) I = 0 for m > 0. We put / : = τ~ι(p) (a general fiber of r). By Claim (2),

(KM + φ*H)f — 0. Let τm : M —• Zo be a morphism defined by the linear system

I m(KM + φ*H) |. Since M is rational and since τm(f) is a point, we have Zo =

P 1 , in particular, we have m(KM + Ψ*H) - kγ0. Since (φ*H XM) = ~ 25,

( 0 * ^ 0 * ^ ) = 22 and (ψ*H f 0) = 2, we have (22 - 2<5)m = 2/c, hence,

k = (11 — δ)m. Since Pic Λf has no torsion, we have (KM + ψ*H) ~ (11 — δ) f0.

Q.E.D.

COROLLARY 20. Bs | KM + ψ*H\ = 0.

Let/ be a regular fiber of r. Then 0 ( / ) = 7 C ^ F c ^ l i s a conic in X.

LEMMA 20. £αc/ι /l/ is contained in a singular fiber of r.

Proof. Assume that Δi not contained in any singular fiber of r. Then T\Δι: 4i

—*• P 1 is a surjective morphism, hence, (Δi'f) Φ 0 for a regular fiber / . Since

φ(Δι) is a point and since φ(f) = : 7 is a conic in Y ^-+X, we have an infinite

number of conies in X passing through the point φ(Δi) ^ X. On the other hand,

for each point x ^ X, the number of conies passing through the point x is finite

by Iskovskih [7]. Thus we have an contradiction.

Q.E.D.

LEMMA 21. Let B be an irreducible component of a singular fiber of r : M-* P 1 .

Then B2 — — \ or — 2. Furthermore,

(i) B2 = - 1 o 0(β) = £ r e d = P1
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(ii) B2 = - 2 <=> B = Δi for some i.

Proof. Since ( # M + Ψ*H) B = (11 - δ) (f B) = 0, we get (JΓ* B) =

- (φ*H B) ύ 0. Since B = P 1 and B2 < 0, we have B2 = - 1 or B2 = - 2.

( i ) : £ 2 = - 1<£> (KM B) = - l<?>(ψ*H B) = l<*(H φ(B)) = 1 <=></>(#) is

a line in Y<^> φ(B) = Eτeά (because .Ered — Sing F i s a unique line in F b y Lem-

ma 2-(2)). (ii): B2 = — 2 <=> 0 ( 5 ) is a point of F<=> 5 is a component of the ex-

ceptional set of μ <=> B = 4, for some i.

Q.E.D.

COROLLARY 22. Sing S consists of (at worst) rational double points.

Proof For each Δu one has (4,^^) = — 2. This proves the corollary.

LEMMA 23. 5 = 4.

Proo/. Let C ^ | σ*i/ | be a smooth member. By Bertini theorem, such a

member C exists. We put Co : = o(C). Then a : C—* Co is the normalization. We

may assume that Co is contained in a K3 surface Ho, which is a hyperplane

section of X : = Viz. Since Sing Y = : Eτed is a line in X, Sing Co consists of only

one point p0. On the other hand, from the defining equation ( * ) in Lemma 2, the

local equation of Co around ^o in Ho can be written as UoX3 + U\X2y + u2xy3 +

U3IJ5 = 0, where po — (0, 0). Thus Co has two singular points po and pΌ (infinitely

near singular point lying over p0) with the multiplicity three and two respectively.

Since Ho is a K3 surface, the arithmetic genus pa(C0) = -wiCoCo) + 1 = 12,

hence, the genus g(C) = pa(C0) - 4 = 8. Since g(C) = 12 - δ by Lemma 12,

we have δ = 4.

Q.E.D.

LEMMA 24. Kh = - 6 and b2(M) = 16.

Proof Since (KM + ψ*H)2 = Ki - 4<5 + 22 = 0 and δ = 4, we have Kh =

— 6. By Noether formula, we have b2(M) = 16.

Q.E.D.

LEMMA 24. The number of the singular fiber of τ : Λf—* P 1 is equal to one.
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Proof Let F{ (1 ^ i ^ t) be a singular fiber of r, 1 + α, the number of the

irreducible components of Fi, and #, the number of the irreducible components of

Fi — Δ, where Δ : = U 4, . By Lemma 21, £, = the number of irreducible compo-

nents oί D f) Ft

 = the number of ( ~ 1)-curves in Ft. Since M is rational, we

have b2{M) = 2 + Σ, α,. Since b2(M) = b2(S) + b2(Δ) and b2(Δ) = Σ, (1 + α,

— £*), we have b2(S) — 2 — Σ (1 — £*). On the other hand by the following

exact sequence (cf. [1]):

0 -> H\Y Z) -> i ί 2 ( S Z) Θ H\E Z) -^ ^ 2 ( Z ) Z) -> 0,

we have 62(S) = δ 2 φ ) . Since KM ~ ~ D - Σ m{Ai and CKM •/) = - 2 for a

regular fiber/of r, we have (D f) =2. This shows that b2(D) > Σ e, . Thus we

have 2 - Σ ( l - ed = b2(S) = b2(D) =b2(D) > Σ eif that is, 2 > t^ 1. There-

fore we have £ = 1.

Q.E.D.

LEMMA 25. Z) = 2Z)i + 3D2 + 3D3, where Dγ is a section of τ : Λf —• P 1 and

Di s are the (~ 1) -curves in the singular fiber of τ for i — 2,3.

Proof Let O\: Xι -*AΓ, Fi, I i , A (1 ^ i ^ 3), £u /i be as in Lemma 6.

