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ITO'S FORMULA AND LEVY'S LAPLACIAN

KIMIAKI SAITO

§ 1. Introduction

The class of normal functionals

f \f(x19 , xn):Bl\- - m::dxr. dxn, feL\R«\
J Rn J

(A, •• ,/>»)e(ΛΠJ{0})»,

is, as is well known, adapted to the domain of Levy's Laplacian and plays
important roles in the works by P. Levy and T. Hida (cf. [1], [2] and [8]),
where Bx denotes one-dimensional parameter white noise and :Bl\- -Bv

x

n

n\
denotes the renormalization of BPl BPn.

We are interested in a generalization of this class to that of gener-
alized functionals of two-dimensional parameter white noise {W(t, x);
(t, x) e R2}, which is a generalized stochastic process with the characteristic
functional

C(ξ) = E(exV{ί(W, £>}) = e x p { - i - i l f l f } , ξ e S(R2).

As in the case [1], we are able to introduce, in Section 2, a space
(L2)("β) of generalized functionals and the ^-transform on (L2)(α) for every
a > 0. Then the calculus in terms of the white noise W(t, x) will quickly
be discussed.

The main purpose of this paper is to investigate how Levy's Laplacian

appears in Itό's formula for generalized Brownian functionals depending

on t. To this end we first discuss a class of generalized Brownian func-

tionals, often without any renormalization, having interest in its own

right. For instance, a monomial Bx(t)p is sometimes more significant

rather than the renormalized quantity : Bx(t)p: = : < W(r, x)dr \ : which

is living in (L2)("β). We are therefore led to construct a new space [L2]("α),
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in which Bx(t)p lives, in Section 3. The ^-transform and the W(t, x)-

differentiation can be introduced on [L2](""β) for every a > 0 in a similar

manner to those in [6]. The symbol 1/dx which has often been used by

H.H. Kuo (cf. [7]) is now understood as a shift operator acting on [L2](~α).

In Section 4, we define BXι( )Pl- -BXn( )Pn by

B..( )p": + - + ̂ ^ - - - ^ - ( ):^1(.)P1 •^.X.^-^J )^-

for any ne N, (piy , p J 6 (N U {0})w, and xl5 , xn e R, and we introduce

a class S L of generalized functionals as follows:

' ' * •^»)B*i( )Pl -BXΛ( y-dx1" dxn;

(Pi, •• ,P«)e(ΛTU{0})», 71 = 0,1,2, . . }

where LS means the linear span. Then it holds that ®L is contained in

#([0, oo)-» [L2](-α)) for any a > 5/6 and that for φ(B( )) in S L , the W(t, x)-

derivative d8iXφ(B(t)) is independent of the choice of s in an open interval

(0, t). With these property, Itό's formula for elements in @L is proved

in Theorem:

If φ(B(-)) is in ®Ly then

(4.7) φ(B(t)) - φ(B(s)) = f \C3xφ(B(u))dBx(u)dx + l . - L . Γ J

holds for 0 ^ s £ t.

Finally, we should like to note that the Levy's Laplacian ΔL is in-

volved in the Itό's formula only for generalized Brownian functionals and

that AL, in fact, annihilates ordinary Brownian functionals.

§ 2. Preliminaries

1°) Let S(R2) be the Schwartz space on R2 and S*(R2) be the dual space

of S(R2). Let μ be the measure of white noise introduced on S*(R2) by

the characteristic functional

where || || denotes the L(Λ2)-norm and set (L2) = U(S*(R2), μ). The Hubert
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space (L2) admits the Wiener-Itό decomposition

where £ϊ?n is the space of n-ple Wiener integrals, i.e.

$en = i f . . f F{tv x19.> , tn9 xn)W(tly xd-" W(tn, χn)dtxdxi' -dtndxn

the space L\(R2)n) being the totality of symmetric

The ^-transform of a Brownian functional φ in (L2) is denned by

(5^)(f) --= f φ(W + ξ)dμ(W) , ξ e S(tf).

It can be easily checked that

^i) •£(*», xn)dtxdxχ. .ΛndΛ:n;

We denote the space ,£Ofw by Fn.

2°) We then come to a background in order to introduce a class of

normal functionals of /?2-parameter. Take a complete orthonormal system

(c.o.n.s,) in L2(R2) formed by

£(,,*, = f ,® 5,, 5Xu) = (2y!VT)-1/2 Hy(u) e — ^ j , * = 0, 1, 2, • ,

where Hj denotes the Hermίte polynomial of degree 7. With this c.o.n.s.,

we introduce a Hilbertian norm ([ \\a^n by

ln = Σ {ft (2Λ + D(2Λ. + 1)]" (/; ?(Λ,.,,

, a>0,

where ( , •) denotes the L2((2?2)70-inner product. For a > 0 we form

Hubert spaces

Sa((RΎ) - {/eL2((i?2)O; H/IU < 00},

Sa((R2Y) - t/e Sα((/?2r); / is symmetric}, a > 0 .

Let S_α((fi2)n) be the dual space of Sa((Rz)n) for α > 0. The space F(

n«
] of

[/-functionals is introduced in the same manner as in [2],
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F(

n

a) = {J — J F f t > *i> - >tn, *»)£ft, Xi) ξ(tn9 xjdt.dxr . dtndxn

FeSa((R2)n)\, a>0.

With the help of the ^-transform, we can define a subspace Jf £° by

For [74 in F(

n

a) with kernel F€, £ = 1, 2, we have

([/,, t/2)n . , = nί(F 1,F2) f i β ( ( J l, ) 1. ).

This is rephrased in the form

Let ^i~α ), α: > 0, be the dual space of ^ α ) , and define the spaces (L2)(α)

= Σn=oθ«^£° and (L2)(~α) = Σ ^ o ® ^ ~ α ) to obtain a GeΓfand triple:

(L2)(α) c (L2) c (L2) (-α ).

The ^-transform can be extended to the space (L2)("α) to have

® >̂; F e S

which is denoted by F(

n~
a\

3°) The W(t, x)-derivative dt,xφ = 9^/5W(ί, x) of a generalized Brownian

functional φ is defined by

Λ ^Φ > ft ^) € i? ,, x)

where (δ/δξ(t, x))^φ denotes the functional derivative of έfφ. If the second

variation of the ^-transform £fφ of φ in (U){~a) is given by a following

form

η, ζ) - J J C/ί'ίf t, x)φ, x)ζ(t, x)dtdx

+ J J J J C7ί'(f ί, x, s, y)η{t, x)ζ(s, y)dtdxdsdy , ξ,V>ζe S(R2),

then the Levy's Laplacian ΔL is defined by

ΔLφ - ^ j j j [7-(f ί, x)dίdx} (see [2], [7] and [8]).
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§ 3. The spaces of generalized functionals

In this section, we construct the various spaces of generalized func-

tionals, on which the W{t, ̂ -differentiation, the operator 1/dx and other

related notations are introduced.

We introduce the spaces (U)(a) and F{a) for every aeR:

= (/ = (/»4 ,fn, • • -yjjeF^J = 1, 2, , n, , ΣIIΛIIV... <

F' > = Σ Φ fi"
71 = 0

The spaces (L2)(α) and F(a) are Hubert spaces with the inner products

(Φ, Ψ)w«> = Σ (φ, Ψj)(LΛ)(a)9 φ = (^i, φ2, - - -), ψ = O h , ̂ 2, •) e ( L 2 ) ( α )

a n d

Σ

respectively. We define the spaces (L%α) and F£ } for every a e R as follows:

(£%"> = {̂  = (^, ^ , •) 6 (L 2 )^; ^ = φ2 = 0},

The spaces (L2)^α) and F^ are closed subspaces of (L2)(a) and F ( α ) respec-

tively. Set [L2] ( α ) - (L2)(βV(L2)iβ) and set [F] ( α ) = FM/F%\ Both [L2] ( Λ ) and

[F] ( α ) are Hubert spaces with the norms

and

1!/+ na)l![OT.«> = inf{||5llί«.. ^ e / + W , feP™,

respectively. The spaces [L2] ( α ) and [L2](~α) are mutually dual by the

canonical bilinear form

(Φ + (L%-"\ φ + (L%"'> [ [ i 3 ] ] ,-*,, [ [ L 2 ] ] ( ( ( ) = <φ l f ^ > + <Φ2,

<P = (0,, Φ., •) e (!>)<-<•>, ^ = (φu fa •)
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where < , •) denotes the canonical bilinear form connecting (L2)("a) and

(UYa\ Any element φ + (£%»>, with φ - (φ19 φ2, . •) 6 (£2)(α), may be re-

presented as lφu φ2j. For any a > 0, the spaces [L 2 ] ( ' Λ ) and [L2] ( α ) are

viewed as the space of generalized functionals and the space of testing

functionals respectively.