Since Fi ~ σ*H — 3Lι, by the adjunction formula, we have Kγx ~ — 2L\ \ γx ~

— 2{A\ + A2 + i43) as a Weil divisor. Let v : Si —* Fi be the normalization and Al

(resp. A[) be the closed subscheme in Yi (resp. Si) defined by the conductor of

v. Since Sing Yι = Aίf supp A = supp A[.

CLAIM (1). There is a morphism η : Si —• S sticfo that o ° f] — θ\° v (see D-2).

(D-2)

In fact, let At be the proper transform of A\ in Si. Since Si — U suppΛ,- =

Fi — U s u p p Λ = F — supp E, we have the claim. In particular, 77(suppA3) is a

point on S, Si — supp A3 = S — η (supp A3) and η (supp A\ U suppΛ2)

= supp D.
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We put A : = η*(A2). Since A2 ~ £\ + 4/x in Lu A2 is reduced, hence, A is

reduced. Let A is the proper transform of A in M.

CLAIM (2). A is α section of τ : M - * P 1 , and (φ*H Dχ) = 1.

In fact, let 7 be a general conic F C_> Xt and 7 the proper transform of 7 in

Fi c ^ Z L Then we have (U 7) = 1. Since YrLi~ (24) + (A + 4/0 + (3/0

and 7 C—• Fi, we have (A2' 7) — 1, hence, ( A * 7) = 1, where 7 is the proper

transform of 7 in M. Thus Dι is a section of τ i M - ^ P 1 . Since (σ*HΆ2) =

(<7i*tf 4 + 4/0 = 1, we have (φ*H-Di) = 1.

CLAIM (3). Z) ~ 2 A + 3 A + 3 A , where A , A αrg tfw (— 1) -curves in the

singular fiber of τ.

In fact, since — KM ~ D + Σ m, J ί t we have 2 = CD*/) + Σ nii(Δi'f) for a

regular fiber / of τ. Since Λ 's are contained in the singular fiber of τ, we have

(D- f) = 2 . Since 7?(supp Ai U A2) = supp Z) and (A2 * 7) = 1, we have ,D =

2Dι + Σ w,A (i ^ 2, w, ^ Z, Wί > 0). We note that the proper transform of 7 in

M is linearly equivalent to a regular fiber /of r : M—* P 1 . Since 5/s (ί ^ 2) are

contained in the singular fiber of r, by Lemma 21, A ' s are the (— 1)-curves in

the singular fiber of τ. Hence (φ*H Di) = 1 (i ^ 2).

Let us recall the normalization σ : C —• Co (see the proof of Lemma 6). From

the local defining equation of Co in Ho there, one can see that o~ι(po) consists of

three distinct points, where po: = Sing Co. This shows that D = 2 A + aD2

+ bD3, where a + b = 6, since (φ*H D) = 8. On the other hand, since KSι ~

— 2ι>*(Ai + A2 + A3) — Ά[ as a Weil divisor, we have D Ks ~ 2η*v*A2 +

(2η*v*Aι + r?*Ai). Since supp A = supp η*v*A2 and supp 77*^! = supp

η*Ai c_^ supp A we have a = b — 3. This completes the proof.

Q.E.D.

THEOREM 2. L<tf (X, Y) : = (F22, #22) be as in §1. Let σ:S~^Y : = i/22 ^

£/i£ normalization, and E the non-normal locus defined by the conductor of o, and D

the analytic inverse image of E. Let μ : M—• S be the minimal resolution and

μ-HSing S) = U Λ , wfore 4/5 αr^ irreducible. Then,

(1) £ t5 non-reduced and Ered = P 1 /

(2) Sing 5 = po, po is a rational double point of Ais-t
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(3) D ~ 2Dι + 3D2 + 3D3 as a Weil divisor on S, where D/s are irreducible

reduced Weil divisors on S such that A = P 1 and A Π D2 Π D3 = {po\,

(4) there is a fibering τ :M—• P 1 with exactly one singular fiber r^HO) such

that τ~ι(0) = U J , U f l 2 U D3, ΦfDd = - 1, ( 4 * ^ ) = ~2fori^ 2, ^ 1,

in particular, D\ is a section of τ (see Figure 2 below), where Di is the proper transform

of Di in M, and

(5) KM- - 2A - 3A - 30s - ΣJ-i (3 + i) Δi - Σf.i (3 + i) Δu-u

where φrΔ7) = Φz'Δί) =
(4-4) = 0 ( | i - ; |

= 1, Φc A) = 0 (ι # ; ) f (ΔrΔM) = 1,

4 1 2

P1

0

Proof By Lemma 2-(l), .Ered = P 1. By Lemma 23, (E-H) = 4 for a hyper-

plane section H oi X : — V&. This proves (1). By Lemma 24, r : M ~ ^ P 1 has

exactly one singular fiber and the self-intersection number of each irreducible

component the singular fiber is equal to — 1 or — 2. By Lemma 21 and Lemma

25, D2 and D3 are the (— 1)-curves in the singular fiber of r, and other compo-

nents of the singular fiber are the exceptional divisor of μ. This enables us to de-

termine the type of the singular fiber of r (see Figure 2). This proves (2), (3), (4).
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Since KM ~ — D — Σ Wί, A%y by the adjunction formula, we have (5)

Q.E.D.

Remark 2. Our example (V2'2> #22) of a compactification of C 3 gives a coun-

ter example to Theorem (3.16) in the paper of Peternell [14].
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