The ^-transform on [L2J("α), a > 0, is given by

(3.1) seiφu φ2j = iyψu <fφ,\ , [^, fc] e [L 2 ] ( " α ) .

The ^-transform gives an isomorphism [L 2] ("α ) ~ [jF] ("α ). The W(t, x)-

differentiation dtyX ΞΞ d/dW(t, x) in [L 2] (-α\ a > 0, is naturally defined by

for every differentiate element [^, φ2j in [L2](~α). We now introduce the

shift 1/dx on [L2](~ t t) by the formula

(3.3) ~ lφl9 φ2} - [0, φj , lφl9 φ2j e
ax

For φ(B(t)) - [&(£(0), ^B(O)] in [L 2 ] ( ' α ) for some a > 0, we understand

the integral φ(B(u))du as

(3.4)

Similarly, we can define the stochastic integral φ{B{u))dBx{u) as

(3.5)

Concerning the first component of (3.5), we can see a similarity to the

stochastic integral introduced in [5].

§ 4. Itό's formula and Levy's Laplacian

We are now in a position to define the domain of the Levy's Laplacian.

The product BXχ(*)P1 BXn( )Pn, which has only formal significance, will

be understood to be

if :£«,(•)"... B^.)":, ΣCAPjX ): Π Bx,{ y>Bφy>

where Cίp,) = pj{pj - l)/2, j = 1, 2, , n and B ^ ) ' 1 ' •£*„(•)"'•: denotes
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the renormalization of BX1( )P1- 'BXn( ) P n . Then an integral

ί (7(*i, , Xn)BXι{-)"' -B^-Y'dxr dxn

J Rn J

is given by

[LfflVJ^*1' • " *' *-) : B - . ( )P1 B,,( •)"":<**,• - dxn,

Σ CXp.X ) f (Vfe, ••-,*„): Π B,.( )p -B,y( ) w - ! : dxr • -dxj] .
y = i J Rn J l^v^n Jj

Set

^ - i s U ^ J/ί^, . -,χn)Bxι(-y*. -ΰ j N ^ - ^ feL\R%

(A, •• , P n ) e ( 7 V

LEMMA 1. VFβ Ziαz β ^ L C ^([0, oo) -> [L 2 ] ( " α ) ) for any a > 5/6.

Proof. Take

(4.1)

feL\R"),

It is sufficient to prove ^(B( )) e ^([0, c>o) -> [L2](-α)) for any α > 5/6. We

will first prove φ(B(t)) e [L2]("α) for any a > 5/6 and t ^ 0. Set

__ Γ . . . Γ /Yr/VX1>
J Rn J

and set

^^ — Z_i ^APj/1 I Vxi? > xn/2ro,i] vy κS> ϋχ» γy°χi uxί' ' uxn .

Then what we should prove can be reduced to show that two series

(4.2) Σ ίfί (2Λ

and

(4.3) Σ
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converge for any a > 5/6, where σ and τ extend over the set of all possible

permutations. It is easily checked that

(4-4) (F, - J L Σ ξ.UlM ® ® ξ,u»

and

> (N-2)\

x ll/IIL«.,llfΛ||L •ll^-IHIIίJIL llf*,-,IIL >

where || ||LI(Λ») is the L^i^^-norm and || ]]„ is the maximum norm. By E.

Hille and R. S. Phillips [3], p 571, (21.3.3), it holds that

(4.6) | | ? X = OCr1'β), J>0.

From (4.4), (4.5) and (4.6), follows the convergence of two series (4.2) and (4.3)

for any a > 5/6. Next, we prove the continuity of φ(B( )). Set φ(B( )) =

[&(#((•)), &(£(•))]. Then \\φ(B(ί))\\liLw-a> = \\φ1(B(t))\\l^-^ + \\φ2(B(t))\\l>y-«>.

It is clear that, for any a > 5/6 and 0 <: s <, t, ||^(B(ί)) - ^I(S(S))||(L.)(-«>

^ V̂! Σ7χ,.1,.,y.v,^=o{Πli(2Λ + 1)(2AV + !)}-«(* - β) {polynomial in (t - s)}

X WfWlnR^nWi- ' |î vl|2oollffcl||
2oo -llf^lll. Similar evaluation can be ob-

tained for φ2(B(t)) - φ2(B(s)). Thus follows the continuity of φ(B( )).

Q.E.D.

LEMMA 2. For any φ(B( )) in 3>L, the W(t, x)-derivative ds,xφ(B(i))

exists and is independent of the choice of s in the interval (0, t).

Proof. It is sufficient to prove this Lemma for a functional given by

(4.1). Set E(t,x) = Γf(r, x)dr for ξ e S(R2). Then by Lemma 1, the Sf-

transform of φ(B(t)) is given by

^ '-,Xn)f\ B(t, x»)Pvdxr - dxn,

Σ C ^ t f f f(xu .••,*,) Π ^(ί, *,)r ̂ (<, *,)""'<**» d* J ,

Hence,



ITO'S FORMULA 75

δξ(s, x)

= [ Γ i l P ^ X ) " - 1 [•• ( 7 ( * ι , , Xj-i, x, Xj+ι, • • ,Xn)

X Π Ξ{t,xy 'dx1- -dxj^dx1,ϊ --dxn,

Σ C,(Λ)< Σ p^(ί, *)w^
jφk

X Π *(ί, *.)"5(i, a:.)"-^*, dx^dx,^ • • • dxn

vΦj.Ίc

+ Σ CfaXp, - 2)ίJ(ί, * ) * - ' f • [fix,, • • ,x}.iy x, xί+ι> ., x j

X I ] ^(<. xy dx, • • • dx^dx^i • • • dxΛ , ξ e S(RZ).
vΦj

By the definition of ds,xφ(B(t)) and by the above form, we can see that

d8ίXφ(B(t)) is independent of the choice of s in (0, t). Q.E.D.

By Lemma 2, we may denote ds,x simply by dx, when it acts on @L.

THEOREM. If φ(B( )) is in Q)L, then

(4.7) φ(B(t)) - φ(B(s)) = f [dxφ(B(u))dBx(u)dx + \ ~ ΐΔLφ(Blu))du
jRjs 2 ax Js

holds for 0 <I s ^ t.

Proof. It is suffices for us to prove (4.7) for an element φ(B(t)) of the

form (4.1). The y7-transform of dxφ(B(t)) is given in the proof of Lemma 2.

Hence we can easily compute the ̂ -transform of dxφ(B(u)) dBx(u) dx
J RJ s

by the definition of the stochastic integral. The ^-transform of
1 fJ

—- ΔLφ{B(u))du is given by
dx Js

±
x f Π 8 { y Ξ { ^ ι d

) = [[θ, 2± CAp^ ^jfiXu • • , xn)

f Π 8{u,xy"Ξ{u,x^-ιdudxi 'dxΛ, ξ e S(R2).
vφj

By comparing ^[φ(B(t))](ξ) - ^[φ{B(s))]{ξ) with
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we obtain (4.7). Q.E.D.

REFERENCES

[ 1 ] T. Hida, Brownian motion in Applications of Mathematics 11, Springer-Verlag
(1980).

[ 2 ] , Brownian motion and its functional, Rieerche di Matematica, Vol. XXXIV,
fasc, 1° (1985).

[ 3 ] E. Hille and R. S. Phillips, Functional Analysis and Semi-groups, Colloq. Publ.
Amer. Math. Soc, (1957).

[ 4 ] K. Itδ, Foundations of stochastic differential equations in infinite dimensional
spaces, CBMS-NSF Regional Conference Series in Applied Math., 47 (1984).

[ 5 ] I. Kubo, Ito formula for generalized Brownian f unctionals, Lecture Notes in Control
and Information Science, 49 (1983), 156-166.

[ β ] I. Kubo and S. Takenaka, Calculus on Gaussian white noise, I-IV Proc. Japan
Acad., 56A (1980), 376-380, 411-416, 57A (1981), 433-437, 58A (1982), 186-189.

[ 7 ] H.-H. Kuo, On Laplacian operators of generalized Brownian functionals, Lecture
Notes in Mathematics, 1203, Springer-Verlag (1986), 119-128.

[ 8 ] P. Levy, Problemes concret d'analyse fonctionnelle, Gauthier-Villars (1951).

Department of Mathematics
Nagoya University
Chikusa-ku, Nagoya 46 If
Japan

Current address:
Department of Mathematics
Meijo University
Tenpaku-kii, Nagoya 468
Japan




